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Monte Carlo event generator in high energy collisions 
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Parton showers (pictured) 
describe the particles and radiation 
resulting from high- energy particle 
collisions. Traditionally, parton 
showers have been described 
using Markov chain Monte Carlo 
algorithms, but these fail to capture  

quantum interference effects. 
Nachman et al. designed a quantum 
algorithm that describes the 
quantum properties of parton 
showers. Whereas in the Markov 
chain Monte Carlo approach the 
full classical calculation scales 
exponentially with the number  
of steps, the quantum algorithm 
scales polynomially.

Nachman and co- workers tested 
the algorithm on an IBM quantum 
computer and found the results 
encouraging. With more powerful 
quantum computers these simulations 
will be able to go beyond what is 
currently possible with classical 
computations and provide new 
insights.

Iulia Georgescu

 Q UA N T U M  A LG O R I T H M S

Simulating parton showers

ORIGINAL ARTICLE Nachman, B. et al. A quantum 
algorithm for high energy physics simulations. Phys. 
Rev. Lett. (in the press); preprint at https://arxiv.org/
abs/1904.03196 (2021)

Credit: Benjamin Nachman

To study high energy particle 
collisions and analyse experimental 
data, physicists rely on complex 
simulations using probabilistic 
algorithms. The simulations require 
considerable computing power 
and encounter bottlenecks such as 
the inclusion of the full quantum 
description of high energy 
radiative processes, 
known as parton 
showers. Writing 
in Physical Review 
Letters, Benjamin 
Nachman and 
colleagues 
show that 
these limitations 
could be overcome 
by combining classical 
simulation with quantum 
algorithms that can tackle 
the otherwise intractable 
quantum effects.

R E S E A R C H  H I G H L I G H T S
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Parton shower algorithms in M.C. event generator

Parton shower algorithms are dedicated to simulating and describing the radiation 
behavior of quarks and gluons.
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EIC in Brookhaven. High-luminosity and high-precision.  

In the forward region at pA and EIC, we can study parton non-linear evolutions and explore 

gluon saturation in the small-x.

Forward physics at pA collisions and Future EIC 
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In the forward region at pA and EIC, we can study parton non-linear evolutions and explore 

gluon saturation in the small-x.

Forward physics at pA collisions and Future EIC 
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Can we study small-x physics based on traditional P.S. 
algorithms in the forward region at pA and future EIC?
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small-x gluon evolution equations

Early History of Proton
21st Century View of Proton

Quarks and gluon in QCD

Underlying theory ) Quantum Chromodynamics (QCD).

From math and symmetry, gluon must exist to ensure gauge symmetry.

The carrier of the color force is also the gluon.

Extraction of 1-D quark and gluon distributions inside proton.

9 / 25
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๏Gluons rapidly increase as x decreases, gluons dominate in small x region 

Low energy High energy

!! ≫ !Proton
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Proton
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Gluon splitting



 8

Low energy High energy

!! ≫ !Proton
("!, $")

Proton
(", $")
SaturationDilute

๏Gluons rapidly increase as x decreases, gluons dominate in small x region 

๏Using BFKL, GLR and BK equation instead of DGLAP equation. 

๏  GLR/BK equations are the non-linear evolution equations which describe partons non-linear evolution in small-x region.
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small-x gluon evolution equations

Gluon splitting Gluon fusion
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We can study parton non-linear evolution and gluon saturation in the Forward region at pA.

Forward physics at pA collisions

QCD和中⾼能核物理暑假学校2023Yu Shi (⽯瑜)
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Production
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e−y ≪ 1

xp =
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s
ey ∼ 1

Small-x gluon! (Dense)(Dilute)

For the single hadron production, LO cross-section likes
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PDFs & FFs 
DGLAP evolution
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Forward physics at pA collisions
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YS, Wang, Wei, Xiao, Phys. Rev. Lett. 128 (2022) 20, 202302. 

In the forward hadron production, we can describe all the pp, dAu, and pPb data from RHIC to LHC.
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Forward physics at pA collisions
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Forward physics at pA collisions
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Forward physics at pA collisions
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Forward physics at pA collisions
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Forward physics at pA collisions
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• Developing a P.S. algorithm based on the small-x evolution equation is important. 
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Forward physics at pA collisions
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• gluon fusion effect is absent in all existing generators.  

• Developing a P.S. algorithm based on the small-x evolution equation is important. 

We try to develop a new P.S. algorithm incorporating gluon 
fusion based on the small-x evolution equation



2)   Novel Parton shower algorithm based on the Gribov-Levin-Ryskin (GLR) equation 

      YS, S. Y. Wei and J. Zhou, Phys.Rev.D 107, 016017 (2023).  
      YS, S. Y. Wei and J. Zhou, ArXiv: 2307.04185/hep-ph. 
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GLR evolution Equation

• GLR equation is the non-linear evolution equation that describes the gluon diffusion process.

Gluon splitting Gluon fusion

2

II. THE FOLDED AND THE UNFOLDED GLR EQUATION

Before discussing the Monte Carlo implementation of the GLR equation, let us first explain why it is di�cult
to build a BK-based parton shower generator. The BK equation describes the rapidity evolution of the two-point
correlation function which is also referred to as the dipole scattering amplitude. The BK equation in momentum
space is most conveniently expressed in terms of a Fourier transform of the dipole amplitude multiplying with the
factor 1/r2?,

N (⌘, k?) =

Z
d2r?
2⇡

e�ik?·r?

r2?


1�

1

Nc
hU†(0)U(r?)i

�
, (1)

where U(r?) = P exp
⇥
ig

R
dz�A+(z�, r?)

⇤
is a lightlike Wilson line in the fundamental representation. The rapidity

⌘ is defined as ⌘ = ln (x0/x) with x0 = 0.01. In terms of N , the BK equation reads [33, 34],

@N (⌘, k?)

@⌘
=

↵̄s

⇡

"Z
d2l?
l2?

N (⌘, l? + k?)�

Z k?

0

d2l?
l2?

N (⌘, k?)

#
� ↵̄sN

2(⌘, k?), (2)

with ↵̄s = ↵sNc/⇡. The first two linear terms in Eq. (2), which coincide with those in the BFKL kernel, correspond
to contributions from the real and virtual gluon emissions respectively. Here, we present the virtual correction in a
form [35, 36] that is di↵erent from the conventional expression. The equivalence between the two forms is shown in
Appendix A. The last term is the nonlinear term arising from the resummation of fan diagrams. One can solve the
BK equation and obtain the distribution N at arbitrary rapidity ⌘ using the algorithm described below. However,
there exists no clear probability interpretation for the distribution N . The gluon branching constructed with N from
Monte Carlo simulation thus does not correspond to a real parton cascade. Furthermore, from the point of view of a
sensible description of exclusive quantities, it is not only the evolved gluon distribution that matters. In deriving the
BK equation, all the radiated gluons have been integrated out. In this way, all multiple-point correlation functions,
which show up in the intermediate steps of the derivation, eventually collapse into the two-point function. On the
other hand, one has to explicitly keep the four momenta of all radiated gluons in a parton shower generator. If the
emitted gluons were left unintegrated, the multiple-point correlation functions [37–42] beside the dipole one will enter
the evolution equation. One should use the JIMWLK equation to simulate the parton branching process instead.
Therefore, we conclude that the BK equation does not form a good basis for a parton shower generator.

Now let us turn to discuss the GLR equation. The GLR evolution equation introduced in Ref. [32] was one of the
first few attempts [32, 43] to tackle the BFKL unitarity problem by including a quadratic damping term resulting
from the 2 ! 1 gluon fusion process. It is directly expressed in terms of the unintegrated gluon distribution [32, 44],

@G(⌘, k?)

@⌘
=

↵̄s

⇡

"Z
d2l?
l2?

G(⌘, k?+l?)�

Z k?

0

d2l?
l2?

G(⌘, k?)

#
� gTPV

↵2
s

S?(8⇡)2
G2(⌘, k?), (3)

where S? denotes the transverse area of the target. gTPV is an e↵ective coupling constant resulting from the local
approximation of the triple pomeron vertex [44, 45]. By requiring the GLR equation and the BK equation to coincide
with each other in the dilute limit, we fix this e↵ective coupling constant to be gTPV = 8(2⇡)4. Di↵erent values of
gTPV could be derived depending on how one treats the triple pomeron vertex. G(⌘, k?) is the transverse momentum
dependent (TMD) gluon distribution describing the gluon number density for a given k? and ⌘. There are two
di↵erent types of gluon TMDs widely used in phenomenological studies [39, 46]: the dipole gluon distribution and
the Weizsacker-Williams (WW) gluon distribution. Their small-x evolutions are governed by the BK equation and
the Dominguez-Mueller-Munier-Xiao (DMMX) equation [47], respectively. In the moderate small x region where the
triple-pomeron-vertice contribution dominates over other higher-order e↵ects, the evolution of both gluon TMDs is
expected to be described by the GLR equation approximately.

To facilitate the following algebraic manipulations, we cast Eq. (3) into the following form with the replacement

N(⌘, k?) =
2↵s⇡

3

NcS?
G(⌘, k?),

@N(⌘, k?)

@⌘
=

↵̄s
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"Z
d2l?
l2?

N(⌘, k?+l?)�

Z k?

0

d2l?
l2?

N(⌘, k?)

#
� ↵̄sN

2(⌘, k?). (4)

By making the identification N (⌘, k?) = N(⌘, k?) [33], the above equation is the same as the BK equation in Eq. (2).
However, we emphasize that this is nothing but merely a coincidence. Though the identification N (⌘, k?) = N(⌘, k?)
can be shown to be valid in the dilute region, there is no exact relation between them in the region where multiple
re-scattering and quantum evolution are important.

• The standard GLR equation (unfolded one) [Gribov, Levin, Ryskin, PR, 83]
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• GLR equation is the non-linear evolution equation that describes the gluon diffusion process.

Gluon splitting Gluon fusion

3

Following the common procedure of implementing the DGLAP-based Monte Carlo algorithm, we have to construct
a function describing the probability of evolving from ⌘i to ⌘i+1 without resolvable branching and gluon fusion. To
do so, we first separate the real correction into two terms as following,

Z
d2l?
l2?

N(⌘, k?+l?)=

Z

µ

d2l?
l2?

N(⌘, k?+l?) +

Z µ

0

d2l?
l2?

N(⌘, k?+l?)⇡

Z

µ

d2l?
l2?

N(⌘, k?+l?) +

Z µ

0

d2l?
l2?

N(⌘, k?), (5)

where the infrared cuto↵ µ is a matter of choice of what we classify as a resolvable emission. Branchings in the regime
of l? < µ are classified as unresolvable since they involve the emission of an undetectable soft gluon. The emissions
beyond this region are classified as resolvable branchings. The next step is to combine the contribution from the
unresolvable real emission with that from the virtual diagrams. We obtain

@N(⌘, k?)

@⌘
=

↵̄s

⇡

Z

µ

d2l?
l2?

N(⌘, l? + k?)� ↵̄s ln
k2?
µ2

N(⌘, k?)� ↵̄sN
2(⌘, k?). (6)

By introducing an auxiliary function �(⌘, k?), N(x, k?) can be expressed as

N(⌘, k?) = �(⌘, k?)�(⌘, k?), (7)

where

�(⌘, k?) = exp

⇢
�↵̄s

Z ⌘

⌘0

d⌘0

ln

k2?
µ2

+N(⌘0, k?)

��
. (8)

According to Eq. (6), the function �(⌘, k?) satisfies the following equation

�(⌘, k?)
@�(⌘, k?)

@⌘
=

↵̄s

⇡

Z

µ

d2l?
l2?

N(⌘, k?+l?). (9)

The above equation can be re-expressed in terms of N(⌘, k?) as

@

@⌘

N(⌘, k?)

�(⌘, k?)
=

↵̄s

⇡

Z

µ

d2l?
l2?

N(⌘, l? + k?)

�(⌘, k?)
, (10)

which is referred to as the folded GLR equation, while Eq. (6) or Eq. (3) is the unfolded version. In the folded GLR
equation, the unresolvable real emissions and the virtual correction have been manifestly resummed to all orders.
�(⌘, k?) represents the probability of evolving from ⌘0 to ⌘ without a resolvable branching or gluon fusion. It reduces
to the non-Sudakov form factor [35, 36] in the small x limit with the saturation term being neglected. Eq. (10) can
be integrated over to give an integral equation for N(⌘, k?). It reads

N(⌘, k?) = N(⌘0, k?)�(⌘, k?) +
↵̄s

⇡

Z ⌘

⌘0

d⌘0
�(⌘, k?)

�(⌘0, k?)

Z

µ

d2l?
l2?

N(⌘0, l? + k?), (11)

where N(⌘0, k?) is the gluon distribution at the initial rapidity.
Small x evolution equations resum the leading logarithmic contributions in terms of ln(1/x). However, from

both theoretical and phenomenological points of view, the necessity of resuming the next-to-leading logarithmic
contributions has long been recognized. There are several sources that give rise to the sub-leading logarithmic
contributions, such as the running coupling e↵ect [48–53], kinematic constraint [35, 54–57], the collinear improvement
of the BK equation [58–63], and the Sudakov suppressed BK kernel [64]. Though these corrections are formally sub-
leading power contributions, they often have a significant impact on the observables of interest at small x. We only
discuss the Monte Carlo implementation of the running coupling e↵ect in this work and leave the implementation of
other e↵ects for future works. It is quite straightforward to include the running coupling e↵ect for the case of parent
dipole prescription, which we will adopt in this study. It is not trivial to introduce kinematic constraint in the GLR
equation. Following the arguments made in Refs. [35, 56], the transverse momentum square of the radiated gluon l2?
must be smaller than 1�z

z k2? where k? and z are transverse momentum and longitudinal momentum fraction carried
by the daughter gluon respectively. The inclusion of such kinematic constraint leads to a modified GLR equation,
which is given by
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to the non-Sudakov form factor [35, 36] in the small x limit with the saturation term being neglected. Eq. (10) can
be integrated over to give an integral equation for N(⌘, k?). It reads

N(⌘, k?) = N(⌘0, k?)�(⌘, k?) +
↵̄s

⇡

Z ⌘

⌘0

d⌘0
�(⌘, k?)

�(⌘0, k?)

Z

µ

d2l?
l2?

N(⌘0, l? + k?), (11)

where N(⌘0, k?) is the gluon distribution at the initial rapidity.
Small x evolution equations resum the leading logarithmic contributions in terms of ln(1/x). However, from

both theoretical and phenomenological points of view, the necessity of resuming the next-to-leading logarithmic
contributions has long been recognized. There are several sources that give rise to the sub-leading logarithmic
contributions, such as the running coupling e↵ect [48–53], kinematic constraint [35, 54–57], the collinear improvement
of the BK equation [58–63], and the Sudakov suppressed BK kernel [64]. Though these corrections are formally sub-
leading power contributions, they often have a significant impact on the observables of interest at small x. We only
discuss the Monte Carlo implementation of the running coupling e↵ect in this work and leave the implementation of
other e↵ects for future works. It is quite straightforward to include the running coupling e↵ect for the case of parent
dipole prescription, which we will adopt in this study. It is not trivial to introduce kinematic constraint in the GLR
equation. Following the arguments made in Refs. [35, 56], the transverse momentum square of the radiated gluon l2?
must be smaller than 1�z

z k2? where k? and z are transverse momentum and longitudinal momentum fraction carried
by the daughter gluon respectively. The inclusion of such kinematic constraint leads to a modified GLR equation,
which is given by

@N(⌘, k?)

@⌘
=

↵̄s

⇡

Z
d2l?
l2?

N

✓
⌘ + ln

k2?
k2? + l2?

, l? + k?

◆
�

↵̄s

⇡

Z k?

0

d2l?
l2?

N(⌘, k?)� ↵̄sN
2(⌘, k?). (12)

• Non-Sudakov form factor
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6

The weight function is then determined by the ratio of Eq. 20 and Eq. 21,

Wkc(⌘i, ⌘i+1; k?) =

Rmin
h
P?,

p
(k?�l?)2 1�z

z

i

µ
d2l?
l2?

e
�↵̄s ln

k2
?

µ2 ln
(k?�l?)2

(k?�l?)2+l2?

R k?
µ

d2l?
l2?

(22)

where the wight function not only depends on k? but also z in this case. The values of |l?| and �l are chosen randomly
according to the distribution given in the integral of Eq. 20. The practical numerical calculation of the integrals would
be too time consuming, since it appears to be impossible to solve the integration analytically. We thus invoke a veto
algorithm in order to sample |l?| and �l e�ciently. Such a veto algorithm is described in more details in the appendix
B. Once |l?| and �l are generated, l and k?,i+1 then can be reconstructed subsequently. As displayed in the right
panel of Fig. 1, one can see that the designed algorithm successfully passed the test in reproducing the numerical
results from the kinematic constraint version of the BFKL equation.
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FIG. 2: Compassion of the gluon k? distributions obtained from the forward evolution approach with the numerical solutions
of the GLR equation at di↵erent rapidities. The left, middle and right plots show the results for the standard GLR evolution,
the running coupling case and the kinematic constraint case respectively.

Now we generalize the algorithm described above to the saturation case, i.e. the formulation of forward evolution
for the GLR equation . First, given ⌘i from the previous evolution step or the initial condition, the next ⌘i+1 can be
generated by solving the equation with the non-Sudakov factor incorporating the saturation term,

R = exp


�↵̄s

Z ⌘i+1

⌘i

d⌘0
✓
ln

k2?
µ2

+N(⌘0, k?)

◆�
, (23)

where the numerical solutions of the BK equation are used as the input for the gluon distribution N(⌘0, k?,i). In the
practical simulation, we again employ a veto algorithm to speed up the generation of ⌘i+1, which is described in the
Appendix B. The weight function also needs to be modified accordingly for the saturation case,

W(⌘i, ⌘i+1; k?) =
(⌘i+1 � ⌘i) ln

P 2
?

µ2

(⌘i+1 � ⌘i) ln
k2
?

µ2 +
R ⌘i+1

⌘i
d⌘N(⌘, k?)

. (24)

The rest recipes for the Monte Carlo implementation of both the fixed coupling and the running coupling GLR
equation are the same as these for the BFKL equation.

The kinematic constraint can be imposed in the GLR equation in a similar way. To implement it in the Monte Carlo
algorithm, one first needs to compute the fraction of gluons at [⌘i+1, ⌘i+1+ �⌘] that come form the branching between
⌘i+1 and ⌘i in the presence of saturation e↵ect. Here ⌘i+1 is still generated according to Eq. 23. The derivation closely
follows that presented in Eq. 19 and Eq. 20,

�⌘
@
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⇡
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⇡
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i
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e
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R ⌘i+1+ln
(k?�l?)2

(k?�l?)2+l2?
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k2
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�

(25)

4

With these derived folded evolution equations, we are now ready to introduce the Monte Carlo algorithm based on
the formulation of parton branching in terms of the non-Sudakov factor.

[36, 58, 59].

III. FORWARD EVOLUTION

To demonstrate the formulation of forward evolution for the GLR equation, we start with the simplest case, i.e.
the Monte Carlo implementation of the fixed coupling BFKL evolution. All essential elements of the algorithm will
be discussed in this simplest example. The first step is to sample the k? distribution at the initial rapidity ⌘0 = 0
using the MV model [30, 31] result as the input. Since we aim at building an event generator for eA collisions, it is
more appropriate to use the WW type gluon distribution as the initial condition, which is given by [36],

N(⌘ = 0, k?) =

Z
d2r?
2⇡

e�ik?·r? 1

r2?

✓
1� exp

⇥
�
1

4
Q2

s0r
2
? ln(e+

1

⇤r?
)
⇤◆

, (13)

with Q2
s0 = 1 GeV2 and ⇤ = 0.24 GeV. In order to e�ciently generate an event with this initial condition, we use a

veto algorithm (see Appendix B for more details). Since the evolution variable is the rapidity, the basic problem one
has to solve is that given (⌘i, k?,i) after some steps of the evolution, or given the initial condition, generating the
values (⌘i+1, k?,i+1) after the next step. The Monte Carlo implementation is laid out as in the following:

I): The first quantity to be generated by the algorithm is the value of ⌘i+1. One can read the probability of
evolving from ⌘i to ⌘i+1 without resolvable branching from the folded GLR/BFKL equation, which is given by
�(⌘i, ⌘0; k?,i)/�(⌘i+1, ⌘0; k?,i). Thus ⌘i+1 can be generated with the correct probability distribution by solving the
equation,

R1 = exp

"
�↵̄s

Z ⌘i+1

⌘i

d⌘0 ln
k2?,i

µ2

#
, (14)

after the saturation term is neglected for the BFKL case. R1 is a random number distributed uniformly in the interval
[0,1].

II): We now generate the value of radiated gluon’s transverse momentum with a probability distribution proportional

to ↵̄s

R
d2l?
l2?

which is the real part of the BFKL kernel. We can do this by solving the equation for |l?|,

R2

Z P?

µ

d2l0?
l02?

=

Z |l?|

µ

d2l0?
l02?

. (15)

where P? is a UV cut-o↵ for the emitted gluon’s transverse momentum.
III): The azimuthal angle of l? is sampled according to,

2⇡R3 = �l (16)

IV): The minus component of the radiated gluon’s momentum is obtained using the on-shell condition. The four
momentum of the next exchanged gluon is reconstructed according to ki+1 = ki � l.

V): The generated cascade needs to be re-weighted. The weighted factor is given by,

W(k?) =
ln(P

2
?

µ2 )

ln(
k2
?

µ2 )
(17)

such that the number of exchanged gluons increases after each splitting. This is because there exists a mismatching
between the phase space integration for the real and virtual corrections. For a given rapidity interval�⌘, the number of

gluons which vanish due to the virtual correction is proportional to �⌘↵̄s

R k?,i

µ
dl2?
l2?

exp
h
�↵̄s ln

k2
?,i

µ2 (⌘i � ⌘i+1)
i
, while

the number of gluons produced via the real correction is proportional to �⌘↵̄s

R P?
µ

d2l?
l2?

exp
h
�↵̄s ln

k2
?,i

µ2 (⌘i � ⌘i+1)
i

in the same rapidity interval. The weight function is given by the ratio of these two contributions.
We repeat the procedure outlined above until ⌘i+1 reach a minimal cut-o↵ value ⌘min. Once the whole cascade

is generated, we are ready to reconstruct the gluon k? distribution at arbitrary rapidity, and compared with the
numerical solutions of the BFKL equation. For a given ⌘, we select the event with the two adjacent splitting occur at
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FIG. 2: Comparison of the gluon k? distributions obtained from the forward evolution approach with the numerical solutions
of the GLR equation at di↵erent rapidities. The left and right plots show the results for the standard GLR evolution in the
fixed coupling case and the running coupling case respectively.

where the numerical solutions of the BK equation are used as the input for the gluon distribution N(⌘0, k?,i). In the
practical simulation, we again employ a veto algorithm to speed up the generation of ⌘i+1 as described in Appendix
B. The re-weighting function also needs to be modified accordingly for the saturation case. It is then given by

W(⌘i, ⌘i+1; k?,i) =

R ⌘i+1

⌘i
d⌘ ln(P 2

?/µ
2)

R ⌘i+1

⌘i
d⌘

h
ln(k2?,i/µ

2) +N(⌘, k?,i)
i . (22)

The rest recipes for the Monte Carlo implementation of both the fixed coupling and the running coupling GLR
equation are the same as those for the BFKL equation.

The gluon k? distributions at di↵erent rapidities reconstructed from the parton shower are presented in Fig. 2, and
are compared to the numerical solutions of the GLR equation. A full agreement between two approaches has been
reached for both the fixed coupling (left panel) and running coupling (right panel) cases.

IV. BACKWARD EVOLUTION

The forward evolution procedure developed in the previous section is a direct way of solving the small x evolution
equation. However, the forward evolution is rather time-consuming, since the kinematics constructed from the initial
state cascade do not have the right values that allow the generation of a hard scattering process most of the time.
Many configurations produced by the forward evolution have to be rejected, leading to low e�ciency. A more e�cient
procedure for generating the initial state parton shower is the backward evolution scheme [67–69], which has been
utilized in standard Monte Carlo programs. In a backward evolution approach, the hard scattering process is first
created with the initial parton momentum distributed according to the parton distribution functions. Then, the initial
state cascade is generated by going backward from the hard scattering process towards the beam particles.

The first step in the formulation of backward evolution is to sample k?,i+1 at the rapidity ⌘i+1 that is fixed according
to the kinematics of the generated hard scattering process. The value of k?,i+1 is randomly chosen according to the
probability distribution N(⌘i+1, k?,i+1) which has to be determined beforehand by numerically solving the GLR
equation. The next step is to generate ⌘i using a modified non-Sudakov form factor.

We now derive the non-Sudakov form factor associated with backward evolution for the GLR equation by closely
following the DGLAP case (see, for example [70]). Let us start by defining dF as the fraction of gluons at (⌘i+1, k?,i+1)
that come from branching between (⌘i+1, ⌘i). Then, the fraction of those that do not branch between ⌘i+1 and ⌘i is,

⇧(⌘i+1, ⌘i; k?,i+1) = 1�

Z ⌘i+1

⌘i

dF. (23)

According to integral form of the folded GLR equation in Eq. (11), the number of gluons produced from the branching

The generated event has to be re-weighted

The forward evolution 
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The weight function is then determined by the ratio of Eq. 20 and Eq. 21,

Wkc(⌘i, ⌘i+1; k?) =

Rmin
h
P?,

p
(k?�l?)2 1�z

z

i

µ
d2l?
l2?

e
�↵̄s ln

k2
?

µ2 ln
(k?�l?)2

(k?�l?)2+l2?

R k?
µ

d2l?
l2?

(22)

where the wight function not only depends on k? but also z in this case. The values of |l?| and �l are chosen randomly
according to the distribution given in the integral of Eq. 20. The practical numerical calculation of the integrals would
be too time consuming, since it appears to be impossible to solve the integration analytically. We thus invoke a veto
algorithm in order to sample |l?| and �l e�ciently. Such a veto algorithm is described in more details in the appendix
B. Once |l?| and �l are generated, l and k?,i+1 then can be reconstructed subsequently. As displayed in the right
panel of Fig. 1, one can see that the designed algorithm successfully passed the test in reproducing the numerical
results from the kinematic constraint version of the BFKL equation.
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FIG. 2: Compassion of the gluon k? distributions obtained from the forward evolution approach with the numerical solutions
of the GLR equation at di↵erent rapidities. The left, middle and right plots show the results for the standard GLR evolution,
the running coupling case and the kinematic constraint case respectively.

Now we generalize the algorithm described above to the saturation case, i.e. the formulation of forward evolution
for the GLR equation . First, given ⌘i from the previous evolution step or the initial condition, the next ⌘i+1 can be
generated by solving the equation with the non-Sudakov factor incorporating the saturation term,

R = exp


�↵̄s

Z ⌘i+1

⌘i

d⌘0
✓
ln

k2?
µ2

+N(⌘0, k?)

◆�
, (23)

where the numerical solutions of the BK equation are used as the input for the gluon distribution N(⌘0, k?,i). In the
practical simulation, we again employ a veto algorithm to speed up the generation of ⌘i+1, which is described in the
Appendix B. The weight function also needs to be modified accordingly for the saturation case,

W(⌘i, ⌘i+1; k?) =
(⌘i+1 � ⌘i) ln

P 2
?

µ2

(⌘i+1 � ⌘i) ln
k2
?

µ2 +
R ⌘i+1

⌘i
d⌘N(⌘, k?)

. (24)

The rest recipes for the Monte Carlo implementation of both the fixed coupling and the running coupling GLR
equation are the same as these for the BFKL equation.

The kinematic constraint can be imposed in the GLR equation in a similar way. To implement it in the Monte Carlo
algorithm, one first needs to compute the fraction of gluons at [⌘i+1, ⌘i+1+ �⌘] that come form the branching between
⌘i+1 and ⌘i in the presence of saturation e↵ect. Here ⌘i+1 is still generated according to Eq. 23. The derivation closely
follows that presented in Eq. 19 and Eq. 20,
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4

With these derived folded evolution equations, we are now ready to introduce the Monte Carlo algorithm based on
the formulation of parton branching in terms of the non-Sudakov factor.

[36, 58, 59].

III. FORWARD EVOLUTION

To demonstrate the formulation of forward evolution for the GLR equation, we start with the simplest case, i.e.
the Monte Carlo implementation of the fixed coupling BFKL evolution. All essential elements of the algorithm will
be discussed in this simplest example. The first step is to sample the k? distribution at the initial rapidity ⌘0 = 0
using the MV model [30, 31] result as the input. Since we aim at building an event generator for eA collisions, it is
more appropriate to use the WW type gluon distribution as the initial condition, which is given by [36],

N(⌘ = 0, k?) =

Z
d2r?
2⇡

e�ik?·r? 1

r2?

✓
1� exp
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�
1

4
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? ln(e+

1

⇤r?
)
⇤◆

, (13)

with Q2
s0 = 1 GeV2 and ⇤ = 0.24 GeV. In order to e�ciently generate an event with this initial condition, we use a

veto algorithm (see Appendix B for more details). Since the evolution variable is the rapidity, the basic problem one
has to solve is that given (⌘i, k?,i) after some steps of the evolution, or given the initial condition, generating the
values (⌘i+1, k?,i+1) after the next step. The Monte Carlo implementation is laid out as in the following:

I): The first quantity to be generated by the algorithm is the value of ⌘i+1. One can read the probability of
evolving from ⌘i to ⌘i+1 without resolvable branching from the folded GLR/BFKL equation, which is given by
�(⌘i, ⌘0; k?,i)/�(⌘i+1, ⌘0; k?,i). Thus ⌘i+1 can be generated with the correct probability distribution by solving the
equation,

R1 = exp

"
�↵̄s

Z ⌘i+1

⌘i

d⌘0 ln
k2?,i

µ2

#
, (14)

after the saturation term is neglected for the BFKL case. R1 is a random number distributed uniformly in the interval
[0,1].

II): We now generate the value of radiated gluon’s transverse momentum with a probability distribution proportional

to ↵̄s

R
d2l?
l2?

which is the real part of the BFKL kernel. We can do this by solving the equation for |l?|,
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=

Z |l?|
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d2l0?
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. (15)

where P? is a UV cut-o↵ for the emitted gluon’s transverse momentum.
III): The azimuthal angle of l? is sampled according to,

2⇡R3 = �l (16)

IV): The minus component of the radiated gluon’s momentum is obtained using the on-shell condition. The four
momentum of the next exchanged gluon is reconstructed according to ki+1 = ki � l.

V): The generated cascade needs to be re-weighted. The weighted factor is given by,

W(k?) =
ln(P

2
?

µ2 )

ln(
k2
?

µ2 )
(17)

such that the number of exchanged gluons increases after each splitting. This is because there exists a mismatching
between the phase space integration for the real and virtual corrections. For a given rapidity interval�⌘, the number of

gluons which vanish due to the virtual correction is proportional to �⌘↵̄s
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the number of gluons produced via the real correction is proportional to �⌘↵̄s
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in the same rapidity interval. The weight function is given by the ratio of these two contributions.
We repeat the procedure outlined above until ⌘i+1 reach a minimal cut-o↵ value ⌘min. Once the whole cascade

is generated, we are ready to reconstruct the gluon k? distribution at arbitrary rapidity, and compared with the
numerical solutions of the BFKL equation. For a given ⌘, we select the event with the two adjacent splitting occur at
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FIG. 2: Comparison of the gluon k? distributions obtained from the forward evolution approach with the numerical solutions
of the GLR equation at di↵erent rapidities. The left and right plots show the results for the standard GLR evolution in the
fixed coupling case and the running coupling case respectively.

where the numerical solutions of the BK equation are used as the input for the gluon distribution N(⌘0, k?,i). In the
practical simulation, we again employ a veto algorithm to speed up the generation of ⌘i+1 as described in Appendix
B. The re-weighting function also needs to be modified accordingly for the saturation case. It is then given by

W(⌘i, ⌘i+1; k?,i) =

R ⌘i+1

⌘i
d⌘ ln(P 2

?/µ
2)

R ⌘i+1

⌘i
d⌘

h
ln(k2?,i/µ

2) +N(⌘, k?,i)
i . (22)

The rest recipes for the Monte Carlo implementation of both the fixed coupling and the running coupling GLR
equation are the same as those for the BFKL equation.

The gluon k? distributions at di↵erent rapidities reconstructed from the parton shower are presented in Fig. 2, and
are compared to the numerical solutions of the GLR equation. A full agreement between two approaches has been
reached for both the fixed coupling (left panel) and running coupling (right panel) cases.

IV. BACKWARD EVOLUTION

The forward evolution procedure developed in the previous section is a direct way of solving the small x evolution
equation. However, the forward evolution is rather time-consuming, since the kinematics constructed from the initial
state cascade do not have the right values that allow the generation of a hard scattering process most of the time.
Many configurations produced by the forward evolution have to be rejected, leading to low e�ciency. A more e�cient
procedure for generating the initial state parton shower is the backward evolution scheme [67–69], which has been
utilized in standard Monte Carlo programs. In a backward evolution approach, the hard scattering process is first
created with the initial parton momentum distributed according to the parton distribution functions. Then, the initial
state cascade is generated by going backward from the hard scattering process towards the beam particles.

The first step in the formulation of backward evolution is to sample k?,i+1 at the rapidity ⌘i+1 that is fixed according
to the kinematics of the generated hard scattering process. The value of k?,i+1 is randomly chosen according to the
probability distribution N(⌘i+1, k?,i+1) which has to be determined beforehand by numerically solving the GLR
equation. The next step is to generate ⌘i using a modified non-Sudakov form factor.

We now derive the non-Sudakov form factor associated with backward evolution for the GLR equation by closely
following the DGLAP case (see, for example [70]). Let us start by defining dF as the fraction of gluons at (⌘i+1, k?,i+1)
that come from branching between (⌘i+1, ⌘i). Then, the fraction of those that do not branch between ⌘i+1 and ⌘i is,

⇧(⌘i+1, ⌘i; k?,i+1) = 1�

Z ⌘i+1

⌘i

dF. (23)

According to integral form of the folded GLR equation in Eq. (11), the number of gluons produced from the branching

The generated event has to be re-weighted
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Following the common procedure of implementing the DGLAP-based Monte Carlo algorithm, we have to construct
a function describing the probability of evolving from ⌘i to ⌘i+1 without resolvable branching and gluon fusion. To
do so, we first separate the real correction into two terms as following,

Z
d2l?
l2?

N(⌘, k?+l?)=

Z

µ

d2l?
l2?

N(⌘, k?+l?) +

Z µ

0

d2l?
l2?

N(⌘, k?+l?)⇡

Z

µ

d2l?
l2?

N(⌘, k?+l?) +

Z µ

0

d2l?
l2?

N(⌘, k?), (5)

where the infrared cuto↵ µ is a matter of choice of what we classify as a resolvable emission. Branchings in the regime
of l? < µ are classified as unresolvable since they involve the emission of an undetectable soft gluon. The emissions
beyond this region are classified as resolvable branchings. The next step is to combine the contribution from the
unresolvable real emission with that from the virtual diagrams. We obtain

@N(⌘, k?)

@⌘
=

↵̄s

⇡

Z

µ

d2l?
l2?

N(⌘, l? + k?)� ↵̄s ln
k2?
µ2

N(⌘, k?)� ↵̄sN
2(⌘, k?). (6)

By introducing an auxiliary function �(⌘, k?), N(x, k?) can be expressed as

N(⌘, k?) = �(⌘, k?)�(⌘, k?), (7)

where

�(⌘, k?) = exp

⇢
�↵̄s

Z ⌘

⌘0

d⌘0

ln

k2?
µ2

+N(⌘0, k?)

��
. (8)

According to Eq. (6), the function �(⌘, k?) satisfies the following equation

�(⌘, k?)
@�(⌘, k?)

@⌘
=

↵̄s

⇡

Z

µ

d2l?
l2?

N(⌘, k?+l?). (9)

The above equation can be re-expressed in terms of N(⌘, k?) as

@

@⌘

N(⌘, k?)

�(⌘, k?)
=

↵̄s

⇡

Z

µ

d2l?
l2?

N(⌘, l? + k?)

�(⌘, k?)
, (10)

which is referred to as the folded GLR equation, while Eq. (6) or Eq. (3) is the unfolded version. In the folded GLR
equation, the unresolvable real emissions and the virtual correction have been manifestly resummed to all orders.
�(⌘, k?) represents the probability of evolving from ⌘0 to ⌘ without a resolvable branching or gluon fusion. It reduces
to the non-Sudakov form factor [35, 36] in the small x limit with the saturation term being neglected. Eq. (10) can
be integrated over to give an integral equation for N(⌘, k?). It reads

N(⌘, k?) = N(⌘0, k?)�(⌘, k?) +
↵̄s

⇡

Z ⌘

⌘0

d⌘0
�(⌘, k?)

�(⌘0, k?)

Z

µ

d2l?
l2?

N(⌘0, l? + k?), (11)

where N(⌘0, k?) is the gluon distribution at the initial rapidity.
Small x evolution equations resum the leading logarithmic contributions in terms of ln(1/x). However, from

both theoretical and phenomenological points of view, the necessity of resuming the next-to-leading logarithmic
contributions has long been recognized. There are several sources that give rise to the sub-leading logarithmic
contributions, such as the running coupling e↵ect [48–53], kinematic constraint [35, 54–57], the collinear improvement
of the BK equation [58–63], and the Sudakov suppressed BK kernel [64]. Though these corrections are formally sub-
leading power contributions, they often have a significant impact on the observables of interest at small x. We only
discuss the Monte Carlo implementation of the running coupling e↵ect in this work and leave the implementation of
other e↵ects for future works. It is quite straightforward to include the running coupling e↵ect for the case of parent
dipole prescription, which we will adopt in this study. It is not trivial to introduce kinematic constraint in the GLR
equation. Following the arguments made in Refs. [35, 56], the transverse momentum square of the radiated gluon l2?
must be smaller than 1�z

z k2? where k? and z are transverse momentum and longitudinal momentum fraction carried
by the daughter gluon respectively. The inclusion of such kinematic constraint leads to a modified GLR equation,
which is given by

@N(⌘, k?)

@⌘
=

↵̄s

⇡

Z
d2l?
l2?

N

✓
⌘ + ln

k2?
k2? + l2?

, l? + k?

◆
�

↵̄s

⇡

Z k?

0

d2l?
l2?

N(⌘, k?)� ↵̄sN
2(⌘, k?). (12)
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6

The weight function is then determined by the ratio of Eq. 20 and Eq. 21,

Wkc(⌘i, ⌘i+1; k?) =

Rmin
h
P?,

p
(k?�l?)2 1�z

z

i

µ
d2l?
l2?

e
�↵̄s ln

k2
?

µ2 ln
(k?�l?)2

(k?�l?)2+l2?

R k?
µ

d2l?
l2?

(22)

where the wight function not only depends on k? but also z in this case. The values of |l?| and �l are chosen randomly
according to the distribution given in the integral of Eq. 20. The practical numerical calculation of the integrals would
be too time consuming, since it appears to be impossible to solve the integration analytically. We thus invoke a veto
algorithm in order to sample |l?| and �l e�ciently. Such a veto algorithm is described in more details in the appendix
B. Once |l?| and �l are generated, l and k?,i+1 then can be reconstructed subsequently. As displayed in the right
panel of Fig. 1, one can see that the designed algorithm successfully passed the test in reproducing the numerical
results from the kinematic constraint version of the BFKL equation.
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FIG. 2: Compassion of the gluon k? distributions obtained from the forward evolution approach with the numerical solutions
of the GLR equation at di↵erent rapidities. The left, middle and right plots show the results for the standard GLR evolution,
the running coupling case and the kinematic constraint case respectively.

Now we generalize the algorithm described above to the saturation case, i.e. the formulation of forward evolution
for the GLR equation . First, given ⌘i from the previous evolution step or the initial condition, the next ⌘i+1 can be
generated by solving the equation with the non-Sudakov factor incorporating the saturation term,

R = exp


�↵̄s

Z ⌘i+1

⌘i

d⌘0
✓
ln

k2?
µ2

+N(⌘0, k?)

◆�
, (23)

where the numerical solutions of the BK equation are used as the input for the gluon distribution N(⌘0, k?,i). In the
practical simulation, we again employ a veto algorithm to speed up the generation of ⌘i+1, which is described in the
Appendix B. The weight function also needs to be modified accordingly for the saturation case,

W(⌘i, ⌘i+1; k?) =
(⌘i+1 � ⌘i) ln

P 2
?

µ2

(⌘i+1 � ⌘i) ln
k2
?

µ2 +
R ⌘i+1

⌘i
d⌘N(⌘, k?)

. (24)

The rest recipes for the Monte Carlo implementation of both the fixed coupling and the running coupling GLR
equation are the same as these for the BFKL equation.

The kinematic constraint can be imposed in the GLR equation in a similar way. To implement it in the Monte Carlo
algorithm, one first needs to compute the fraction of gluons at [⌘i+1, ⌘i+1+ �⌘] that come form the branching between
⌘i+1 and ⌘i in the presence of saturation e↵ect. Here ⌘i+1 is still generated according to Eq. 23. The derivation closely
follows that presented in Eq. 19 and Eq. 20,

�⌘
@

@⌘i+1

"
↵̄s

⇡

Z ⌘i+1

⌘i

d⌘0
Z

µ

d2l?
l2?

e
�↵̄s

R ⌘0
⌘i

d⌘


ln

k2
?

µ2 +N(⌘,k?)

�

✓

✓
1� z0

z0
(k? � l?)

2
� l2?

◆#

= �⌘
↵̄s

⇡

Z min
h
P?,

p
(k?�l?)2 1�z

z

i

µ

d2l?
l2?

e
�↵̄s

R ⌘i+1+ln
(k?�l?)2

(k?�l?)2+l2?
⌘i

d⌘


ln

k2
?

µ2 +N(⌘,k?)

�

(25)
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between (⌘i+1, ⌘i) is given by,

N(⌘i+1, k?,i+1)dF = d⌘i
�(⌘i+1, k?,i+1)

�(⌘i, k?,i+1)

↵̄s

⇡

Z

µ

d2l?
l2?

N(⌘i, k?,i+1 + l?)

= d⌘i
@

@⌘i


�(⌘i+1, k?,i+1)N(⌘i, k?,i+1)

�(⌘i, k?,i+1)

�
, (24)

where we have employed the di↵erential form of the folded GLR equation in Eq. (10) to get the result in the second
line. Performing the integration in the above equation, one obtains,

⇧(⌘i+1, ⌘i; k?,i+1) =
�(⌘i+1, k?,i+1)N(⌘i, k?,i+1)

�(⌘i, k?,i+1)N(⌘i+1, k?,i+1)
, (25)

which is the backward evolution form factor describing the probability for no radiation in the rapidity region [⌘i+1, ⌘i].
This form factor can be cast into a di↵erent form. It is convenient to re-express the Eq. (11) as,

d ln
N(⌘, k?,i+1)

�(⌘, k?,i+1)
= d⌘

↵̄s

⇡

Z

µ

d2l?
l2?

N(⌘, k?,i+1 + l?)

N(⌘, k?,i+1)
. (26)

Carrying out the integration of ⌘ in the range of [⌘i, ⌘i+1], we obtain,

�(⌘i+1, k?,i+1)N(⌘i, k?,i+1)

�(⌘i, k?,i+1)N(⌘i+1, k?,i+1)
= exp


�
↵̄s

⇡

Z ⌘i+1

⌘i

d⌘

Z

µ

d2l?
l2?

N(⌘, k?,i+1 + l?)

N(⌘, k?,i+1)

�
, (27)

where the new form of the backward evolution form factor is given on the right side of the above equation. Unlike the
case for the forward evolution which may be used as a way of solving the GLR equation, the evolved gluon distribution
is used as the input to guide the evolution path toward the initial condition at ⌘0. The primary aim is to generate
the correct distribution of gluons emitted in the initial state cascade.

Both non-Sudakov forms can be equally well used to generate ⌘i for a given ⌘i+1 by solving the following equation,

⇧(⌘i+1, ⌘i; k?,i+1) = R1. (28)

The transverse momentum of the radiated gluon sampled in the backward evolution approach is di↵erent from that
in the forward approach. One should generate l? by solving the following equation,

↵̄s

⇡

Z l?

µ

d2l0?
l02?

N(⌘i, k?,i+1 + l0?) = R2
↵̄s

⇡

Z P?

µ

d2l0?
l02?

N(⌘i, k?,i+1 + l0?). (29)

Notice that, in the backward evolution case, one should not sample l? according to the distribution of ↵̄s
⇡

R l?
µ

d2l0?
l02?

that

is used in the forward evolution approach. Once again, a veto algorithm is employed in our practical implementation
to make this sampling procedure more e�cient. As mentioned before, due to the mismatch between the phase spaces
of real and virtual contributions, the unitarity is violated in the small x evolution. As a consequence, the generated
event has to be re-weighted after each branching in the backward evolution method as well. The re-weighting factor
associated with backward evolution is the ratio of the fraction of gluons that come from branchings in the region of
[⌘i, ⌘i+1] and the fraction of gluons that vanish in the region of [⌘i, ⌘i+1] due to the virtual correction and the fusion
process. It reads,

Wback(⌘i+1, ⌘i; k?,i+1, k?,i) =

R ⌘i+1

⌘i
d⌘

h
ln(k2?,i/µ

2) +N(⌘, k?,i)
i

R ⌘i+1

⌘i
d⌘ ln(P 2

?/µ
2)

. (30)

The procedure outlined above is repeated until ⌘i is smaller than ⌘0. The last step of the simulation is to construct
four momenta of the radiated gluons. It is worth mentioning that the minus component of the t-channel gluon’s
four momentum can only be reconstructed after the full cascade has been generated. By going from the last t-
channel gluon (closet to the nucleus), which has the vanishing minus component, forward in the cascade to the hard
scattering process, the true minus component of the t-channel gluons are constructed. It is straightforward to extend
to the running coupling case as it has been done in the previous section. The corresponding re-weighting factor and
non-Sudakov form factor are given by,

Wback,rc(⌘i+1, ⌘i; k?,i+1, k?,i) =

R ⌘i+1

⌘i
d⌘

h
ln(k2?,i/µ

2) +N(⌘, k?,i)
i

R ⌘i+1

⌘i
d⌘ ln(P 2

?/µ
2)

↵s(k?,i)

↵s(k?,i+1)
, (31)
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between (⌘i+1, ⌘i) is given by,

N(⌘i+1, k?,i+1)dF = d⌘i
�(⌘i+1, k?,i+1)

�(⌘i, k?,i+1)

↵̄s

⇡
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µ

d2l?
l2?

N(⌘i, k?,i+1 + l?)

= d⌘i
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@⌘i


�(⌘i+1, k?,i+1)N(⌘i, k?,i+1)

�(⌘i, k?,i+1)

�
, (24)

where we have employed the di↵erential form of the folded GLR equation in Eq. (10) to get the result in the second
line. Performing the integration in the above equation, one obtains,

⇧(⌘i+1, ⌘i; k?,i+1) =
�(⌘i+1, k?,i+1)N(⌘i, k?,i+1)

�(⌘i, k?,i+1)N(⌘i+1, k?,i+1)
, (25)

which is the backward evolution form factor describing the probability for no radiation in the rapidity region [⌘i+1, ⌘i].
This form factor can be cast into a di↵erent form. It is convenient to re-express the Eq. (11) as,

d ln
N(⌘, k?,i+1)

�(⌘, k?,i+1)
= d⌘

↵̄s

⇡

Z

µ

d2l?
l2?

N(⌘, k?,i+1 + l?)

N(⌘, k?,i+1)
. (26)

Carrying out the integration of ⌘ in the range of [⌘i, ⌘i+1], we obtain,

�(⌘i+1, k?,i+1)N(⌘i, k?,i+1)

�(⌘i, k?,i+1)N(⌘i+1, k?,i+1)
= exp


�
↵̄s

⇡

Z ⌘i+1

⌘i

d⌘

Z

µ

d2l?
l2?

N(⌘, k?,i+1 + l?)

N(⌘, k?,i+1)

�
, (27)

where the new form of the backward evolution form factor is given on the right side of the above equation. Unlike the
case for the forward evolution which may be used as a way of solving the GLR equation, the evolved gluon distribution
is used as the input to guide the evolution path toward the initial condition at ⌘0. The primary aim is to generate
the correct distribution of gluons emitted in the initial state cascade.

Both non-Sudakov forms can be equally well used to generate ⌘i for a given ⌘i+1 by solving the following equation,

⇧(⌘i+1, ⌘i; k?,i+1) = R1. (28)

The transverse momentum of the radiated gluon sampled in the backward evolution approach is di↵erent from that
in the forward approach. One should generate l? by solving the following equation,

↵̄s

⇡

Z l?

µ

d2l0?
l02?

N(⌘i, k?,i+1 + l0?) = R2
↵̄s

⇡

Z P?

µ

d2l0?
l02?

N(⌘i, k?,i+1 + l0?). (29)

Notice that, in the backward evolution case, one should not sample l? according to the distribution of ↵̄s
⇡

R l?
µ

d2l0?
l02?

that

is used in the forward evolution approach. Once again, a veto algorithm is employed in our practical implementation
to make this sampling procedure more e�cient. As mentioned before, due to the mismatch between the phase spaces
of real and virtual contributions, the unitarity is violated in the small x evolution. As a consequence, the generated
event has to be re-weighted after each branching in the backward evolution method as well. The re-weighting factor
associated with backward evolution is the ratio of the fraction of gluons that come from branchings in the region of
[⌘i, ⌘i+1] and the fraction of gluons that vanish in the region of [⌘i, ⌘i+1] due to the virtual correction and the fusion
process. It reads,

Wback(⌘i+1, ⌘i; k?,i+1, k?,i) =

R ⌘i+1

⌘i
d⌘

h
ln(k2?,i/µ

2) +N(⌘, k?,i)
i

R ⌘i+1

⌘i
d⌘ ln(P 2

?/µ
2)

. (30)

The procedure outlined above is repeated until ⌘i is smaller than ⌘0. The last step of the simulation is to construct
four momenta of the radiated gluons. It is worth mentioning that the minus component of the t-channel gluon’s
four momentum can only be reconstructed after the full cascade has been generated. By going from the last t-
channel gluon (closet to the nucleus), which has the vanishing minus component, forward in the cascade to the hard
scattering process, the true minus component of the t-channel gluons are constructed. It is straightforward to extend
to the running coupling case as it has been done in the previous section. The corresponding re-weighting factor and
non-Sudakov form factor are given by,

Wback,rc(⌘i+1, ⌘i; k?,i+1, k?,i) =

R ⌘i+1

⌘i
d⌘

h
ln(k2?,i/µ

2) +N(⌘, k?,i)
i

R ⌘i+1
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↵s(k?,i)

↵s(k?,i+1)
, (31)
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between (⌘i+1, ⌘i) is given by,

N(⌘i+1, k?,i+1)dF = d⌘i
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�(⌘i, k?,i+1)
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�
, (24)

where we have employed the di↵erential form of the folded GLR equation in Eq. (10) to get the result in the second
line. Performing the integration in the above equation, one obtains,

⇧(⌘i+1, ⌘i; k?,i+1) =
�(⌘i+1, k?,i+1)N(⌘i, k?,i+1)

�(⌘i, k?,i+1)N(⌘i+1, k?,i+1)
, (25)

which is the backward evolution form factor describing the probability for no radiation in the rapidity region [⌘i+1, ⌘i].
This form factor can be cast into a di↵erent form. It is convenient to re-express the Eq. (11) as,

d ln
N(⌘, k?,i+1)

�(⌘, k?,i+1)
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↵̄s
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d2l?
l2?
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N(⌘, k?,i+1)
. (26)

Carrying out the integration of ⌘ in the range of [⌘i, ⌘i+1], we obtain,

�(⌘i+1, k?,i+1)N(⌘i, k?,i+1)

�(⌘i, k?,i+1)N(⌘i+1, k?,i+1)
= exp
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Z ⌘i+1

⌘i

d⌘

Z

µ

d2l?
l2?

N(⌘, k?,i+1 + l?)

N(⌘, k?,i+1)

�
, (27)

where the new form of the backward evolution form factor is given on the right side of the above equation. Unlike the
case for the forward evolution which may be used as a way of solving the GLR equation, the evolved gluon distribution
is used as the input to guide the evolution path toward the initial condition at ⌘0. The primary aim is to generate
the correct distribution of gluons emitted in the initial state cascade.

Both non-Sudakov forms can be equally well used to generate ⌘i for a given ⌘i+1 by solving the following equation,

⇧(⌘i+1, ⌘i; k?,i+1) = R1. (28)

The transverse momentum of the radiated gluon sampled in the backward evolution approach is di↵erent from that
in the forward approach. One should generate l? by solving the following equation,

↵̄s

⇡

Z l?

µ

d2l0?
l02?

N(⌘i, k?,i+1 + l0?) = R2
↵̄s

⇡

Z P?

µ

d2l0?
l02?

N(⌘i, k?,i+1 + l0?). (29)

Notice that, in the backward evolution case, one should not sample l? according to the distribution of ↵̄s
⇡

R l?
µ

d2l0?
l02?

that

is used in the forward evolution approach. Once again, a veto algorithm is employed in our practical implementation
to make this sampling procedure more e�cient. As mentioned before, due to the mismatch between the phase spaces
of real and virtual contributions, the unitarity is violated in the small x evolution. As a consequence, the generated
event has to be re-weighted after each branching in the backward evolution method as well. The re-weighting factor
associated with backward evolution is the ratio of the fraction of gluons that come from branchings in the region of
[⌘i, ⌘i+1] and the fraction of gluons that vanish in the region of [⌘i, ⌘i+1] due to the virtual correction and the fusion
process. It reads,

Wback(⌘i+1, ⌘i; k?,i+1, k?,i) =

R ⌘i+1

⌘i
d⌘

h
ln(k2?,i/µ

2) +N(⌘, k?,i)
i

R ⌘i+1

⌘i
d⌘ ln(P 2

?/µ
2)

. (30)

The procedure outlined above is repeated until ⌘i is smaller than ⌘0. The last step of the simulation is to construct
four momenta of the radiated gluons. It is worth mentioning that the minus component of the t-channel gluon’s
four momentum can only be reconstructed after the full cascade has been generated. By going from the last t-
channel gluon (closet to the nucleus), which has the vanishing minus component, forward in the cascade to the hard
scattering process, the true minus component of the t-channel gluons are constructed. It is straightforward to extend
to the running coupling case as it has been done in the previous section. The corresponding re-weighting factor and
non-Sudakov form factor are given by,

Wback,rc(⌘i+1, ⌘i; k?,i+1, k?,i) =

R ⌘i+1

⌘i
d⌘

h
ln(k2?,i/µ

2) +N(⌘, k?,i)
i

R ⌘i+1

⌘i
d⌘ ln(P 2

?/µ
2)

↵s(k?,i)

↵s(k?,i+1)
, (31)

The generated event has to be re-weighted
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The backward evolution 

• As a more efficient procedure, the backward evolution approach is also presented. 

•  Agree with the numerical solutions of the GLR equation. 

backward

running couple
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Backward evolution

QCD和中⾼能核物理暑假学校2023Yu Shi (⽯瑜)
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GLR                     v.s.            DGLAP 

                          η = ln(1/x) Q
The evolution variable:

reweight                       Unitary

The generated event:

QCD和中⾼能核物理暑假学校2023Yu Shi (⽯瑜)

 gluon splitting               
gluon fusion  parton splitting

Parton shower 



Summary and outlook

• The first parton shower algorithm incorporating gluon fusion is based on the GLR 
evolution equation. 

• Di-jet in EIC
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Thank you！


