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I. Introduction
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1.   Conventional and exotic light hadrons

• Quark model sort light hadrons into 

ഥ𝒒𝒒 multiplets   (mesons)

𝒒𝒒𝒒 multiplets (baryons)

• Gluons are also fundamental degrees of freedom

of QCD,  therefore there may exist glueballs 𝒈𝒈⋯
and hybrids （ഥ𝒒𝒒𝒈) .

Quark
Model：

Exotic hadrons：

glueballhybrid

2.   Experimental candidates for hybrids

• Isovector 𝟏−+ states:  𝝅𝟏 𝟏𝟒𝟎𝟎 , 𝝅𝟏 𝟏𝟔𝟎𝟎 , 𝝅𝟏(𝟐𝟏𝟎𝟓)
• Isoscalar 𝟏−+ state:  𝜼𝟏(𝟏𝟖𝟓𝟓)
• Charmoniumlike 𝟏−+ hybrid 𝜼𝒄𝟏:  counterpart of 𝝅𝟏 and 𝜼𝟏,  no evidence yet!

3.   Masses of hybrids predicted by Lattice QCD

𝒎𝝅𝟏 ∼ 𝟏. 𝟖 − 𝟐. 𝟎 𝑮𝒆𝑽, 𝒎𝜼𝟏 ∼ 𝟐. 𝟎 − 𝟐. 𝟑 𝑮𝒆𝑽, 𝒎𝜼𝒄𝟏 ∼ 𝟒. 𝟐 − 𝟒. 𝟒 𝑮𝒆𝑽
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4.  Formalism of Lattice QCD

• Path integral quantization on finite Euclidean spacetime lattices

𝒁 = න𝑫𝑨𝑫𝝍𝑫ഥ𝝍𝒆𝒊𝑺 𝑨,𝝍,ഥ𝝍 → න𝑫𝑼𝐝𝐞𝐭𝑴[𝑼] 𝒆−𝑺𝒈[𝑼]

𝓞 𝑼,𝝍, ഥ𝝍 =
𝟏

𝒁
න𝑫𝑼 𝐝𝐞𝐭𝑴[𝑼] 𝒆−𝑺𝒈[𝑼] 𝓞[𝑼]

• Very similar to a statistical physics system

• Monte Carlo simulation——importance sampling according to 𝓟 𝑼 ∝ 𝐝𝐞𝐭𝑴 𝑼 𝒆−𝑺𝒈 𝑼

Green’s functions Field product
Spacetime 

discretization

Gauge ensemble:  {𝑼𝒊 𝐬𝐩𝐚𝐜𝐞𝐭𝐢𝐦𝐞 , 𝒊 = 𝟏,… ,𝑵} 𝓞 𝑼,𝝍, ഥ𝝍 =
𝟏

𝑵


𝒊

𝒪 𝑼𝒊 + 𝑶
𝟏

𝑵
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1.  𝜼𝟏(𝟏𝟖𝟓𝟓) (𝑰𝑮𝑱𝑷𝑪 = 𝟎+𝟏− +) observed by BESIII 

(BESIII, Phys. Rev. Lett. 129, 192002 (2022), arXiv:2202.00621(hep-ex) )

• Partial wave analysis of the process Τ𝑱 𝝍 → 𝜸𝜼𝜼′

• Resonance parameters of 𝜼𝟏 𝟏𝟖𝟓𝟓 : 𝒎𝜼𝟏 = 𝟏𝟖𝟓𝟓 ± 𝟗−𝟏
𝟔 MeV,  𝚪𝜼𝟏 = 𝟏𝟖𝟖 ± 𝟏𝟖−𝟖

+𝟑 MeV

Combined branching fraction: 𝐁𝐫 Τ𝑱 𝝍 → 𝜸𝜼𝟏 → 𝜸𝜼𝜼′ = 𝟐. 𝟕𝟎 ± 𝟎. 𝟒𝟏−𝟎.𝟑𝟓
+𝟎.𝟏𝟔 × 𝟏𝟎−𝟔

• The first candidate for isoscalar 𝟏− + hybrid.  

III. Light 𝟎+𝟏− + hybrid 𝜼𝟏 in 𝑱/𝝍 radiative decays 

• Theoretical prediction of 𝜼𝟏 production rate in 𝑱/𝝍 radiative decays?
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2. Lattice QCD calculation of partial width of   Τ𝑱 𝝍 → 𝜸𝑿

• Radiative decay width: 𝚪 𝒊 → 𝜸𝒇 =
𝟏

𝟐𝑱𝒊 + 𝟏

𝟏

𝟑𝟐𝝅𝟐
න𝒅𝛀𝒒

𝒒

𝑴𝒊
𝟐 

𝒓𝒊,𝒓𝒋,𝒓𝜸

𝓜𝒓𝒊,𝒓𝒋,𝒓𝜸

𝟐

• Transition amplitudes: 𝓜𝒓𝒊,𝒓𝒇,𝒓𝜸 = 𝝐𝝁
∗ 𝒒, 𝒓𝜸 ⟨𝒇(𝒑𝒇, 𝒓𝒇)|𝒋𝒆𝒎

𝝁
𝟎 |𝒊(𝒑𝒊, 𝒓𝒊)⟩

• Multipole decomposition: 𝒇 𝒑𝒇, 𝒓𝒇 𝒋𝒆𝒎
𝝁

𝟎 𝒊 𝒑𝒊, 𝒓𝒊 =

𝒌

𝜶𝒌
𝝁
𝒑𝒇, 𝒑𝒊, 𝝐𝒇, 𝝐𝒊 𝑭𝒌 𝑸𝟐

𝑸𝟐 = − 𝒑𝒇 − 𝒑𝒊
𝟐

• Decay width in terms of the form factors: 𝚪 𝒊 → 𝜸𝒇 ∝

𝒌

𝑭𝒌
𝟐 𝟎

• So the major task is to calculate the matrix elements, which can be derived from the 
three-point functions on the lattice 

𝚪𝟑
𝒊𝝁𝒋

𝒑𝒇, 𝒒; 𝒕𝒇, 𝒕 = 

𝒚

𝒆𝒊𝒒⋅𝒚 𝛀 𝓞𝒇
𝒊 𝒑𝒇, 𝒕𝒇 𝒋𝒆𝒎

𝝁
𝒚, 𝒕 𝓞𝒊

+ 𝒑𝒊, 𝟎 𝛀
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3.   Lattice setup

• Anisotropic lattice (𝝃 =
𝒂𝒔

𝒂𝒕
≫ 𝟏): heavy particles  ( Τ𝑱 𝝍)  involved, compromise of the 

resolution in the time direction and the computational expenses.   

• Large statistics:  decay process takes place through disconnected diagrams (OZI suppressed)

A large statistics is mandatory for good S/N.  

• Lattice actions:  Tadpole improved Symanzik’s gauge action (C. Morningstar, PRD60(1999)034509)

Tadpole impoved Clover action for 𝑵𝒇 = 𝟐 degenerate 𝒖, 𝒅 sea quarks

and also the valence charm quark. 

• Calculation of disconnected diagrams: distillation method (M. Peardon et al. (HSC), 

PRD80(2009)054506).   

Jiang et al, 

Phys.Rev.D 107 (2023) 094510
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4. Partial width of  Τ𝑱 𝝍 → 𝜸𝜼 as a calibration (X. Jiang et al., Phys. Rev. Lett. 130, 061901 (2023)

1)  Extraction of the form factor 𝑴(𝑸𝟐) 𝚪 Τ𝑱 𝝍 → 𝜸𝜼 =
𝟒𝜶

𝟐𝟕
𝒑𝜸

𝟑
𝑴𝟐(𝟎)

𝜼 𝒑𝜼 𝒋𝒆𝒎
𝝁

𝟎 𝝍 𝒑𝝍, 𝝀 = 𝑴 𝑸𝟐 𝝐𝝁𝝂𝝆𝝈𝒑𝝍,𝝂𝒑𝜼,𝝆𝝐𝝈 𝒑𝝍, 𝝀

𝑴(𝑸𝟐) is defined through the multipole decomposition

The matrix element is encoded in the three-point function as (for 𝒕 ≫ 𝒕′ ≫ 𝟎 )

𝚪𝝁𝒊
𝟑

𝒒; 𝒕, 𝒕′ ≈
𝒁𝜼 𝒒 𝒁𝝍

∗

𝟒𝑽𝑬𝜼 𝒒 𝒎𝝍
𝒆−𝑬𝜼 𝒒 𝒕−𝒕′ 𝒆−𝒎𝝍𝒕

′


𝝀

𝜼 𝒒 𝒋𝒆𝒎
𝝁

𝝍 𝟎, 𝝀 𝝐∗ 𝟎, 𝝀

𝚪𝜼
𝟐

𝒒, 𝒕 ≈
𝟏

𝟐𝑬𝜼 𝒒 𝑽
𝒁𝜼 𝒒

𝟐
𝒆−𝑬𝜼 𝒒 𝒕

𝚪𝝍
𝟐

𝒕 ≈
𝟏

𝟐𝒎𝝍𝑽
𝒁𝝍

𝟐
𝒆−𝒎𝝍𝒕

𝑸𝟐 = − 𝒑𝝍 − 𝒑𝜼
𝟐
= 𝒒𝟐 − 𝒎𝝍 − 𝑬𝜼 𝒒

𝟐

Thus 𝑴(𝑸𝟐) is obtained along with the following two-point functions  
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2) Prediction of 𝚪( Τ𝐉 𝝍 → 𝜸𝜼)

𝑴 𝑸𝟐 = 𝑴 𝟎 + 𝒂𝑸𝟐 + 𝒃𝑸𝟒 + 𝓞 𝑸𝟔

𝑴 𝟎 = 𝟎. 𝟎𝟏𝟎𝟓𝟏 𝟔𝟏 𝐆𝐞𝐕−𝟏

𝚪 Τ𝑱 𝝍 → 𝜸𝜼 =
𝟒𝜶

𝟐𝟕
𝒑𝜸

𝟑
𝑴𝟐 𝟎 = 𝟎. 𝟑𝟖𝟓 𝟒𝟓 𝐤𝐞𝐕

This can be compared with the branching fraction already :       𝐁𝐫 Τ𝑱 𝝍 → 𝜸𝜼’ = 𝟓. 𝟐𝟓 𝟕 × 𝟏𝟎−𝟑

𝐁𝐫 Τ𝑱 𝝍 → 𝜸𝜼 = 𝟒. 𝟏𝟔 𝟒𝟗 × 𝟏𝟎−𝟑 (𝚪𝒕𝒐𝒕 = 𝟗𝟐. 𝟔 𝟏. 𝟕 𝐤𝐞𝐕)

• Interpolation of 𝑴(𝑸𝟐) to the on-shell value at 𝑸𝟐 = 𝟎

• Partial decay width

3)  Mechanism behind the large production ratio——𝑼𝑨 𝟏 anomaly?

𝝏𝝁𝒋𝟓
𝝁
𝒙 = 𝟐𝒊𝒎 𝒋𝟓 𝒙 + 𝑵𝒇

𝒈𝟐

𝟑𝟐𝝅𝟐
𝑮𝝁𝝂
𝒂 𝒙 ෩𝑮𝒂,𝝁𝝂(𝒙) 𝒋𝟓

𝝁
=

𝟏

𝑵𝒇



𝒊

ഥ𝝍𝒊𝜸
𝝁𝜸𝟓𝝍𝒊 ,

𝑼𝑨(𝟏) anomaly introduces an anomalous coupling between singlet pseudoscalar and gluons. 
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• Assuming the 𝑼𝑨(𝟏) anomaly dominance for the production of 𝜼 states (OZI evading)

𝑺𝑼𝑰 𝟐 case:    𝑴𝑵𝒇=𝟐 𝟎 (𝑵𝒇 = 𝟐) = 𝟎. 𝟎𝟏𝟎𝟓𝟏 𝟔𝟏 𝐆𝐞𝐕−𝟏

𝑺𝑼𝑭 𝟑 case:    𝑴𝑵𝒇=𝟑 𝟎 = 𝟑/𝟐𝑴𝑵𝒇=𝟐 𝟎 = 𝟎. 𝟎𝟏𝟐𝟗 𝟖 𝐆𝐞𝐕−𝟏

𝜼 − 𝜼′ mixing: 𝜼

𝜼′ =
𝐜𝐨𝐬𝜽 − 𝐬𝐢𝐧𝜽
𝐬𝐢𝐧𝜽 𝐜𝐨𝐬𝜽

𝜼𝟖
𝜼𝟏

,      𝒎𝜼 = 𝟓𝟒𝟕 𝐌𝐞𝐕, 𝒎𝜼′ = 𝟗𝟓𝟖 𝐌𝐞𝐕

𝜽𝒒𝒓𝒂𝒅 = −𝟏𝟏. 𝟑∘: 𝑩𝒓 Τ𝑱 𝝍 → 𝜸𝜼 = 𝟎. 𝟐𝟓𝟔 𝟑𝟎 × 𝟏𝟎−𝟑,         𝑩𝒓 Τ𝑱 𝝍 → 𝜸𝜼′ = 𝟓. 𝟐𝟏 𝟔𝟐 × 𝟏𝟎−𝟑

𝜽𝒍𝒊𝒏 = −𝟐𝟒. 𝟓∘: 𝑩𝒓 Τ𝑱 𝝍 → 𝜸𝜼 = 𝟏. 𝟏𝟓 𝟏𝟒 × 𝟏𝟎−𝟑,           𝑩𝒓 Τ𝑱 𝝍 → 𝜸𝜼′ = 𝟒. 𝟒𝟗 𝟓𝟑 × 𝟏𝟎−𝟑

Expt. (PDG2020)

𝑩𝒓 Τ𝑱 𝝍 → 𝜸𝜼 = 𝟏. 𝟏𝟏 𝟑 × 𝟏𝟎−𝟑,             𝑩𝒓 Τ𝑱 𝝍 → 𝜸𝜼′ = 𝟓. 𝟐𝟓 𝟕 × 𝟏𝟎−𝟑

Agree 

better!

• A recent lattice study of 𝜼(𝜼′) mass and  decay constant gives (G. Bali et al., JHEP08(2021)137)

𝒂𝜼 ∝ 𝛀 𝜶𝒔𝑮෩𝑮 𝜼 , 𝒂𝜼′ ≈ 𝛀 𝜶𝒔𝑮෩𝑮 𝜼′

From which the gluonic mixing angle of 𝜼 − 𝜼′ is derived as  𝜽𝒈 = −𝐚𝐫𝐜𝐭𝐚𝐧
𝒂𝜼

𝒂𝜼′
≈ −𝟐𝟒 𝟒 ∘



11

Blue:  effective mass of isovector 𝝅𝟏
Red:   effective mass of  isoscalar 𝜼𝟏

𝚪 Τ𝑱 𝝍 → 𝜸𝜼𝟏 =
𝟒𝜶

𝟐𝟕

𝒑𝜸

𝟐𝒎𝝍
𝟐 (𝑴𝟏

𝟐 𝟎 + 𝑬𝟐
𝟐 𝟎 )

𝒎𝝅𝟏 = 𝟏. 𝟗𝟓𝟎 𝟐𝟖 𝐆𝐞𝐕

𝒎𝜼𝟏 = 𝟐. 𝟐𝟑𝟎 𝟑𝟗 𝐆𝐞𝐕

𝚪𝒊𝝁𝒋
(𝟑)

=
𝟏

𝑻


𝝉

𝑻

⟨𝓞𝜼𝟏
𝒊 𝟎, 𝒕 + 𝝉 𝑮𝝁𝒋 𝒑, 𝒑; 𝒕

′ + 𝝉, 𝝉 ⟩

1） Extraction of the form factors 𝑴𝟏(𝑸
𝟐) and 𝑬𝟐(𝑸

𝟐)

4. Partial width of  Τ𝑱 𝝍 → 𝜸𝜼𝟏 𝟏− + ( F. Chen et al., Phys. Rev. D 107, 054511 (2023), arXiv: 2207.04694 (hep-lat) ) 
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𝑴𝟏 𝟎 = −𝟒. 𝟕𝟑(𝟕𝟒) MeV， 𝑬𝟐 𝟎 = 𝟏. 𝟏𝟖 𝟐𝟐 MeV

2） Prediction of the decay width and branching fraction

𝚪 Τ𝑱 𝝍 → 𝜸𝜼𝟏 = 𝟐. 𝟎𝟒 𝟔𝟏 𝐞𝐕

𝚪 Τ𝑱 𝝍 → 𝜸𝜼𝟏 =
𝟒𝜶

𝟐𝟕

𝒑𝜸

𝟐𝒎𝝍
𝟐 (𝑴𝟏

𝟐 𝟎 + 𝑬𝟐
𝟐 𝟎 )

2.0GeV

2.5GeV

J. Dudek et al. (HSC), 
PRD 88(2013) 094505 (2013)

3)    𝜼𝟏
𝒍

and 𝜼𝟏
𝒉

in the SU(3) case

There are two mass eigen states 𝜼𝟏
𝒍
, 𝜼𝟏

(𝒉)

|𝜼𝟏
(𝒍)
⟩

|𝜼𝟏
𝒉
⟩

=
𝐜𝐨𝐬𝜶 −𝐬𝐢𝐧𝜶
𝐬𝐢𝐧𝜶 𝐜𝐨𝐬𝜶

|𝒍 ҧ𝒍⟩
|𝒔ത𝒔⟩

|𝜼𝟏
(𝒍)
⟩

|𝜼𝟏
𝒉
⟩

=
𝐜𝐨𝐬 𝜽 − 𝐬𝐢𝐧𝜽
𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽

|𝜼𝟏
𝟖⟩

|𝜼𝟏
𝟏⟩

𝜽 = 𝟓𝟒. 𝟕∘ − 𝜶

Lattice calculation:   𝜶 ≈ 𝟐𝟐. 𝟕 𝟐. 𝟏 ∘ or 𝜽 = 𝟑𝟐. 𝟎 𝟐. 𝟏 ∘
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Intuitively, gluons in 𝑱/𝝍 radiative decay couple to flavor singlets. Therefore

𝚪 Τ𝑱 𝝍 → 𝜸𝜼𝟏
𝒍

= 𝐬𝐢𝐧𝟐 𝜽 𝚪 Τ𝑱 𝝍 → 𝜸𝜼𝟏
𝟏 𝝌 𝒍

𝚪 Τ𝑱 𝝍 → 𝜸𝜼𝟏
(𝒉)

= 𝐜𝐨𝐬𝟐 𝜽 𝚪 Τ𝑱 𝝍 → 𝜸𝜼𝟏
𝟏 𝝌 𝒉

𝝌 𝒙 =
𝒎𝜼𝟏

𝟐 𝒑𝜸 𝜼𝟏
𝒙

𝟑

𝒎
𝜼𝟏
𝒙

𝟐 𝒑𝜸 𝜼𝟏
𝟑

On the other hand,  𝜼𝜼′ only appears as a flavor octet,  so 𝜼𝟏
𝒉,𝒍

→ 𝜼𝜼′ must take place through

its octet component:  

𝜼𝜼′ 𝑯𝑰 𝜼𝟏
𝒍

= 𝐜𝐨𝐬 𝜽 𝜼𝜼′ 𝑯𝑰 𝜼𝟏
𝟖

≡ 𝒈 𝐜𝐨𝐬 𝛉 𝒌 𝒍

𝜼𝜼′ 𝑯𝑰 𝜼𝟏
𝒉

= 𝐬𝐢𝐧 𝜽 𝜼𝜼′ 𝑯𝑰 𝜼𝟏
𝟖

≡ 𝒈 𝐬𝐢𝐧 𝜽 𝒌 𝒉

Γ 𝜂 𝑙 → 𝜂𝜂′ ∝ 𝑔2
𝑘 𝑙

3

𝑚
𝜂1
𝑙

2 cos2 𝜃

Γ 𝜂 𝑙 → 𝜂𝜂′ ∝ 𝑔2
𝑘 ℎ

3

𝑚
𝜂1
ℎ

2 sin2 𝜃

𝒓 =
𝐁𝐫( Τ𝑱 𝝍 → 𝜸𝜼𝟏

𝒍
→ 𝜸𝜼𝜼′)

𝑩𝒓( Τ𝑱 𝝍 → 𝜸𝜼𝟏
𝒉
→ 𝜸𝜼𝜼′)

=
𝝌 𝒍 𝒌 𝒍

𝟑
𝒎

𝜼𝟏
𝒉

𝟐

𝝌 𝒉 𝒌 𝒉
𝟑
𝒎

𝜼𝟏
𝒍

𝟐

𝚪
𝜼𝟏
𝒉

𝚪
𝜼𝟏
𝒍
∼
𝚪
𝜼𝟏
𝒉

𝚪
𝜼𝟏
𝒍
𝒪(𝟏)
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If 𝜼𝟏 𝟏𝟖𝟓𝟓 is the 𝜼𝟏
𝒍

, then  

BESIII observation:   𝐁𝐫 Τ𝑱 𝝍 → 𝜸𝜼𝟏(𝟏𝟖𝟓𝟓) → 𝜸𝜼𝜼′ = 𝟐. 𝟕𝟎 ± 𝟎. 𝟒𝟏−𝟎.𝟑𝟓
+𝟎.𝟏𝟔 × 𝟏𝟎−𝟔

If 𝜼𝟏 𝟏𝟖𝟓𝟓 is the 𝜼𝟏
𝒉

, then  

• Hint of the existence of the second state ----

M. Ablikim [BESIII], 

Phys. Rev. D 072012 (2022)

• The production rate and the width of this state are desired!
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III. Charmoniumlike 𝟏−+ hybrid 𝜼𝒄𝟏 decay 

Isgur & Paton, Phys. Rev. D 31 (1985) 2910

1.   Hybrids in the flux-tube model (Isgur & Paton, Phys. Rev. D 31 (1985) 2910)

K. Juge et al.,  Phys. Rev. Lett. 82, 4400 (1999)

𝑯 = −
𝟏

𝟐𝝁

𝝏𝟐

𝝏𝒓𝟐
+
𝑳 𝑳 + 𝟏 − 𝚲𝟐

𝟐𝝁𝒓𝟐
+ 𝑬𝟏(𝒓)

𝑬𝟏 𝒓 = −
𝟒𝜶𝒔
𝟑𝒓

+ 𝒄 + 𝒃𝒓 +
𝝅

𝒓
𝟏 − 𝒆−𝒇𝒃

Τ𝟏 𝟐𝒓

• A vibrational string along the 𝑸ഥ𝑸 axis.
• The picture is originated from the 

lattice QCD formulation.
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L. Liu [HSC Collab.], JHEP 07 (2012) 126

2. Lattice prediction of the spectrum of charmoniumlike states 

(L. Liu [HSC Collab.], JHEP 07 (2012) 126)

𝒎𝜼𝒄𝟏 ≈ 𝟒. 𝟐𝟑 GeV   (𝑵𝒇 = 𝟐 + 𝟏)

Y. Ma et al., Chin. Phys. C 45 (2021) 093111
E. Braaten et al.,  
Phys. Rev. D 90 (2014) 014044

• Super-multiplet ( 𝟎, 𝟏, 𝟐 −+, 𝟏−−) observed around 4.2 GeV 
• Consistent with the phenomenological expectation. 
• Non-consistence appears in the spectrum of excited states 

Flux-tube:   𝚫𝐦 𝟐𝐏 − 𝟏𝐏 ∼ 𝟎. 𝟑𝟖 GeV
QLQCD:        𝚫𝐦 𝟐𝐏 − 𝟏𝐏 ∼ 𝟏. 𝟐 − 𝟏. 𝟑 GeV

• The internal stucture of these hybrids reflected by the BS wave 
functions  seems different from the flux-tube picture. 
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• 𝜼𝒄𝟏 production on 𝒆+𝒆− collider 𝒆+𝒆− → 𝝍 𝒏𝑺 → 𝜸𝜼𝒄𝟏 (𝝍 𝟒𝟒𝟏𝟓 𝒆𝒕𝒄. )

• 𝜼𝒄𝟏 production in B meson decays (LHCb and Belle II)

𝑩 → ഥ𝑲𝑿, 𝑿 = 𝑿 𝟑𝟖𝟕𝟐 , 𝒁𝒄 𝟒𝟒𝟑𝟎 , 𝒁𝒄 𝟑𝟗𝟎𝟎 , 𝒆𝒕𝒄.

4.  𝜼𝒄𝟏 decay modes 

𝑨𝑩 𝑯𝑰 𝑯 ∝ න𝒅𝟑𝒓 𝝓𝑯 𝒓 ⋯ න
𝟎

𝟏

𝒅𝝃 𝐜𝐨𝐬(𝝃𝝅) 𝝓𝑨 𝝃𝒓 𝝓𝑩 𝟏 − 𝝃 𝒓

( P. Page et al., Phys. Rev. D 59 (1999) 034016)

Flux-tube model selection rule: 

1) Modes of two S-wave mesons are suppressed, SP-modes are favored. 

2) Modes of two identical mesons  are prohibited.  

Open-charm and closed-charm decay modes

1) SP modes：𝑫𝟏 𝟐𝟒𝟐𝟎 ഥ𝑫, 𝝌𝒄𝟏𝜼(𝜼
′)

2) SS modes:  𝑫∗ഥ𝑫, 𝑫∗ഥ𝑫∗, 𝜼𝒄𝜼 𝜼′ , 𝑱/𝝍𝝎(𝝓)

3. Possible production processes in experiments
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𝑯 =
𝒎𝜼𝒄𝟏 𝒙

𝒙 𝑬𝑨𝑩

For the two-body decay 𝜼𝒄𝟏 → 𝑨𝑩, in the space spanned by |𝜼𝒄𝟏⟩ and 𝑨𝑩 (𝒎𝜼𝒄𝟏 > 𝑬𝑨𝑩)

𝑻 𝒂 = 𝒆−𝒂
𝑯 = 𝒆−𝒂

ഥ𝑬 𝒆−𝒂𝚫/𝟐 𝒂𝒙
𝒂𝒙 𝒆𝒂𝚫/𝟐

ഥ𝑬 =
𝒎𝜼𝒄𝟏 + 𝑬𝑨𝑩

𝟐
, 𝚫 = 𝒎𝜼𝒄𝟏 − 𝑬𝑨𝑩

𝓒𝜼𝒄𝟏,𝑨𝑩 𝒕 = ⟨𝛀|𝓞𝑨𝑩 𝒕 𝓞𝜼𝒄𝟏
+ 𝟎 |𝛀⟩

= ⟨𝛀|𝓞𝑨𝑩 𝟎 𝒆−𝒕 𝒂
𝑯𝓞𝜼𝒄𝟏

+ 𝟎 |𝛀⟩

𝜼𝒄𝟏 =
𝟏

𝟎
𝑨𝑩 =

𝟎

𝟏

The transition takes place at any 𝒕′ between 0 and 𝒕: 

→ −𝒂𝒙𝒕 𝒆−𝒕 𝒂
ഥ𝑬 𝛀 𝓞𝑨𝑩 𝑨𝑩 𝜼𝒄𝟏 𝓞𝜼𝒄𝟏

+ 𝛀0𝑡 𝑡′

𝜼𝒄𝟏𝐴𝐵
𝑨𝑩 𝑯 𝜼𝒄𝟏
= 𝒂𝒙

𝛀 𝓞𝑨𝑩 𝜼𝒄𝟏 ≈ 𝟎 𝛀 𝓞𝜼𝒄𝟏 𝑨𝑩 ≈ 𝟎

𝓒𝜼𝒄𝟏,𝑨𝑩 𝒕

𝓒𝜼𝒄𝟏 𝒕 𝓒𝑨 𝒕 𝓒𝑩 𝒕

→ −𝒂𝒙 𝒕 𝟏 +
𝟏

𝟐𝟒
𝒂𝚫 𝒕 𝟐

𝛀 𝓞𝑨𝑩 𝑨𝑩 ≈ 𝛀 𝓞𝑨 𝑨 𝓞 𝓞𝑩 𝑩

5. Lattice methodology ( C. McNeile & C. Michael, Phys. Lett. B 556 (2003) 177 ) 
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C. Alexandrou et al.,  
Phys. Rev. D 88 (2013) 031501

C. Alexandrou et al.,  
Phys. Rev. D 93 (2016) 114515



20

𝓛𝑰
𝒄𝒄 ∼ −𝒈𝝌𝜼𝒎𝜼𝒄𝟏𝑯𝝁𝑨

𝝁𝜼 − 𝒊𝒈𝜼𝒄𝜼𝑯𝝁𝜼𝒄ി𝝏
𝝁𝜼 + 𝒊𝑯𝝁 𝒈𝝍𝝂𝝏

𝝂𝝎𝝁 + 𝒈′𝝎𝝂𝝏
𝝂𝝍𝝁 + 𝒈𝟎𝝍𝝂

ി𝝏𝝁𝝎𝝂

𝓛𝑰
𝒐𝒄 ∼ 𝒈𝑫𝟏𝑫𝒎𝜼𝒄𝟏𝑯𝝁

𝟏

𝟐
𝑫𝟏
𝝁,+
𝑫+ 𝑫+𝑫𝟏

𝝁
+ 𝒈𝑫∗ഥ𝑫∗𝑯

𝝁
𝒊

𝟐
𝑫𝝂,+𝝏𝝂𝑫𝝁 + 𝝏𝝂𝑫𝝁

+𝑫𝝂

+𝒈𝑫∗ഥ𝑫𝝐
𝝁𝝂𝝆𝝈 𝝏𝝁𝑯𝝂

𝟏

𝟐
𝝏𝝆𝑫𝝈

+ − 𝑫+ 𝝏𝝆𝑫𝝈

𝑫ഥ𝑫′
𝑪=+

𝑰=𝟎
=
𝟏

𝟐
𝑫+𝑫′− + 𝑫𝟎ഥ𝑫′𝟎 ±

𝟏

𝟐
𝑫−𝑫′+ + ഥ𝑫𝟎𝑫′𝟎

𝑫∗ഥ𝑫∗
𝑪=+

𝑰=𝟎
=

𝟏

𝟐
𝑫∗+𝑫∗− + 𝑫𝟎∗ഥ𝑫𝟎∗

𝑳=𝟏

𝑺=𝟏

5. Decay amplitudes ( C. Shi et al., arXiv: 2306.12884 (hep-lat) )

• The effective Lagrangian for 𝜼𝒄𝟏 two-body decays

• The flavor wave functions of the open-charm modes

𝐷′ = 𝐷∗, 𝐷1, 
“+” for 𝐷ഥ𝐷∗

“-” for 𝐷ഥ𝐷1

𝐿 + 𝑆 = even
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• Amplitudes for 𝜼𝒄𝟏 → 𝑨𝑩 from the Lagrangian

𝓒𝜼𝒄𝟏,𝑨𝑩 𝒕

𝓒𝜼𝒄𝟏 𝒕 𝓒𝑨 𝒕 𝓒𝑩 𝒕

→ −(𝒂𝒙) 𝒕 𝟏 +
𝟏

𝟐𝟒
𝒂𝚫 𝒕 𝟐

L16 L24
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• The final results 

𝚪𝑨𝑩 =
𝟏

𝟖𝝅

𝒌𝐞𝐱

𝒎𝜼𝒄𝟏
𝟐

𝓜 𝜼𝒄𝟏 → 𝑨𝑩 𝟐

𝛿𝑔𝐴𝐵 =
max𝑔𝐴𝐵 −min𝑔𝐴𝐵

2

• 𝑫𝟏
ഥ𝑫 dominates.

• 𝑫∗ഥ𝑫 and 𝑫∗ഥ𝑫∗ are important.
This observation is in striking contrast 
to the expectation of the flux-tube 
model.
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The 𝒎𝜼𝒄𝟏-dependence of partial decay widths

• For 𝒎𝜼𝒄𝟏 = 𝟒𝟑𝟐𝟗(𝟑𝟔) MeV, we have 

𝚪𝑫𝟏ഥ𝑫 = 𝟐𝟓𝟖 𝟏𝟑𝟑 𝐌𝐞𝐕

𝚪𝑫∗ഥ𝑫∗ = 𝟏𝟓𝟎 𝟏𝟏𝟖 𝐌𝐞𝐕

𝚪𝑫∗ഥ𝑫∗ = 𝟖𝟖 𝟏𝟖 𝐌𝐞𝐕

𝚪𝝌𝒄𝟏𝜼 = 𝐬𝐢𝐧𝟐 𝜽 ⋅ 𝟒𝟒 𝟐𝟗 𝐌𝐞𝐕

𝚪𝜼𝒄𝜼′ = 𝐜𝐨𝐬𝟐 𝜽 ⋅ 𝟎. 𝟗𝟑 𝟕𝟕 𝐌𝐞𝐕

• Given the mass above, 𝜼𝒄𝟏 seems too wide to be
identified easily in experiments. 

• However, 𝚪𝜼𝒄𝟏 is very sensitive to 𝒎𝜼𝒄𝟏 . 

• If 𝒎𝜼𝒄𝟏 ∼ 𝟒. 𝟐 GeV, then 𝚪𝜼𝒄𝟏 ∼ 𝟏𝟎𝟎 MeV.  

The dominant decay channels are 𝑫∗ഥ𝑫 and 𝑫∗ഥ𝑫∗. 
• Especially for 𝑫∗ഥ𝑫∗, the measurement of the 

polarization of 𝑫∗ and ഥ𝑫∗ will help distinguish a  
𝟏−+ states from 𝟏−− states.  

We suggest LHCb, BelleII and BESIII to search for 𝜼𝒄𝟏 in 𝑫∗ഥ𝑫 and 𝑫∗ഥ𝑫∗ systems !  
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In comparison with the decay of the 𝟏+𝟏− + hybrid

The partial 

widths of  

of 𝝅𝟏(𝟏𝟓𝟔𝟒)

𝒃𝟏𝝅 dominates the decay of 𝝅𝟏 𝟏𝟓𝟔𝟒 !

Discorvery

modes 

A.J. Woss (HSC Collaboration), Phys. Rev. D 103, 054502 (2021)

• Luescher quantization condition for 
hadron-hadron scatterings on finite lattices

𝐝𝐞𝐭 𝟏 + 𝒊𝝆𝒕 𝟏 + 𝒊𝑴 = 𝟎

• Possible composition of the final states of 
𝝅𝟏 → 𝑴𝟏𝑴𝟐 (in SU(3) symmetric limit)

𝜼𝟏𝜼𝟖, 𝝎𝟖𝜼𝟖, 𝝎𝟖𝝎𝟖, 𝝎𝟏𝝎𝟖,

𝒇𝟏
𝟖𝝎𝟖, 𝒉𝟏

𝟖𝜼𝟖, 𝒇𝟏
𝟏𝜼𝟖



V.  Summary

• The spectrum of hybrids are extensively explored in lattice QCD

• The production rate of 𝜼𝟏 in 𝑱/𝝍 radiative decay is predicted for the first time.

• We give the first lattice QCD prediction of the partial decay widths of the 

charmoniumlike 𝜼𝒄𝟏

• We provide useful theoretical information of hybrids for experiments.
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Thanks!
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