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Dispersion Relation:

Known : perturbation
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Re[H(s)] In:[?i )] ds’ Unknown : non-perturbation
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To be solved calculable

H.N.Li, H.U, FR.Xu, F.S.Yu,
Phys.Lett.B 810(2020)
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R(K) is the analytic functions

b
Kf= f(‘r’“")d _/ if(_xldx

/Z )f«’b")dﬂ?—z k+1/ﬂ&‘f(f£)d$

@ k=0

a

where the last equal sign uses the control convergence theorem:

Z Ykl / 2" f(z)dw < Z Yk / mzkdmllf(x)l‘ﬂ(a,b)
<3 gtV allf @)

ki1
k= Oy

<Z sy VI @)@y < 00

Thus, the R(K) is the analytic functions € [c, d
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Theorem 3.3. Suppose that fi(x), f>(x) € L*(a,b). IfKfi =
AG) = fr(), a e x e [a, bl

)

Kfh = g(y), y € [c,d], then we have

‘ f ;( )dx—g(y)ye[cd]c>b

-Kfr = K(fi

Proof. Since K is a linear operator, we know that K f
= f2(x), a. e. x € [a, b], we just need to prove that K f' = O implies f(x) =

prove fi(x)

— f») = 0. Therefore, in order to

0,a.e. x€[a,b].

] By using (3.6), we know that _}: S(x)@(x)dx = 0. Combined with the Cauchy inequality, we have

It is easy to obtain that Kf = f’ y—.rf(x)dx - J"’ (i Ez‘;o(?)k)f(x)dx Since x € [, bl, y € [c.d],
l f)kf(x)) < 22 oBFIf ()| for all x € [a,b].

¢ > b, we know |§| < |%| < 1, which implies that

Combined with j: | f(x)ldx < 400 and the control convergence theorem, we have
b 1 oo 1 b
y f — f(0)dx = Z ~ f Ff(x)dx =0, yeled]. (3.4)
a Y- X k=0 Yo da
If d = +oo, by using (3.4), we have

f‘bf(x)dx+;fxf(x)dx+---+;kfx"f(x)dx+---=0, y € (¢, +00). (3.5)

Letting y — +c0 in (3.5), we have f: f(x)dx = 0. Then multiplying y on both sides of (3.5) and letting

y — +oo, we also have Jj xf(x)dx = 0. Repeating above process, we can obtain that

fbx"f(x)dxzo, k=0,1,2, - (3.6)

b
112y = r] FHx)dx = j () - f(X)Qalx))dx
< f GOl 1£ () = Qa0
o ~b 1 b 1
<( [ £ ( [ 1= ouwPar)®

= Ifllz2amllf — Cnllzzab
< (e + e Vb = alll fllz2¢q 5y

which implies that || fll;2,, 5, < e + e Vb —a.
Letting € — 0, we have IIfIILz(,,,;J;r =0,i.e f(x)=0,a e x € [a.b]. The proof is completed. El]
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We show the instability of the inverse problem of dispersion relation by the special case. Taking ‘ j ")

y—Xx

dx =g(v),y €lc,d]l,c>b

a

a=0,b=1¢=2,d =3, /i(x) = fi(x) + Vacos(nrx), and f, are the solutions of g;, with
&) = _ﬂ ﬁfi(x)dx. As n — oo, it is obvious that

0.45

1 1/2
If2 = Aillzoy = (ﬁ (Vn cos(nm)fdx) (3.7)
and
1 SEE ) 1/2
- = — ——)° sin(nax)dx)“d 3.8 AN FE A &

llg2 — g1ll2¢2.3) o (fz (fo (y_x) (nmx)dx) y) (3.8) AL A g (y)
That means the solutions could be changed infinitely even though the noise of the input data 1s approaching FSSANY Sy
to vanish. So the inverse problem is unstable. O; B AR K £ 7]
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Toy Models:

ML L (x) = ar fri(x) + ay fo () Fo 3T 2 69 N g (y), FF3T BB 2 15 2] 1% 2 23
GO (y), VAR X E R AL T ik 0 T S b

Model 1: a monotonic function as fj(x) = sin(nx), fo(x) = e* ;

Model 2: a simple non-monotonic function as fi(x) = xe™, fo(x) =0;

Model 3: an oscillating function as fi(x) = sin(27x), fo(x) = x.
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