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1.  QCD factorization and parton distributions 

QCD predictions for hadron-scattering without knowing the inner
structure of hadrons ??

QCD factorization theorems:

DIS at leading power: 
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: - square of momentum of the virtual photon, large…

: Perturbative coefficient function, no soft divergence

: Parton distribution function at twist-2 
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Physical picture of DIS:
the virtual photon interacts with one parton “a” inside the hadron, 
the parton  carries a momentum fraction x of the hadron, i.e.,
Partons are quarks, antiquarks or gluons. 
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Taking the leading order of Ca , it is the naïve parton model(Feynman)
in early time. 

In a quantum field theory like QCD, it is proven to all orders and every 
thing in the formula is well-defined…. 

The power correction involves twist-4 parton distributions……

In parton model, parton distributions are interpreted as probabilities. 
Therefore, it is expected they have no support for x < 0 and x > 1.  

But this has to be proven in QCD….. !!



Definitions of parton distributions in QCD as a quantum field theory

Light-cone coordinate system:  

A vector in the system is given by:    
<latexit sha1_base64="0jF06MdHvXHePAIM0345JkqE9kg=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahYi0zxddG6OjGZQX7gHZaMmmmDc08SDJCGbpx46+4caGIW//BnX9jpp2Fth64l8M595Lc44SMCmkY31pmYXFpeSW7mltb39jc0rd36iKIOCY1HLCANx0kCKM+qUkqGWmGnCDPYaThDG8Sv/FAuKCBfy9HIbE91PepSzGSSurq+1an7UXwChasznHR6pwUodUxk1Y+gl09b5SMCeA8MVOSBymqXf2r3Qtw5BFfYoaEaJlGKO0YcUkxI+NcOxIkRHiI+qSlqI88Iux4csUYHiqlB92Aq/IlnKi/N2LkCTHyHDXpITkQs14i/ue1Iule2jH1w0gSH08fciMGZQCTSGCPcoIlGymCMKfqrxAPEEdYquByKgRz9uR5Ui+XzPPS2d1pvnKdxpEFe+AAFIAJLkAF3IIqqAEMHsEzeAVv2pP2or1rH9PRjJbu7II/0D5/ADyGlJM=</latexit>

Aµ = (A+, A�, A1, A2)
with the relation: 

If a hadron moves in the z-direction with large energy, then its 
momentum is given as 
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Pµ ⇡ (P+, 0, 0, 0), only one component!

For simplifying the discussion, we take the light-cone gauge:
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n ·G(x) = G+(x) = 0, nµ = (0, 1, 0, 0).
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The defintion of twist-2 quark distribution: 
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and twist-2 antiquark distribution:

Taking only connected diagrams of Green’s function into account as usual, 
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fq̄(x) = �fq(�x)
The order of operators is irrelevant… No need to do time-ordering !!!
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One can show 
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fq(x) = 0, for |x| > 1.

Parton interpretation: A parton inside a hadron 
can not move faster than the hadron!! Also 
can not move in the opposite direction.



It is interesting to examine the interpretation with perturbative
theory to calculate the quark distribution of a quark with the 
momentum P. 

There are two ways to do it with or without time-ordering. 
At tree-level:
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fq(x) = �(1� x)

At one-loop:

(a): the contribution for T-ordering 

(b)+(c +c.c): the contribution without time-ordering 



For the case of time-ordering:
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It is zero for  x<0 or x>1 as expected. 

In the case without time-ordering:
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The sum is zero for x<0 and x>1. m is the quark mass

It is tricky to obtain the contribution from (c )... divergent 



The quark distribution at twist-2 has the parton interpretation 
at one-loop level, and the order of the operators is irrelevant. 

Similarly, one can show it in the case of twist-2 gluon distributions.

How about parton distributions beyond twist-2 ? 

A “well-known” result: Parton distributions at twist-3, twist-4 have the 
parton interpretation, and  the order of operators used to define these 
distributions are irrelevant……

R.L. Jaffe, Nucl Phys. B229 (1983) 205 

If one reads the paper carefully……



2.  Twist-4 parton distributions 
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The following twist-4 parton distribution is involved in the power 
correction in DIS: 

<latexit sha1_base64="C34dYYojFhwCOVe1tO8p09jHe+s="></latexit>

M2Eq(x) = (P+)2
Z

d�

2⇡
e�i�xP+

hP | ̄(�n)�� (0)|P i,

there are four field operators.

We introduce:  

One can show: 

m: quark mass
e(x): a twist-3 parton disribution. 

<latexit sha1_base64="AJeIPuhNNB6120TIsCg5fa2psE0="></latexit>

M2Eq(x) = � 2

x2
T1(x) + 2

m

x
Me(x)� m2

x2
fq(x) ⇡ � 2

x2
T1(x),



We examine the parton interpretation of Eq(x) by calculating it 
with a quark state. 

To check the relevance of ordering, we introduce the similar 
distribution with time-ordered product of operators: :
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The results for a quark state:

At tree-level:
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At one-loop level, for 
<latexit sha1_base64="bzDiqsabFgYYXbFF3Lgn2wACp5Y=">AAAB7nicbVDLSgNBEOyNrxg1Rj3qYTAInsKu4OMY4sVjBPOAJITZSScZMju7zsyKYclHePGgiFc/we/w5p948ODkcdDEgoaiqpvuLj8SXBvX/XRSS8srq2vp9czG5lZ2O7ezW9VhrBhWWChCVfepRsElVgw3AuuRQhr4Amv+4HLs1+5QaR7KGzOMsBXQnuRdzqixUu2+KfGWeO1c3i24E5BF4s1IvnjwXnK/v7Lldu6j2QlZHKA0TFCtG54bmVZCleFM4CjTjDVGlA1oDxuWShqgbiWTc0fkyCod0g2VLWnIRP09kdBA62Hg286Amr6e98bif14jNt2LVsJlFBuUbLqoGwtiQjL+nXS4QmbE0BLKFLe3EtanijJjE8rYELz5lxdJ9aTgnRVOr20aJZgiDftwCMfgwTkU4QrKUAEGA3iAJ3h2IufReXFep60pZzazB3/gvP0Afq+Stw==</latexit>

x 6= 1, the same diagrams contribute



From (a) we have: 
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From (b) ,+(c + c.c. ):

It is not zero for x<0 and x>1 !!  And it is power divergent. 

It is not zero for x< 0, power divergent. 
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The difference is not zero:

There is no parton interpretation of the twist-4 distribution!!

Distributions are different with different ordering!!!
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The difference is related to a commutator of two quark fields. 

We introduce 
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Only the –fields are involved in the difference:  
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 (�)(x) :

The true dynamical freedom

Determined by equation of motion

For gluon field in the light-cone gauge: 
<latexit sha1_base64="RA4iSDGn7inDHJJME2153sxhC0A=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhVSuVQJ4iVOFRzgWCT6kJoQOa7bWrUTy3aAKvRTuHAAIa58CTf+BrfNAVpGWmk0s6vdnVAwqrTjfFu5hcWl5ZX8amFtfWNzyy5uN1ScSEzqOGaxbIVIEUYjUtdUM9ISkiAeMtIMB5djv3lPpKJxdKuHgvgc9SLapRhpIwV28SrwBJHizuMJLD8enMPALjkVZwI4T9yMlECGWmB/eZ0YJ5xEGjOkVNt1hPZTJDXFjIwKXqKIQHiAeqRtaIQ4UX46OX0E943Sgd1Ymoo0nKi/J1LElRry0HRypPtq1huL/3ntRHfP/JRGItEkwtNF3YRBHcNxDrBDJcGaDQ1BWFJzK8R9JBHWJq2CCcGdfXmeNA4r7knl+OaoVL3I4siDXbAHysAFp6AKrkEN1AEGD+AZvII368l6sd6tj2lrzspmdsAfWJ8/p5eS9w==</latexit>

Gµ
?(x) :

<latexit sha1_base64="/kLDuPaiZmkKc3QSUTyzoNEmkrw=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHBg2SX+Ionogc9YiKPCCuZHWZhwuzsZmbWSDb8hRcPGuPVv/Hm3zjAHhSspJNKVXe6u7yIM6Vt+9vKLCwuLa9kV3Nr6xubW/ntnboKY0lojYQ8lE0PK8qZoDXNNKfNSFIceJw2vMHV2G88UqlYKO70MKJugHuC+YxgbaT764cjhIpPhxeoky/YJXsCNE+clBQgRbWT/2p3QxIHVGjCsVItx460m2CpGeF0lGvHikaYDHCPtgwVOKDKTSYXj9CBUbrID6UpodFE/T2R4ECpYeCZzgDrvpr1xuJ/XivW/rmbMBHFmgoyXeTHHOkQjd9HXSYp0XxoCCaSmVsR6WOJiTYh5UwIzuzL86ReLjmnpZPb40LlMo0jC3uwD0Vw4AwqcANVqAEBAc/wCm+Wsl6sd+tj2pqx0pld+APr8wfjE48d</latexit>

G�(x) :

<latexit sha1_base64="HS7qNPC/n1qFUjJ8ygo3WW9906U=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQEcJu8HURgh70GME8MFnD7GQ2GTI7u8zMimHJX3jxoIhX/8abf+Mk2YMmFjQUVd10d3kRZ0rb9reVWVhcWl7JrubW1jc2t/LbO3UVxpLQGgl5KJseVpQzQWuaaU6bkaQ48DhteIOrsd94pFKxUNzpYUTdAPcE8xnB2kj31w9HCBWfDi/sTr5gl+wJ0DxxUlKAFNVO/qvdDUkcUKEJx0q1HDvSboKlZoTTUa4dKxphMsA92jJU4IAqN5lcPEIHRukiP5SmhEYT9fdEggOlhoFnOgOs+2rWG4v/ea1Y++duwkQUayrIdJEfc6RDNH4fdZmkRPOhIZhIZm5FpI8lJtqElDMhOLMvz5N6ueSclk5ujwuVyzSOLOzBPhTBgTOowA1UoQYEBDzDK7xZynqx3q2PaWvGSmd24Q+szx/8zI8u</latexit>

G+(x) = 0

The true dynamical freedom

Determined by equation of motion



To calculate the commutator, the best way is to use light-cone 
quantization.  

In the quantization: x+ is taking as the time

The quantization rule: 
<latexit sha1_base64="q8PkEClwF3yt8lqKYiWcTQ7uQmQ="></latexit>⇢
 (+)(x),  ̄(+)(0)

�����
x+=0

=
1

2
���(x�)�2(x?),

<latexit sha1_base64="twep+EioVXr3qZiqbApkgQdU9a8="></latexit>
Ga,µ

? (y), Gb,⌫
? (0)

�����
y+=0

= �1

4
i�µ⌫�ab✏(y

�)�2(~y?).

<latexit sha1_base64="DeNA65A21FPVTIY3raksR0o0JBs="></latexit>

M2Eq(x)�M2Ẽq(x) = ↵sCF
1

x2(1� x)
�2(0), �2(0) =

Z
d2k?
(2⇡)2

.

We obtain the difference from the commutator

It is the same as that obtained from calculation of
Feymann diagrams !



For the twist-4 quark distribution: 

a:  No parton interpretation. The contribution is power divergent 

in the region of x<0 and x>1.
b:  The ordering is relevant, different ordering of operators gives 

different twist-4 distributions. 

<latexit sha1_base64="WeUAgs0Vch+fxPC7gEdChLMLA7w="></latexit>

M2E(x) = P+
R

d�
2⇡ e

�ix�P+hP |Ga,+�(�n)Ga,+�(0)|P i,

M2Ẽ(x) = P+
R

d�
2⇡ e

�ix�P+hP |T
✓
Ga,+�(�n)Ga,+�(0)

◆
|P i.

We have also studied the following twist-4 gluon distributions:

The conclusion is the same as that for the quark distributions



<latexit sha1_base64="iBb1w64TSMk/Tv6vo9WdCP+cnc0="></latexit>

Eq(x, k?) = (P+)2
Z

d�d2x?
(2⇡)3

e�i�xP+�ix?·k?hP | ̄(�n+ x?)�
� (0)|P i,

Ẽq(x, k?) = (P+)2
Z

d�d2x?
(2⇡)3

e�i�xP+�ix?·k?hP |T ( ̄(�n+ x?)�
� (0))|P i,

The corresponding  “twist-4” TMD parton distributions:

<latexit sha1_base64="zQlY8Er4yUfF1vcis/R4cBlaltU="></latexit>

Ẽq(x, k?) = ↵sCF


2✓(x)✓(1� x)

k2?(k
2
? +m2(x(x� 4) + 5))

(1� x)(k2? +m2(1� x)2)2
� 1

x2(1� x)

✓
✓(x)� ✓(�x)

◆�
,

Eq(x, k?) = ↵sCF


2✓(x)✓(1� x)

k2?(k
2
? +m2(x(x� 4) + 5))

(1� x)(k2? +m2(1� x)2)2
+

2

x2(1� x)
✓(�x)

�
,

Eq(x, k?) = Ẽq(x, k?) = ↵sCF
1

x2(1� x)
.

One-loop results:

They are not zero for x<0 and x>1, but finite in these regions…

Details:  JPM, Z.Y. Pang and G.P. Zhang, PLB820 (2021) 136472



3. Some general statements
The analysis can be generalized to generalized parton distributions, 

light-cone distribution amplitudes, TMD light-cone wave functions…

About ordering of operators: 
A generic twist-4 distribution is defined with  

<latexit sha1_base64="kWhnuei/RjJBzLGL3eGGCDPGVyM="></latexit>

hP |�1(�1n)�2(�2n)�3(�3n)�4(0)|P i,
<latexit sha1_base64="4crXgXJ9sw2n3sFH4yfj0Ox9s/U=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQoZSk1sdGKLpxWcE+oA1hMp22QyeTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33uNHjEpl299GZmV1bX0ju5nb2t7Z3TPz+00ZxgKTBg5ZKNo+koRRThqKKkbakSAo8Blp+aObqd96IELSkN+rcUTcAA047VOMlJY8M9+NhtSjRXrllCql01L1xDMLdtmewVomTkoKkKLumV/dXojjgHCFGZKy49iRchMkFMWMTHLdWJII4REakI6mHAVEusns9Il1rJWe1Q+FLq6smfp7IkGBlOPA150BUkO56E3F/7xOrPqXbkJ5FCvC8XxRP2aWCq1pDlaPCoIVG2uCsKD6VgsPkUBY6bRyOgRn8eVl0qyUnfPy2V21ULtO48jCIRxBERy4gBrcQh0agOERnuEV3own48V4Nz7mrRkjnTmAPzA+fwA5nZIJ</latexit>

�i(i = 1, 2, 3, 4)
<latexit sha1_base64="JS5g6Wd0JHF9/ub09YbXOjoYyms=">AAACK3icbVDLSgMxFM3UV62vqks3wSJUlDIjvpalLnRZwT6gMx0yadqGJjMxyQhl6P+48Vdc6MIHbv0P03ZArR4IHM45l5t7AsGo0rb9ZmXm5hcWl7LLuZXVtfWN/OZWXUWxxKSGIxbJZoAUYTQkNU01I00hCeIBI41gcDH2G3dEKhqFN3ooiMdRL6RdipE2kp+vuELRdlI82B8dQvc2Rh3oBkh+q1MNJq7kMJKjNHPpu4JI0XZ5DP18wS7ZE8C/xElJAaSo+vkntxPhmJNQY4aUajm20F6CpKaYkVHOjRURCA9Qj7QMDREnyksmt47gnlE6sBtJ80INJ+rPiQRxpYY8MEmOdF/NemPxP68V6+65l9BQxJqEeLqoGzOoIzguDnaoJFizoSEIS2r+CnEfSYS1qTdnSnBmT/5L6kcl57R0cn1cKFfSOrJgB+yCInDAGSiDK1AFNYDBPXgEL+DVerCerXfrYxrNWOnMNvgF6/MLLkemeA==</latexit>

 (+),  ̄(+) or Gµ
?can be any of 

If we change the order , e,g., 
<latexit sha1_base64="b0rR3PoODuyvPq564tuARsR/sYg="></latexit>

hP |�1(�1n)�2(�2n)�3(�3n)�4(0)|P i± hP |�2(�2n)�1(�1n)�3(�3n)�4(0)|P i



<latexit sha1_base64="b0rR3PoODuyvPq564tuARsR/sYg="></latexit>

hP |�1(�1n)�2(�2n)�3(�3n)�4(0)|P i± hP |�2(�2n)�1(�1n)�3(�3n)�4(0)|P i
<latexit sha1_base64="Zkzh1zFJv6qnc4LnBZC8Mph3bG4="></latexit>

/ hP |�3(�3n)�4(0)|P i 6= 0

Two consequences: 
1. Different orders are different at twist-4 or higher..

2. The dependence on 
<latexit sha1_base64="E75ea9IGnlRpfeM+mk00/CCgNzU=">AAAB/3icbVDLSsNAFJ3UV42vqOBGkcEiuJCSFHwsi25ctmAf0IYwmUzawckkzEyEErtw4Y+4caGIy/ob7vwGf8LpQ9DWAwOHc87l3jl+wqhUtv1p5ObmFxaX8svmyura+oa1uVWXcSowqeGYxaLpI0kY5aSmqGKkmQiCIp+Rhn9zOfQbt0RIGvNr1UuIG6EOpyHFSGnJs3baTIcD5DnH8IeWTOhZBbtojwBniTMhhfLeoPr1sD+oeNZHO4hxGhGuMENSthw7UW6GhKKYkb7ZTiVJEL5BHdLSlKOISDcb3d+Hh1oJYBgL/biCI/X3RIYiKXuRr5MRUl057Q3F/7xWqsJzN6M8SRXheLwoTBlUMRyWAQMqCFaspwnCgupbIe4igbDSlZm6BGf6y7OkXio6p8WTqm7jAoyRB7vgABwBB5yBMrgCFVADGNyBR/AMXox748l4Nd7G0ZwxmdkGf2C8fwOpM5hJ</latexit>

�1,�2 is trivial 

è The associated momenta are not constrained, no parton interpretation! 

An interesting observation:

For light-ray operators:  
<latexit sha1_base64="1axP/RU4CX0bPRU1lFLZvm4Zifw="></latexit>⇢
 (+)(�1n),  ̄

(+)(�2n)

�
=

1

2
���(�1 � �2)�

2(0),

The commutator is power-divergent…



If we can discard power-divergences like if  one uses dimensional 
regulation, then the commutator is zero….

Parton interpretation can be restored….  But not for TMD distributions. 

An interesting question is: 

If we discard power-divergences, what is quantum effect in the product 
of light-ray field operators ??? 



4. Summary 

Parton distributions beyond twist-3 have no parton interpretation. 




