
General Properties

Example:

Inhomogeneity generated during the phase separation

Spinodal instability
Negative pressure slope○
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Entropy convexity
https://www.zhihu.com/question/331842176/answer/822361947

○

Entropy increment DOES NOT in contradiction with phase separation.
Phase seperation occurs when
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Inhomogenious system has a larger entropy (or smaller free energy) 
in such a case.
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Phase seperation ⇔  Particles occupy a smaller volumn
Entropy increment ⇔ Particles occupy a larger phase space



⇒  Expansion in momentum space during phase separation:

Momentum space Spatial space

t=0

t=50 
fm/c

A dynamical view (simple example with Skyrme potential)○
Basic Idea (Transport approach):

Solve the linearized Boltzmann equation about 𝛿𝑓 when the phase 
space distribution is SLIGHTLY deviated from the equilibrium 
distribution 𝑓଴



Obtain a linear equation of density fluctuation 𝛿𝑛
Solve the linear equation ⇒ dispersion relation ω = ω(𝑘)
Find the region where the frequency ω = iγ is imaginary
⇒  𝑒ି௜ఠ௧ → 𝑒ఊ௧  ⇒ Fluctuations grow exponentially with time.
ω = iγ is EQUIVALENT to (𝜕𝑃/𝜕𝑛)் < 0

See https://www.overleaf.com/7978565786cmqrphtzbjcw for details
Meta-stable•
https://www.bilibili.com/video/BV1fE411G7Su
https://www.bilibili.com/video/BV1g5411J7sB

Phase diagram (Based on NJL model)

(Eucilidean) Action:•

𝒮ா[𝑞, 𝑞ത] = − න 𝑑ସ𝑥
ఉ

଴

ቐ𝑞ത[−γ଴𝜕ఛ + 𝑖𝛾 ⋅ ∇ − 𝑚଴]𝑞 + 𝐺 ෍[(𝑞ത𝑞)ଶ

ଷ

௔ୀ଴

+ (𝑖𝑞ത𝛾ହ𝜏𝑞)ଶ] ቑ

Features:
Local interaction among u,d quarks○
[G]=-2 ⇒ non-renormalizable.   Explicit momentum cutoff  is introduced○

•

Symmetry:•

Symmetry Operation Exact/Approximate Breaking Order 
parameter

Conserved Charge

𝑈௏(1) Global 𝑞 → 𝑒௜ఏ𝑞 Exact Baryon

𝑆𝑈௏(2) Global 𝑞 → 𝑈௏𝑞 Exact flavor

𝑆𝑈஺(2) Global 𝑞௅ → 𝑈஺𝑞௅

𝑞ோ → 𝑈஺
ற𝑞ோ

2ℜ𝑈 ≡ 𝑈஺ + 𝑈஺
ற

2𝑖ℑ𝑈 ≡ 𝑈஺ − 𝑈஺
ற

ℜ𝑈ଶ + ℑ𝑈ଶ = 1
𝑞 → (ℜ𝑈஺ + 𝑖ℑ𝑈஺𝛾ହ)𝑞
qതq → qത(ℜ𝑈஺ + 𝑖ℑ𝑈஺𝛾ହ)ଶq

Approximate,

Explicitly broken by 
 𝑞ത𝑚଴𝑞

By  quark qതMq @ low 
temperature & chemical 
potential

qതq Axial-flavor

Partition function: •

𝑍 = න𝒟[𝑞, 𝑞ത]
 

 

exp ൝−𝒮ா[𝑞, 𝑞ത] + 𝜇 න 𝑑ସ𝑥
ఉ

଴

 𝑞തγ଴𝑞ൡ 𝛿[𝑞(0) + 𝑞(−𝑖𝛽)]

Bosonization:•

𝑐𝑜𝑛𝑠𝑡. = න𝐷[𝜎]
 

 

𝑒ିீ ∫ ௗర௫
 
   ఙమ

= න𝐷[𝜎]
 

 

𝑒ିீ ∫ ௗర௫
 

   (ఙି௤ത௤)మ

𝑐𝑜𝑛𝑠𝑡. = න𝐷[𝜋ሬ⃗ ]
 

 

𝑒ିீ ∫ ௗర௫
 
   ஠ሬሬ⃗ మ

= න𝐷[𝜋]
 

 

𝑒ିீ ∫ ௗర௫
 

   (గሬሬ⃗ ି௜௤തఊఱఛ௤)మ

𝑐𝑜𝑛𝑠𝑡. = √det 𝐺ିଵ⎯⎯⎯⎯⎯⎯⎯ 
   has NO temperature and chemical potential dependence

𝑍 = න𝒟[𝑞, 𝑞ത]𝐷[𝜎]
 

 

𝐷[𝜋ሬ⃗ ] exp ൝න 𝑑ସ𝑥
ఉ

଴

൛𝑞ത[−γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑚଴ + 2𝐺𝜎 + 2𝑖𝐺𝛾ହπሬሬ⃗ ⋅ τሬ⃗ ]𝑞 − 𝐺൫𝜎ଶ + πሬሬ⃗ ଶ൯ ൟൡ

Bilinear in  (𝑞, 𝑞ത)

𝑍 = න𝐷[𝜎]
 

 

𝐷[𝜋ሬ⃗ ] exp{−𝒮ா
ᇱ [𝜎, 𝜋ሬ⃗ ]}

𝒮ா
ᇱ [𝜎, 𝜋ሬ⃗ ] = − ln න𝒟[𝑞, 𝑞ത]

 

 

exp ൝න 𝑑ସ𝑥
ఉ

଴

൛𝑞ത[−γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑚଴ + 2𝐺𝜎 + 2𝑖𝐺𝛾ହπሬሬ⃗ ⋅ τሬ⃗ ]𝑞 − 𝐺൫𝜎ଶ + πሬሬ⃗ ଶ൯ ൟൡ

= න 𝑑ସ𝑥
ఉ

଴

𝐺൫𝜎ଶ + πሬሬ⃗ ଶ൯ − ln න𝒟[𝑞, 𝑞ത]
 

 

exp ൝න 𝑑ସ𝑥
ఉ

଴

{𝑞ത[−γ଴(𝜕ఛ−𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑚଴ + 2𝐺𝜎 + 2𝑖𝐺𝛾ହπሬሬ⃗ ⋅ τሬ⃗ ]𝑞}ൡ

= න 𝑑ସ𝑥
ఉ

଴

𝐺൫𝜎ଶ + πሬሬ⃗ ଶ൯ − ln det{[−γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑚଴ + 2𝐺𝜎 + 2𝑖𝐺𝛾ହπሬሬ⃗ ⋅ τሬ⃗ ] ⊗ 𝕀ୡ}

Mean Field approx.•
𝜎 → σ∗,     πሬሬ⃗ → πሬሬ⃗ ∗,      Both are C-numbers
𝒮ா

ᇱ [𝜎, 𝜋ሬ⃗ ] →  𝒮ா
ᇱ (𝜎∗, 𝜋ሬ⃗ ∗) =  𝛽𝑉𝐺൫𝜎∗ଶ + πሬሬ⃗ ∗ଶ൯ − ln det{[−γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑀 + 2𝑖𝐺𝛾ହ𝜋ሬ⃗ ∗ ⋅ τሬ⃗ ] ⊗ 𝕀ୡ}

Notice:

𝑍 = න𝐷[𝜎]
 

 

𝐷[𝜋ሬ⃗ ] exp{−𝒮ா
ᇱ [𝜎, 𝜋ሬ⃗ ]} → 𝑍 = exp{−𝒮ா

ᇱ [𝜎,∗ 𝜋ሬ⃗ ∗]}○

𝑀 = 𝑚଴ − 2𝐺𝜎∗  is effective quark mass○
−γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑀 + 2𝑖𝐺𝛾ହ𝜋ሬ⃗ ∗ ⋅ τሬ⃗ is a convolution operator ⇒○

ln det{[−γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑀 + 2𝑖𝐺𝛾ହ𝜋ሬ⃗ ∗ ⋅ τሬ⃗ ] ⊗ 𝕀ୡ} = 𝑁௖ ෍ 𝑉 න
𝑑ଷ𝑘ሬ⃗

(2𝜋)ଷ
⎯⎯⎯⎯⎯

 

 

 tr ln ቂγ଴(𝑖ω௡ + 𝜇) − 𝛾⃗ ⋅ 𝑘ሬ⃗ − 𝑀 + 2𝑖𝐺𝛾ହ𝜋ሬ⃗ ∗ ⋅ τሬ⃗ ቃ

 

௡

Trick1:  tr ln 𝐴 = tr ln[𝑈𝑑𝑖𝑎𝑔{𝑎ଵ, ⋯ , 𝑎௡}𝑈ିଵ] = tr{𝑈 ln[𝑑𝑖𝑎𝑔{𝑎ଵ, ⋯ , 𝑎௡}]𝑈ିଵ} = tr ln[𝑑𝑖𝑎𝑔{𝑎ଵ, ⋯ , 𝑎௡}] = ln ∏ 𝑎௜
 
௜

γ଴(𝑖ω௡ + 𝜇) − 𝛾⃗ ⋅ 𝑘ሬ⃗ − 𝑀 + 2𝑖𝐺𝛾ହ𝜋ሬ⃗ ∗ ⋅ τሬ⃗ =

⎝

⎜
⎛

(𝑖ω௡ + 𝜇 − 𝑀)𝕀ଶ

σሬሬ⃗ ⋅ 𝑘ሬ⃗ + 2𝑖𝐺π௭
∗ 𝕀ଶ

0
2𝑖𝐺൫π௫

∗ − 𝑖π௬
∗ ൯𝕀ଶ

−𝜎⃗ ⋅ 𝑘ሬ⃗ + 2𝑖𝐺π௭
∗𝕀ଶ

(−𝑖ω௡ − 𝜇 − 𝑀)𝕀ଶ

2𝑖𝐺൫π௫
∗ − 𝑖π௬

∗ ൯𝕀ଶ

0

0
2𝑖𝐺൫π௫

∗ + 𝑖π௬
∗ ൯𝕀ଶ

(𝑖ω௡ + 𝜇 − 𝑀)𝕀ଶ

σሬሬ⃗ ⋅ 𝑘ሬ⃗ − 2𝑖𝐺π௭
∗𝕀ଶ

2𝑖𝐺൫π௫
∗ + 𝑖π௬

∗ ൯𝕀ଶ

0

−𝜎⃗ ⋅ 𝑘ሬ⃗ − 2𝑖𝐺π௭
∗𝕀ଶ

(−𝑖ω௡ − 𝜇 − 𝑀)𝕀ଶ⎠

⎟
⎞

Eigenvalues: −𝑀 ± ට(𝑖ω௡ + 𝜇)ଶ − 𝑘ሬ⃗ ଶ − 4𝐺ଶπሬሬ⃗ ∗ଶ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
 

with degeneracy 4

tr ln ቂγ଴(𝑖ω௡ + 𝜇) − 𝛾⃗ ⋅ 𝑘ሬ⃗ − 𝑀 + 2𝑖𝐺𝛾ହ𝜋ሬ⃗ ∗ ⋅ τሬ⃗ ቃ = 4 ln ቀ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ − (𝑖ω௡ + 𝜇)ଶቁ

ln det{[−γ଴(𝜕ఛ + 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑀 + 2𝑖𝐺𝛾ହ𝜋ሬ⃗ ∗ ⋅ τሬ⃗ ] ⊗ 𝕀ୡ} = 4𝑁௖ ෍ 𝑉 න
𝑑ଷ𝑘ሬ⃗

(2𝜋)ଷ⎯⎯⎯⎯⎯
 

 

 ln ቀ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ − (𝑖ω௡ + 𝜇)ଶቁ

 

௡

=
2𝑁௖𝑉

𝑇
⎯⎯⎯⎯⎯න

𝑑𝑝଴

2𝜋𝑖
⎯⎯⎯

𝑑ଷ𝑘ሬ⃗

(2𝜋)ଷ⎯⎯⎯⎯⎯
 

஼↓ା஼↑

ln ቀ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ − (𝑝଴ + 𝜇)ଶቁ tanh
𝑝଴

2𝑇
⎯⎯⎯

Trick2:

න
𝑑𝑝଴

2𝜋𝑖
⎯⎯⎯

 

஼↓ା஼↑

ln൫𝐴 − (𝑝଴ + 𝜇)ଶ൯ tanh
𝑝଴

2𝑇
⎯⎯⎯= න

𝑑𝑝଴

2𝜋𝑖
⎯⎯⎯

 

஼↓ା஼↑

න 𝑑𝛼
஺

 

1

𝛼 − (𝑝଴ + 𝜇)ଶ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ tanh
𝑝଴

2𝑇
⎯⎯⎯

= − න 𝑑𝛼
஺

 

 𝑅𝑒𝑠 ቈ
1

𝛼 − (𝑝଴ + 𝜇)ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ tanh

𝑝଴

2𝑇
⎯⎯⎯, 𝑝଴ = ±√𝛼⎯⎯  − 𝜇቉ =  න 𝑑𝛼

஺

 

1

2√𝛼⎯⎯ ⎯⎯⎯⎯ቆtanh
√𝛼⎯⎯  − 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯ + tanh

√𝛼⎯⎯  + 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯ቇ

= 2𝑇 ቈln cosh ቆ√𝐴
⎯⎯ 

− 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯ቇ + ln cosh ቆ√𝐴

⎯⎯ 
+ 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯ቇ቉

ln det{[−γ଴𝜕ఛ + 𝑖𝛾 ⋅ ∇ − 𝑀 + 2𝑖𝐺𝛾ହ𝜋ሬ⃗ ∗ ⋅ τሬ⃗ ] ⊗ 𝕀ୡ} = 4𝑁௖𝑉 න
𝑑ଷ𝑘ሬ⃗

(2𝜋)ଷ
⎯⎯⎯⎯⎯

 

 

ቈln cosh ቆ
ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 
− 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ + ln cosh ቆ

ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

+ 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ቉

Thermodynamic potential: Ω ≡ −
୘

୚
⎯ ln 𝑍 =

்

௏
⎯ 𝒮ா

ᇱ [𝜎,∗ 𝜋ሬ⃗ ∗]

Ω =  𝐺൫𝜎∗ଶ + πሬሬ⃗ ∗ଶ൯  − 4𝑁௖𝑇 න
𝑑ଷ𝑘ሬ⃗

(2𝜋)ଷ⎯⎯⎯⎯⎯
 

 

ቈln cosh ቆ
ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 
− 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ + ln cosh ቆ

ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

+ 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ቉

σ∗ and πሬሬ⃗ ∗ is obtained by minimize Ω  ⇒  GAP Equation:

∂Ω

∂πሬሬ⃗ ∗⎯⎯⎯ = 0 ⇒ 2𝐺πሬሬ⃗ ∗ + 2𝑁௖ න
𝑑ଷ𝑘ሬ⃗

(2𝜋)ଷ⎯⎯⎯⎯⎯
 

 

2𝐺πሬሬ⃗ ∗

ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቈtanh ቆ
ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 
− 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ + tanh ቆ

ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ + 4𝐺ଶπሬሬ⃗ ∗ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

+ 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ቉ ⇒  πሬሬ⃗ ∗ = 0

∂Ω

𝜕σ∗
⎯⎯⎯ = 0 ⇒   𝜎∗ + 2𝑁௖ න

𝑑ଷ𝑘ሬ⃗

(2𝜋)ଷ
⎯⎯⎯⎯⎯

 

 

𝑀

ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ
⎯⎯⎯⎯⎯⎯⎯ 

⎯⎯⎯⎯⎯⎯⎯⎯⎯ቈtanh ቆ
ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ

⎯⎯⎯⎯⎯⎯⎯ 
− 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ + tanh ቆ

ඥ𝑀ଶ + 𝑘ሬ⃗ ଶ
⎯⎯⎯⎯⎯⎯⎯ 

+ 𝜇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ቉ = 0

Once σ∗ and πሬሬ⃗ ∗ are determined,  partition function and (𝜕𝑃/𝜕𝑛) are thus obtained, which leads to the following phase diagram:
Beyond MF approx. (several comments)•
Pick up the fluctuations: 𝜎 = 𝜎∗ + 𝜎ᇱ,  𝜋 = 𝜋∗ + 𝜋ᇱ = 𝜋′

𝒮ா
ᇱ [𝜎′, 𝜋ሬ⃗ ′]  = න 𝑑ସ𝑥

ఉ

଴

𝐺൫𝜎∗
ଶ + 2σ∗σᇱ + 𝜎′ଶ + πሬሬ⃗ ᇱଶ൯  − ln det{[−γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑀 + 2𝐺𝜎′ + 2𝑖𝐺𝛾ହπሬሬ⃗ ′ ⋅ τሬ⃗ ] ⊗ 𝕀ୡ}

Notice:
−γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑀 + 2𝐺𝜎′ + 2𝑖𝐺𝛾ହπሬሬ⃗ ′ ⋅ τሬ⃗ is NOT a convolution operator (x-coordinates enter via 𝜎ᇱ(𝑥) and 𝜋ᇱ(𝑥)) , but○

Define: 𝑆መ ିଵ ≡ −γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑀, and 𝑆መିଵ𝑆(𝑥 − 𝑦) = 𝛿(𝑥 − 𝑦)  ⇒   𝑆ሚ = ቀγ଴(𝑖ω௡ + 𝜇) − 𝛾 ⋅ 𝑘ሬ⃗ − 𝑀ቁ
ିଵ

⊗ 𝕀ଶ○

Homework: check

⟨𝑞ത𝑞⟩ = 𝑁௖𝑡𝑟𝑆(0) = 𝑇𝑁௖ ෍ න
𝑑ଷ𝑘ሬ⃗

(2𝜋)ଷ⎯⎯⎯⎯⎯
 

 

𝑡𝑟𝑆ሚ

 

௡



Gap equation ⇔   𝝈∗ = ⟨𝒒ഥ𝒒⟩

ln det{[−γ଴(𝜕ఛ − 𝜇) + 𝑖𝛾 ⋅ ∇ − 𝑀 + 2𝐺𝜎′ + 2𝑖𝐺𝛾ହπሬሬ⃗ ′ ⋅ τሬ⃗ ] ⊗ 𝕀ୡ} = 𝑁௖  tr ln ቊ𝑆መିଵ ቈ𝕀 + න𝑑𝑦
 

 

𝑆(𝑥 − 𝑦)(2𝐺𝜎ᇱ(𝑦) + 2𝑖𝐺𝛾ହπሬሬ⃗ ᇱ(𝑦) ⋅ τሬ⃗ )቉ቋ

= 𝑁௖  tr ln൛𝑆መ ିଵൟ + 𝑁௖  tr ln ቈ𝕀 + න𝑑𝑦
 

 

𝑆(𝑥 − 𝑦)(2𝐺𝜎ᇱ(𝑦) + 2𝑖𝐺𝛾ହπሬሬ⃗ ᇱ(𝑦) ⋅ τሬ⃗ )቉

+𝑁௖  tr ቊන𝑑𝑦
 

 

𝑆(0)(2𝐺𝜎ᇱ(𝑦) + 2𝑖𝐺𝛾ହπሬሬ⃗ ᇱ(𝑦) ⋅ τሬ⃗ ) −
1

2
⎯⎯න𝑑𝑥𝑑𝑦

 

 

𝑆(𝑥 − 𝑦)(2𝐺𝜎ᇱ(𝑦) + 2𝑖𝐺𝛾ହπሬሬ⃗ ᇱ(𝑦) ⋅ τሬ⃗ )𝑆(𝑦 − 𝑥)(2𝐺𝜎ᇱ(𝑥) + 2𝑖𝐺𝛾ହπሬሬ⃗ ᇱ(𝑥) ⋅ τሬ⃗ )ቋ

○

ln(𝕀 + x) = 𝑥 −
1

2
⎯⎯𝑥 ∘ 𝑥 + ⋯  ⇒

𝑁௖  tr ln ቈ𝕀 + න𝑑𝑦
 

 

𝑆(𝑥 − 𝑦)(2𝐺𝜎ᇱ(𝑦) + 2𝑖𝐺𝛾ହπሬሬ⃗ ᇱ(𝑦) ⋅ τሬ⃗ )቉

= 𝑁௖  tr ቊන𝑑𝑦
 

 

𝑆(0)(2𝐺𝜎ᇱ(𝑦) + 2𝑖𝐺𝛾ହπሬሬ⃗ ᇱ(𝑦) ⋅ τሬ⃗ ) −
1

2
⎯⎯න𝑑𝑥𝑑𝑦

 

 

𝑆(𝑥 − 𝑦)(2𝐺𝜎ᇱ(𝑦) + 2𝑖𝐺𝛾ହπሬሬ⃗ ᇱ(𝑦) ⋅ τሬ⃗ )𝑆(𝑦 − 𝑥)(2𝐺𝜎ᇱ(𝑥) + 2𝑖𝐺𝛾ହπሬሬ⃗ ᇱ(𝑥) ⋅ τሬ⃗ ) + ⋯ ቋ

○

= 𝑁௖  tr ቊ2𝐺𝑆(0) න𝑑𝑦
 

 

𝜎ᇱ(𝑦) − 2𝐺ଶ න𝑑𝑥𝑑𝑦
 

 

𝑆(𝑥 − 𝑦)𝜎ᇱ(𝑦)𝑆(𝑦 − 𝑥)𝜎ᇱ(𝑥) + 2𝐺ଶ න𝑑𝑥𝑑𝑦
 

 

𝑆(𝑥 − 𝑦)𝛾ହ𝜋ሬ⃗ ᇱ(𝑦)𝑆(𝑦 − 𝑥)𝛾ହπሬሬ⃗ ᇱ(𝑥) + ⋯ ቋ

න 𝑑ସ𝑥
ఉ

଴

𝐺𝜎∗
ଶ  − 𝑁௖  tr ln൛𝑆መିଵൟ = 𝛽𝑉Ωெி○

Gap equation ⇒   ∫ 𝑑ସ𝑥
ఉ

଴
𝐺(2σ∗σᇱ) − 𝑁௖  tr ቄ2𝐺𝑆(0) ∫ 𝑑𝑦

 

 
𝜎ᇱ(𝑦)ቅ = 0○

𝒮ா
ᇱ [𝜎′, 𝜋ሬ⃗ ′]  = 𝛽𝑉Ωெி + න 𝑑ସ𝑥

ఉ

଴

𝐺൫𝜎′ଶ + πሬሬ⃗ ᇱଶ൯ + 2𝐺ଶ𝑁௖  tr ቊන𝑑𝑥𝑑𝑦
 

 

𝑆(𝑥 − 𝑦)𝜎ᇱ(𝑦)𝑆(𝑦 − 𝑥)𝜎ᇱ(𝑥) − න𝑑𝑥𝑑𝑦
 

 

𝑆(𝑥 − 𝑦)𝛾ହ𝜋ሬ⃗ ᇱ(𝑦)𝑆(𝑦 − 𝑥)𝛾ହπሬሬ⃗ ᇱ(𝑥) + ⋯ ቋ

Feynman Rules Review:

Transform to Eucilidean: 

In action: 𝑖 ∫ 𝑑𝑡
 

 
𝐿 → ∫ 𝑑𝜏

ఉ

଴
𝐿;     ∂଴ → i𝜕ఛ  ⇒  𝑝଴ ∼ 𝑖𝜕଴ → −𝜕ఛ ∼ 𝑖𝜔௡•

𝑖𝜔௡ = 2𝑛𝜋𝑖𝑇 (Bosonic: iω୬𝛽 = 1 ⇒ G(𝛽) = G(0)) or  (2𝑛 + 1)𝜋𝑖𝑇 ൫Fermionic: iω୬𝛽 = −1 ⇒ 𝑆(𝛽) = −𝑆(0)൯•

න
𝑑𝑝଴

2𝜋
⎯⎯⎯

 

 

→ 𝑇 ෍ ⬚

 

௡

•

•

Residue Magic
ଵ

ଶ
⎯tanh

௭

ଶ
⎯்⎯has poles at  (2𝑛 + 1)𝜋𝑖𝑇,  with residue equal to T•

ଵ

ଶ
⎯coth

௭

ଶ
⎯்⎯has poles at  2𝑛𝜋𝑖𝑇,  with residue equal to T•

න
𝑑𝑝଴

2𝜋
⎯⎯⎯

 

 

ℱ൫𝑝଴൯ → 𝑇 ෍ ℱ(𝑖𝜔௡)

 

௡

→
1

2
⎯⎯න

𝑑𝑝଴

2𝜋𝑖
⎯⎯⎯

 

஼↓ା஼↑

tanh
𝑝଴

2𝑇
⎯⎯⎯ℱ൫𝑝଴൯   𝑜𝑟  

1

2
⎯⎯න

𝑑𝑝଴

2𝜋𝑖
⎯⎯⎯

 

஼↓ା஼↑

coth
𝑝଴

2𝑇
⎯⎯⎯ℱ൫𝑝଴൯•

As 𝑇 → 0, tanh 𝑥 → coth 𝑥 → sgn 𝑥,  reduce to Wick's rotation.•

tanh
𝑧 + 2𝜋𝑛𝑖𝑇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯= coth

𝑧 + (2𝑛 + 1)𝜋𝑖𝑇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯= tanh

𝑧

2𝑇
⎯⎯⎯•

coth
𝑧 + 2𝜋𝑛𝑖𝑇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯= tanh

𝑧 + (2𝑛 + 1)𝜋𝑖𝑇

2𝑇
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯= coth

𝑧

2𝑇
⎯⎯⎯•

•

Propagator:

𝑆ሚ(𝑝) = −൫𝑝ఓ𝛾ఓ − 𝑀൯
ିଵ

= −
𝑝ఓ𝛾ఓ + 𝑀

𝑝ଶ − 𝑀ଶ
⎯⎯⎯⎯⎯⎯⎯⎯

•

Gaussian path integration (for fermion):•

𝑍 ≡ න𝐷[𝑞, 𝑞ത]
 

 

𝑒௤ത⋅஺⋅௤ = det 𝐴 = 𝑒௧௥ ୪୬ ஺ → exp ቌ෍ න
𝑑ଷ𝑘ሬ⃗

(2𝜋)ଷ⎯⎯⎯⎯⎯
 

 

ln 𝐴ሚ௡

 

௡

ቀ𝑘ሬ⃗ ቁቍ

Spinodal Unstable Modes

Linear Response Thoery (see lecture notes on plasma)

Decomposition of Hamiltonian: 𝐻෡ = 𝐻଴
෢ + 𝐻෡ᇱ ← 𝐻ᇱ ≪ 𝐻 is perturbation•

Decompostion of time-evolution operator:  

 𝒰(𝑡ଶ, 𝑡ଵ) ≡ 𝒯𝑒
ି௜ ∫ ௗ௧

೟మ
೟భ

 ு(௧)
= 𝒰଴(𝑡ଶ, 𝑡ଵ)𝒰ଵ(𝑡ଶ, 𝑡ଵ)

 𝒰଴(𝑡ଶ, 𝑡ଵ) ≡ 𝒯𝑒
ି௜ ∫ ௗ௧

೟మ
೟భ

 ுబ(௧)

•

𝒰ଵ(𝑡ଶ, 𝑡ଵ) ≡ 𝒯𝑒
ି௜ ∫ ௗ௧

೟మ
೟భ

 ு಺
ᇲ(௧)

;    𝒪ூ(𝑡) ≡ 𝒰଴
ற(𝑡, 𝑡଴)𝒪ௌ𝒰଴(𝑡, 𝑡଴)

Linear response:

 𝒰ଵ(𝑡ଶ, 𝑡ଵ) ≈ 𝐼 − 𝑖 න 𝑑𝑡
௧మ

௧భ

 𝐻ூ
ᇱ(𝑡)

•

𝒪(𝑡)
⎯⎯⎯⎯

= tr[𝜌ොௌ(𝑡)𝒪ௌ] = trൣ𝒰(𝑡, −∞)ρ଴𝒰ற(𝑡, −∞)𝒪ௌ൧ = tr ቂρ଴𝒰ଵ
ற(𝑡, −∞)𝒰଴

ற(𝑡, −∞)𝒪ௌ𝒰଴(𝑡, −∞)𝒰ଵ(𝑡, −∞)ቃ

= tr ቂρ଴𝒰ଵ
ற(𝑡, −∞)𝒪ூ(𝑡)𝒰ଵ(𝑡, −∞)ቃ = expct. w/o perturbation →  tr[ρ଴𝒪ூ(𝑡)] − 𝑖 න 𝑑𝑡̅

௧

ିஶ

[𝒪ூ(𝑡), 𝐻ூ
ᇱ(𝑡̅)]

𝛿𝒪(𝑡)
⎯⎯⎯⎯⎯

= −𝑖 න 𝑑𝑡̅
ஶ

ିஶ

𝜃(𝑡 − 𝑡̅)[𝒪ூ(𝑡), 𝐻ூ
ᇱ(𝑡̅)]

Spectral Representation

Green functions (In thermal equilibrium) :
𝐺ା(𝑥 − 𝑦) ≡ ⟨𝜙௔(𝑥)ϕ௕(𝑦)⟩ = Tr[𝜌଴𝜙௔(𝑥)ϕ௕(𝑦)]○
𝐺ି(𝑥 − 𝑦) ≡ ±⟨𝜙௕(𝑦)ϕ௔(𝑥)⟩ = ±Tr[𝜌଴𝜙௕(𝑦)𝜙௔(𝑥)]○
𝜌(𝑥 − 𝑦) ≡ 𝐺ା(𝑥, 𝑦) − 𝐺ି(𝑥, 𝑦)○
Δ(𝜏, 𝑥) = 𝐺ା(𝑖𝜏, 𝑥) (𝜏 ∈ [0, 𝛽])    ←   Matsubara Greenᇱs Function○
𝐺ோ(𝑥 − 𝑦) = 𝜃൫𝑥଴ − 𝑦଴൯𝜌(𝑥 − 𝑦)    ←     Retarded Greenᇱs Function○

•

Kubo-Martin-Schwinger Relation:•
𝐺ା൫𝑥଴, 𝑥൯ = 𝑍ିଵTr ቂ𝑒ିఉு෡ 𝜙௔(𝑥)ϕ௕(0)ቃ = 𝑍ିଵTr ቂ𝑒௜௜ఉு෡ 𝜙௔(𝑥)𝑒ି௜௜ఉு෡ 𝑒ିఉு෡ ϕ௕(0)ቃ

= 𝑍ିଵTr ቂ𝑒ିఉு෡ ϕ௕(0)𝜙௔൫𝑥଴ + 𝑖𝛽, 𝑥൯ቃ = ± 𝐺ି൫𝑥଴ + 𝑖𝛽, 𝑥൯

⇒   𝐺෨ା(𝑘) = න𝑑ସ𝑥
 

 

𝑒௜௞⋅௫𝐺ା(𝑥) = ± න𝑑ସ𝑥
 

 

𝑒௜௞⋅௫𝐺ି൫𝑥଴ + 𝑖𝛽, 𝑥൯ = ±𝑒ఉ௞బ
න𝑑ସ𝑥

 

 

𝑒௜௞⋅௫𝐺ି(𝑥) = ± 𝑒ఉ௞బ
𝐺෨ି (𝑘)

𝜌෤(𝑘) = 𝐺෨ା(𝑘) − 𝐺෨ି(𝑘) = ቀ±𝑒ఉ௞బ
− 1ቁ 𝐺෨ି (𝑘)

Spectral representation:

𝐺෨ି(𝑘) =
1

±𝑒ఉ௞బ − 1
⎯⎯⎯⎯⎯⎯⎯⎯⎯𝜌෤(𝑘) = ±𝑓൫𝑘଴൯𝜌෤(𝑘)○

𝐺෨ା(𝑘) =
±𝑒ఉ௞బ

±𝑒ఉ௞బ
− 1

⎯⎯⎯⎯⎯⎯⎯⎯⎯𝜌෤(𝑘) = ቀ1 ± 𝑓൫𝑘଴൯ቁ 𝜌෤(𝑘)○

𝐺෨ோ(𝑘) = න𝑑ସ𝑥
 

 

𝑒௜௞⋅௫𝜃൫𝑥଴൯𝜌(𝑥) = න𝑑ସ𝑥
 

 

𝑒௜௞⋅௫ ൝𝑖 න
𝑑𝜔

2𝜋
⎯⎯⎯

 

 

𝑒ି௜ఠ௫బ

𝜔 + 𝑖0ା
⎯⎯⎯⎯⎯⎯⎯න

𝑑ସ𝑞

(2𝜋)ସ
⎯⎯⎯⎯⎯

 

 

𝑒ି௜௤⋅௫𝜌෤(𝑞)ൡ○

= 𝑖 න
𝑑𝑞଴

2𝜋
⎯⎯⎯
 

 

𝜌෤ ቀ𝑞଴, 𝑘ሬ⃗ ቁ

𝑘଴ − 𝑞଴ + 𝑖0ା⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

Exercise: prove that○

Δ෩ ቀ𝑖𝜔௡, 𝑘ሬ⃗ ቁ = − න
𝑑𝑘଴

2𝜋
⎯⎯⎯

 

 

𝜌(𝑘)

𝑖𝜔௡ − 𝑘଴
⎯⎯⎯⎯⎯⎯⎯⎯⇒

𝑮෩𝑹(𝒌) = −𝒊𝚫෩ ቀ𝒌𝟎 + 𝒊𝟎ା, 𝒌ሬሬ⃗ ቁ

•

Instability

Observable: 𝑞ത𝑞 ∼ 𝜎•
Perturbation: 𝐻ூ

ᇱ = ∫ 𝑑ଷ𝑥
 

 
 𝑞ത𝑞𝛿𝑀

𝛿𝑀 the fluctuating force acting on a quark under M.F. approx.○
𝛿𝑀 is treated CLASSICALLY○
𝛿𝑀 = −2𝐺𝛿𝜎○

•

Using linear response theory:•

𝛿𝜎(𝑥)
⎯⎯⎯⎯⎯

= −𝑖 න 𝑑ସ𝑥̅
ஶ

ିஶ

𝜃൫𝑥଴ − 𝑥̅଴൯[𝑞ூഥ 𝑞ூ(𝑥), 𝑞ூഥ 𝑞ூ(𝑥̅)](−2𝐺)𝛿𝜎(𝑥̅)

Define:

χ୰ୣ୲. ≡ න𝑑ସ(𝑥 − 𝑥̅)
 

 

 𝜃൫𝑥଴ − 𝑥̅଴൯[𝑞ூഥ 𝑞ூ(𝑥), 𝑞ூഥ 𝑞ூ(𝑥̅)]𝑒௜௞⋅(௫ି௫̅)

After Fourier transform:

൫1 − 2𝑖𝐺𝜒୰ୣ୲.(𝑘)൯𝛿𝜎෪ (𝑘) = 0  ⇒   1 = 2𝑖𝐺𝜒୰ୣ୲.(𝑘) = 2𝐺𝜒ெ௔௧. ቀ𝑘଴ + 𝑖0ା, 𝑘ሬ⃗ ቁ  ⇒   𝑘଴ = 𝜔 ቀቚ𝑘ሬ⃗ ቚቁ

Instability ⇔  imaginary 𝒌𝟎

Phase Transition - 01 (1st-order)
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