
Scaling & Scaling Invariant

Zooming out = coarse graining (3x3 pixels -> 1 big pixel) + rescaling (1 big pixel -> 1 normal pixel):•
Information lost

Inverse process
https://waifu2x.udp.jp/index.html

https://www.zhihu.com/question/522277185/answer/2431196144

•

Side Story（Application of scaling）
Q: How do you justify atomism in acient greece?

•

A:  Differences between atomism & the apeiron scenario:

Magnification Atomism Apeiron

X1 Transparent liquid  with bubbles / waves Transparent liquid  with bubbles / waves

X100 Transparent liquid  with bubbles / waves Transparent liquid  with bubbles / waves

× 10 ⋯ 0 Flying and colliding atoms Transparent liquid  with bubbles / waves

1) This world, in general, is NOT scaling invariant. 
2) Appearance of anomalous dimension.
https://www.zhihu.com/question/306019540/answer/3141217013
systems at critical point
https://www.bilibili.com/video/BV1TT411p77h

•

Given a density profile, one can not tell the resolution.○
Distrubution of the cluster size 𝑓(𝑥):○
Before zooming out: f(1)=100,  f(10)=5,  f(10)/f(1)=1/20
After zooming out: f(1)=100,  f(10)=5,  f(10)/f(1)=1/20
𝑓(𝑘𝑥)

𝑓(𝑥)
⎯⎯⎯⎯⎯ = 𝑔(𝑘)  ⇒   𝑓(𝑥) = 𝐴𝑥ିఒ; 𝑔(𝑘) = 𝑘ିఒ

Insight from the video:○
Zooming out not only changes the spin density profile, but also drive the 'temperature' away 
from 𝑻𝒄 effectively.

Renormalization Group Formalism

Basic Idea:
Partition function preserves after scaling  ⇒ Effective Hamiltonian after scaling•
Parameters in Hamiltonian varies under scaling•
Existence of fixed point•
Nearby the unstable fixed point, varying some parameters (called relevant parameters) are equivalent to 
varying the thermal parameters (e.g., temperature, magnetic field, cheimical potential…) ⇒

•

Obtain the dependence of partition function on the thermal parameters nearby the unstable fixed point 
(critical point).  ⇒  critical exponents

•

Example1: central limit theorem 
https://www.zhihu.com/question/571460160/answer/3135590699

Example2: 1-d Percolation model
Chpt. 7 in 《相变与临界现象》——于禄、郝柏林

Example3: Block Spin RG for 1-D Spin Chain

Hamiltonian: 

 𝐻[{𝑠௥}] = −𝐽 ෍ 𝑠௥𝑠௥ାଵ

 

௥

•

𝑠 = ±1
Partition function (j=J/T; low T-> large j) :•

𝑍 = ෍ 𝑒ିఉு

 

{௦ೝ}

= ෍ 𝑒௝ ∑ ௦ೝ௦ೝశభ
 
ೝ

 

{௦ೝ}

Projection operator 𝒫(𝑠ᇱ; {𝑠௜}௕௟௢௖௞)

෍ 𝒫(𝑠ᇱ; {𝑠௜}௕௟௢௖௞) = 1

 

௦ᇲ

○

𝑍 = ෍ ෍ 𝒫(𝑠ᇱ; {𝑠௜}௕௟௢௖௞)

 

{௦ᇲ}

𝑒௝ ∑ ௦ೝ௦ೝశభ
 
ೝ

 

{௦ೝ}

= ෍ 𝑒ିఉுᇲൣ{௦ᇲ}൧

 

{௦ᇲ}

𝑒ିఉுᇲൣ{௦ᇲ}൧ = ෍ 𝒫(𝑠ᇱ; {𝑠௜}௕௟௢௖௞)𝑒௝ ∑ ௦ೝ௦ೝశభ
 
ೝ

 

{௦ೝ}

○

In this example (b=3), 𝒫(𝑠ᇱ; {𝑠௜ିଵ, 𝑠௜, 𝑠௜ାଵ}) = 𝛿௦ᇲ௦೔

Justification:
chance of 𝑠௜ିଵ = 𝑠௜ାଵ = −𝑠௜ is 

𝑒ିଶ௝

𝑒ିଶ௝ + 2 + 𝑒ଶ௝
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯≪

1

4
⎯⎯   (supressed)



Suitable for 1-d only

○

•

Effective Hamiltonian:•

𝑒ିఉுᇲൣ{௦ᇲ}൧ = ෍ 𝛿௦೔
ᇲ௦య೔

𝑒௝ ∑ ௦ೝ௦ೝశభ
 
ೝ

 

{௦ೝ}

= ෍ 𝛿௦೔
ᇲ௦య೔

𝑒௝ ∑ (௦య೔௦య೔శభା௦య೔శభ௦య೔శమା௦య೔శమ௦య೔శయ) 
೔

 

{௦ೝ}

= ෍ 𝑒௝ ∑ ൫௦೔
ᇲ௦య೔శభା௦య೔శభ௦య೔శమା௦య೔శమ௦೔శభ

ᇲ ൯ 
೔

 

{௦ೝ}

trick: 𝑒௝௦೔௦೔శభ = cosh 𝑗 + 𝑠௜𝑠௜ାଵ sinh 𝑗

𝑒ିఉுᇲൣ{௦ᇲ}൧ = ෍ ෑ(cosh 𝑗 + 𝑠௜
ᇱ𝑠ଷ௜ାଵ sinh 𝑗)(cosh 𝑗 + 𝑠ଷ௜ାଵ𝑠ଷ௜ାଶ sinh 𝑗)(cosh 𝑗 + 𝑠௜ାଵ

ᇱ 𝑠ଷ௜ାଶ sinh 𝑗)

 

௜

 

{௦ೝ}

= ෍ ෑ൫coshଷ 𝑗 + 𝑠௜
ᇱ𝑠௜ାଵ

ᇱ sinhଷ 𝑗 + 𝑙𝑖𝑛𝑒𝑎𝑟 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝑠ଷ௜ା?൯ ← 𝑣𝑎𝑛𝑖𝑠ℎ 𝑎𝑓𝑡𝑒𝑟 𝑠𝑢𝑚𝑚𝑎𝑡𝑖𝑜𝑛

 

௜

 

{௦ೝ}

= ෑ 4൫coshଷ 𝑗 + 𝑠௜
ᇱ𝑠௜ାଵ

ᇱ sinhଷ 𝑗൯

 

௜

= ෑ 𝐴(𝑐𝑜𝑠ℎ 𝑗ᇱ + 𝑠௜
ᇱ𝑠௜ାଵ

ᇱ sinh jᇱ)

 

௜

= 𝐴ேᇲ
𝑒∑ ௝ᇲ௦೔

ᇲ௦೔శభ
ᇲ 

೔

𝛽𝐻ᇱ[{𝑠ᇱ}] = −𝑗ᇱ ෍ 𝑠௜
ᇱ𝑠௜ାଵ

ᇱ

 

௜

− 𝑁ᇱ ln 𝐴

Second term: contribution of UV physics
RG flow of 𝑗•
𝐴 cosh 𝑗ᇱ = 4 coshଷ 𝑗 ;     𝐴 sinh 𝑗ᇱ = 4 sinhଷ 𝑗  ⇒   𝐴 = 4ඥcosh଺ 𝑗 − sinh଺ 𝑗

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 
;  𝒋ᇱ = 𝐚𝐫𝐜𝐭𝐚𝐧𝐡 𝐭𝐚𝐧𝐡𝟑 𝒋

Stable fixed point: 𝑗∗ = 0 (high temperature)○
Unstable fixed point 𝑗∗ = ∞ (𝑇 = 0)○
No phase transition for 1-D spin chain ⇒ Disappearing of order under a certain dimension 𝑑௟

𝑑௟ = 1 for discrete symmetry
𝑑௟ = 2 for continuous symmetry

○

Correlation length
𝜉 = 𝜉(𝐻) = 𝜉(𝑧); 𝑧 ≡ tanh 𝑗 ; 𝑧ᇱ = 𝑧ଷ○

𝜉(𝑧ᇱ) =
𝜉(𝑧)

3
⎯⎯⎯⎯○

𝜉൫𝑧௕൯ =
𝜉(𝑧)

𝑏
⎯⎯⎯⎯⇒ 𝜉 ∝

1

ln 𝑧
⎯⎯⎯ =

1

ln tanh 𝑗
⎯⎯⎯⎯⎯⎯⎯○

•

Critical Opalescence

Amplitude：

From source to  particle,  𝐴ሚ଴ → 𝐴ሚ଴ exp ቀ𝑖 𝑘ሬ⃗ ⋅ 𝑟௜ሬሬ⃗ ቁ○

From particle to observer, after scattering with particle kሬ⃗ → kሬ⃗ ᇱ ≡ kሬ⃗ + qሬ⃗○

𝐴ሚ଴ exp ቀ𝑖 𝑘ሬ⃗ ⋅ 𝑟௜ሬሬ⃗ ቁ →
𝐴ሚ଴ exp ቀ𝑖 𝑘ሬ⃗ ⋅ 𝑟௜ሬሬ⃗ ቁ exp ൬𝑖 𝑘ሬ⃗ ᇱ ⋅ ቀℛሬ⃗ − 𝑟௜ሬሬ⃗ ቁ൰

ቚℛሬ⃗ − 𝑟௜ሬሬ⃗ ቚ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯∼

𝐴ሚ଴ exp(−𝑖 𝑞⃗ ⋅ 𝑟௜ሬሬ⃗ ) exp ቀ𝑖 𝑘ሬ⃗ ᇱ ⋅ ℛሬ⃗ ቁ

𝑅
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

•

Intensity:•

dI(𝑞⃗)

𝑑𝑆
⎯⎯⎯⎯⎯≈ ቮ෍

𝐴ሚ଴ exp(−𝑖 𝑞 ⋅ 𝑟௜ሬሬ⃗ ) exp ቀ𝑖 𝑘ሬ⃗ ᇱ ⋅ ℛሬ⃗ ቁ

𝑅
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

 

௜

ቮ

ଶ

=
ห𝐴ሚ଴ห

ଶ

𝑅ଶ
⎯⎯⎯⎯⎯෍ exp ቀ−𝑖 𝑞 ⋅ ൫𝑟௜ሬሬ⃗ − 𝑟௝ሬሬ⃗ ൯ቁ

 

௜,௝

=
ห𝐴ሚ଴ห

ଶ

𝑅ଶ
⎯⎯⎯⎯⎯න𝑑𝑟⃗𝑑𝑟⃗ᇱ

 

 

exp ൬−𝑖 𝑞 ⋅ ቀ𝑟 − 𝑟ᇱሬሬሬ⃗ ቁ൰ ෍ 𝛿(𝑟⃗ − 𝑟⃗௜)𝛿 ቀ𝑟ᇱሬሬሬ⃗ − 𝑟௝ቁ

 

௜,௝

Notice that:
Density of a single particle located at r⃗∗ is 𝑛(𝑟⃗) = 𝛿 (𝑟 − 𝑟∗)
Density of multiple single particles located at {r⃗∗} is 𝑛(𝑟⃗) = ∑ 𝛿 (𝑟⃗ − 𝑟⃗௜

∗) 
௜

෍ 𝛿(𝑟 − 𝑟⃗௜)𝛿 ቀ𝑟ᇱሬሬሬ⃗ − 𝑟⃗௝ቁ

 

௜,௝

= ⟨𝑛(𝑟)𝑛(𝑟ᇱ)⟩ ≡ 𝐺(𝑟, 𝑟⃗ᇱ)
௧௥௔௡௦௟௔௧௜௢௡௔௟ ௦௬௠௠௘௧௥௬
ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ 𝐺(𝑟 − 𝑟ᇱ)

න𝑑𝑟𝑑𝑟⃗ᇱ
 

 

𝐺(𝑟, 𝑟ᇱ) = න𝑑𝑟𝑑𝑟⃗ᇱ
 

 

෍ 𝛿(𝑟⃗ − 𝑟⃗௜)𝛿 ቀ𝑟ᇱሬሬሬ⃗ − 𝑟௝ቁ

 

௜,௝

= 𝑁ଶ

𝑑𝐼(𝑞⃗)

𝑑𝑆
⎯⎯⎯⎯⎯ ≈

ห𝐴ሚ଴ห
ଶ

𝑅ଶ
⎯⎯⎯⎯⎯න𝑑𝑟⃗𝑑𝑟⃗ᇱ

 

 

exp ൬−𝑖 𝑞 ⋅ ቀ𝑟 − 𝑟ᇱሬሬሬ⃗ ቁ൰ 𝐺(𝑟⃗ − 𝑟ᇱ) =
ห𝐴ሚ଴ห

ଶ

𝑅ଶ
⎯⎯⎯⎯⎯𝑉 න𝑑𝑟

 

 

exp(−𝑖 𝑞⃗ ⋅ 𝑟⃗) 𝐺(𝑟⃗) ≡
ห𝐴ሚ଴ห

ଶ

𝑅ଶ
⎯⎯⎯⎯⎯𝑉𝐺෨(𝑞)

Critical opalescence•
Near CEP:

𝐺(𝑟) ∝
1

4𝜋
⎯⎯⎯

𝑒
ି

௥
క
⎯⎯

𝑟ଵାఎ
⎯⎯⎯⎯ ⇒

𝑉𝐺෨(𝑞⃗) ∝ න
𝑑𝑟⃗

4𝜋
⎯⎯⎯

 

 

𝑒ି௜௤ሬ⃗ ⋅௥⃗
𝑒

ି
௥
క
⎯⎯

𝑟ଵାఎ
⎯⎯⎯⎯ =

1

2
⎯⎯𝜉ଶିఎ න 𝑑𝑟

ஶ

଴

𝑟ଶ න 𝑑𝑥
ଵ

ିଵ

𝑒ି௜క௤௥௫
𝑒ି௥

𝑟ଵାఎ
⎯⎯⎯⎯

= 𝜉ଶିఎ න 𝑑𝑟
ஶ

଴

sin 𝜉𝑞𝑟

𝜉𝑞
⎯⎯⎯⎯⎯⎯ 

𝑒ି௥

𝑟ఎ
⎯⎯⎯ =

Γ(1 − 𝜂)

(1 + (𝜉𝑞)ଶ)
ଵିఎ

ଶ
⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
𝜉ଶିఎ

𝜉𝑞
⎯⎯⎯⎯ sin[(1 − 𝜂) arctan 𝜉𝑞]

As η → 0,  𝑉𝐺෨(𝑞) ∝
కమ

ଵା(క௤)మ
⎯⎯⎯⎯⎯⎯

Elastic Scattering ⇒   ቚ𝑘ሬ⃗ ቚ = ቚ𝑘ሬ⃗ ᇱቚ   ⇒    𝑞 = 2|𝑘| 𝑠𝑖𝑛
ఏ

ଶ
⎯

Given 𝜂 = 0.0364:

As approaching CEP
Scattering becomes more forward○
Intensity diverges at CEP.○

Partonic Critical Opalescence•
See arXiv:2208.14297

Review on Critical Exponents:
Heat capacity: 𝐶 ∼ 𝐴±|𝑡|ିఈ (𝛼ା = 𝛼ି, ℎ = 0) ○
Order parameter: 

⟨O⟩ ∝ (−𝑡)ఉ (ℎ = 0) 
⟨O⟩ ∝ |ℎ|ଵ/ఋ (𝑡 = 0)

○

Susceptibility: 𝜒 ∝ |𝑡|ିఊ (ℎ = 0) ○
Correlation length: 𝜉 ∝ |𝑡|ିఔ (h=0)○
Correlation EXACTLY @ CEP:  𝐺(𝑟) ∼ 𝑟ି(ௗିଶାఎ)○
Relaxation: 𝜏 ∝ 𝜉௭ (critical slowing down)○

Renormalization Group Formalism

Extension: Schematic Block Spin RG for higher dimension

RG flow (for single parameter)
Stable fixed point: 𝑗∗ = 0 (high temperature)○
At low temperatures, 𝑗ᇱ ∼ 𝑗 for 1-d

Reason: spins align almost in the same direction, 
𝑗ᇱ = −𝛽𝐻௜(𝑠௜

ᇱ = 1, 𝑠௜ାଵ
ᇱ = 1) ∼ 𝑗⟨𝑠ଷ௜ାଵ⟩௦೔

ᇲୀଵ⟨𝑠ଷ௜ାଶ⟩௦೔శభ
ᇲ ୀଵ ∼ 𝑗



Extension to higher dimension:

𝑗ᇱ = −𝛽𝐻௜,௟൫𝑠௜,௟
ᇱ = 1, 𝑠௜ାଵ,௟

ᇱ = 1൯ ∼ ෍ 𝑗ൻ𝑠ଷ௜ାଵ,௟ ̅ൿ
௦೔,೗

ᇲ ୀଵ
ൻ𝑠ଷ௜ାଶ,௟ ̅ൿ

௦೔శభ,೗
ᇲ ୀଵ

 

௟ ̅

∼ 3ௗିଵ𝑗

𝑗ᇱ > 𝑗 for 𝑑 ≥ 2 ⇒ stable fixed point at 𝑗 → ∞

○

Unstable fixed point 𝑗௖ in middle
Flow from unstable fixed point to stable ones
Flow slowly around 𝑗௖

○

•

RG flow (for multiple parameters)
Emerge of next-leading terms○

Theoreical (or parameter) space○
Evolution arround fixed point○

{𝐾ᇱ} = 𝑅({𝐾})
{𝐾∗} = 𝑅({𝐾∗})
For 𝐾 = 𝐾∗ + 𝛿𝐾
{𝐾ᇱ} = 𝑅({𝐾∗} + {𝛿𝐾}) = 𝑅({𝐾∗}) + 𝑅ᇱ({𝐾∗}){𝛿𝐾} = {𝐾∗} + 𝑅ᇱ({𝐾∗}){𝛿𝐾}
{𝛿𝐾ᇱ} = 𝑅ᇱ({𝐾∗}){𝛿𝐾}
After diagnolization,
𝑢௜

ᇱ = 𝑏௬೔𝑢௜

Relevant parameters
𝑦 > 0
# of relevant parameters = # of thermal parameters (=2)

○

Irrelavant parameters
𝑦 < 0
Critical surface that seperating the parameter space

○

For ising model:

𝛿𝑗 = 𝑗 − 𝑗௖ = 𝐽 ቆ
1

𝑇
⎯⎯−

1

𝑇௖
⎯⎯ቇ ≈ −

𝐽𝑡

𝑇௖
⎯⎯ ∝ 𝑡 ⇒ 𝑢௧ ∝ 𝑡

𝑢௛ ∝ ℎ

○

Relation with beta function○
Consider an infinitesimal scaling: 𝑏 = 1 + 𝑑𝜆;  𝑑𝜆 ≪ 1
Variation of length scale: Δ𝐿 = 𝐿 𝑏 − 𝐿 = 𝑑𝜆𝐿

Beta function:  𝛽(𝐾) = 𝜇
ௗ௄

ௗఓ
⎯⎯ = −𝐿

ௗ௄

ௗ௅
⎯⎯ = −

ௗ௄

ௗఒ
⎯⎯

Kᇱሬሬሬሬ⃗ = 𝐾ሬሬ⃗ − 𝛽 ቀ𝐾ሬሬ⃗ ቁ 𝑑𝜆

Near CEP: 𝛽 ቀ𝐾∗ሬሬሬሬ⃗  ቁ = 0

𝛿𝐾ᇱሬሬሬሬሬሬሬ⃗ = 𝛿𝐾ሬሬሬሬሬ⃗ − 𝛽 ቀ𝐾∗ሬሬሬሬ⃗ + 𝛿𝐾ሬሬ⃗ ቁ 𝑑𝜆 = 𝛿𝐾ሬሬሬሬሬ⃗ − ቂ𝛽 ቀ𝐾∗ሬሬሬሬ⃗ ቁ + ∇௄𝛽 ቀ𝐾∗ሬሬሬሬ⃗ ቁ ⋅ 𝛿𝐾 + ⋯ ቃ 𝑑𝜆 = ቂ𝐼 − 𝑑𝜆∇௄𝛽 ቀ𝐾∗ሬሬሬሬ⃗ ቁቃ ⋅ {𝛿𝐾}

𝑅ᇱ({𝐾∗}) = 𝐼 − 𝑑𝜆∇௄𝛽({𝐾∗})
If 𝑅ᇱ({𝐾∗}) is diagonalized
𝑏௬೔ = (1 + 𝑑𝜆)௬೔ ≈ 1 + 𝑦௜𝑑𝜆 = 1 − 𝑑𝜆𝜕௄೔

𝛽௜({𝐾∗})  ⇒   𝑦௜ = −𝜕௄೔
𝛽௜({𝐾∗}) → 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 − 𝜕௄೔

𝛽௝({𝐾∗}) 

𝑦௜ can be calculated perturbatively with field theory !!

•

Free energy per site •

𝑓(𝐻) ≡
𝐹

𝑁𝑇
⎯⎯⎯=

1

𝑁
⎯⎯ln 𝑍(𝐻)

After zooming out, 𝑁 → 𝑁ᇱ = 𝑏ିௗ𝑁;  

𝑍(𝑢௧, 𝑢௛, 𝑁) = 𝑒ே௙(௨೟,௨೓) = 𝑍(𝑢௧
ᇱ , 𝑢௛

ᇱ , 𝑁ᇱ) = 𝑒ேᇲ௙൫௨೟
ᇲ,௨೓

ᇲ ൯ ⇒
𝑓(𝑢௧, 𝑢௛) = 𝑏ିௗ𝑓(𝑏௬೟𝑢௧, 𝑏௬೓𝑢௛) = ⋯ = 𝑏ି௡ௗ𝑓(𝑏௡௬೟𝑢௧, 𝑏௡௬೓𝑢௛)

After n steps of coarse graining, 𝑢௧ evolves to a CERTAIN point 𝑢௧଴ besides the fixed point,  with 𝑢௧଴ = 𝑏௡௬೟𝑢௧ →   𝑏௡ = (𝑢௧଴/𝑢௧)ଵ/௬೟

𝑓(𝑢௧, 𝑢௛) = (𝑢௧଴/𝑢௧)ିௗ/௬೟ 𝑓൫𝑢௧଴, (𝑢௧଴/𝑢௧)௬೓/௬೟𝑢௛൯

Since 𝑢௧଴ is a CONSTANT,  𝑓൫𝑢௧଴, (𝑢௧଴/𝑢௧)௬೓/௬೟ 𝑢௛൯ = 𝜙 ቀ𝑢௛𝑢௧
ି௬೓/௬೟ቁ ⇒

𝑓(𝑢௧, 𝑢௛) ∝ 𝑢௧
ௗ/௬೟ 𝜙 ቀ𝑢௛𝑢௧

ି௬೓/௬೟ቁ ∼ 𝑡ௗ/௬೟ 𝜙൫ℎ𝑡 
ି௬೓/௬೟ ൯

Correlation function

Generating function 𝑍 → 𝑍[𝒽] = 𝑍𝑒∑ 𝒽(௥)௦(௥) 
ೝ○

𝒽 is an AUXILARY & LOCAL magnetic field  ⇒ 𝒽ᇱ = 𝑏௬೓𝒽

𝐺(𝑟ଵ, 𝑟ଶ; 𝑡, ℎ) ≡ ⟨𝑠(𝑟ଵ)𝑠(𝑟ଶ)⟩ =
𝜕ଶ ln 𝑍 [𝒽]

𝜕𝒽(𝑟ଵ)𝜕𝒽(𝑟ଶ)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯อ

𝒽ୀ଴

Scaling rule of spin-spin correlation function:○

ln 𝑍[𝒽] = ⋯ +
1

2
⎯⎯෍ 𝒽(𝑟ଵ)

 

௥భ,௥మ

𝐺(𝑟ଵ, 𝑟ଶ; 𝑡, ℎ)𝒽(𝑟ଶ) + ⋯ ≈ ⋯ +
𝑁ଶ

2
⎯⎯⎯𝒽(𝑟ଵ)𝐺(𝑟ଵ, 𝑟ଶ; 𝑡, ℎ)𝒽(𝑟ଶ) + ⋯

= ln 𝑍ᇱ[𝒽ᇱ] = ⋯ +
1

2
⎯⎯෍ 𝒽ᇱ(𝑟ଵ

ᇱ)

 

௥భ
ᇲ,௥మ

ᇲ

𝐺(𝑟ଵ
ᇱ, 𝑟ଶ

ᇱ; 𝑡ᇱ, ℎᇱ)𝒽ᇱ(𝑟ଶ
ᇱ) + ⋯ ≈ ⋯ +

𝑁ᇱଶ

2
⎯⎯⎯ 𝒽ᇱ(𝑟ଵ

ᇱ)𝐺(𝑟ଵ
ᇱ, 𝑟ଶ

ᇱ; 𝑡ᇱ, ℎᇱ)𝒽ᇱ(𝑟ଶ
ᇱ) + ⋯

With 𝑟ᇱ = 𝑟/𝑏  & 𝑁ᇱ = 𝑁/𝑏ௗ  ⇒ 

𝐺(𝑟ଵ, 𝑟ଶ; 𝑡, ℎ) = 𝑏ିଶ(ௗି௬೓)𝐺 ൬
𝑟ଵ

𝑏
⎯⎯,

𝑟ଶ

𝑏
⎯⎯; 𝑏௬೟𝑡, 𝑏௬೓ℎ൰ = ⋯ = 𝑏ିଶ௡(ௗି௬೓)𝐺 ൬

𝑟ଵ

𝑏௡
⎯⎯⎯,

𝑟ଶ

𝑏௡
⎯⎯⎯; 𝑏௡௬೟𝑡, 𝑏௡௬೓ℎ൰

Consider  a CERTAIN point beside the fixed point, with t଴ = 𝑏௡௬೟𝑡 →   𝑏௡ = (𝑡଴/𝑡)ଵ/௬೟

𝐺(𝑟; 𝑡, ℎ) = ൬
𝑡଴

𝑡
⎯⎯൰

ିଶ(ௗି௬೓)
௬೟

⎯⎯⎯⎯⎯⎯⎯⎯

𝐺 ቌ𝑟 ቆ
𝑡

𝑡଴
⎯⎯ቇ

ଵ/௬೟

; 𝑡଴, ൬
𝑡଴

𝑡
⎯⎯൰

௬೓/௬೟

ℎቍ ∝ 𝑡
ଶ(ௗି௬೓)

௬೟
⎯⎯⎯⎯⎯⎯

𝑔൫𝑟𝑡ଵ/௬೟; ℎ𝑡ି௬೓/௬೟ ൯

Extension to other observables:
Suppose 𝐻 = ⋯ + ∑ 𝒪௜(𝑟)𝑢௜ + ⋯ 

௥,௜

○

⟨𝒪ଵ(𝑟ଵ)𝒪ଶ(𝑟ଶ) ⋯ 𝒪୬(𝑟௡)⟩ு = 𝑏ି௡ௗା௬భା⋯ା௬೙ ർ𝒪ଵ ൬
𝑟ଵ

𝑏
⎯⎯൰ 𝒪ଶ ൬

𝑟ଶ

𝑏
⎯⎯൰ ⋯ 𝒪୬ ൬

𝑟௡

𝑏
⎯⎯൰඀

ுᇲ

•

Critical Exponents

Heat capacity: 𝐶 ∝ 𝜕ଶ𝑓/𝜕𝑡ଶห
௛ୀ଴

∝ 𝑡ௗ/௬೟ିଶ𝜙(0) ⇒ 𝛼 = 2 − 𝑑/𝑦௧○

Order parameter:

At ℎ = 0, ⟨𝑀⟩ ∝ 𝜕𝑓/𝜕ℎ ∝ 𝜙ᇱ(0)𝑡
೏ష೤೓

೤೟
⎯⎯⎯⎯

 ⇒ 𝛽 =
ௗି௬೓

௬೟
⎯⎯⎯⎯

Assume 𝜙(𝑥) ∝ 𝑥఑ + ⋯ → 𝑓 ∝ ℎ఑𝑡
೏షഉ೤೓

೤೟
⎯⎯⎯⎯

+ ⋯ ⇒   ⟨𝑀⟩ ∝ 𝜕𝑓/𝜕ℎ ∝ ℎ఑ିଵ𝑡
೏షഉ೤೓

೤೟
⎯⎯⎯⎯

+ ⋯

If at 𝑡 = 0 and ℎ ≠ 0, a FINITE magnatization is expected, one demand  
ௗି఑௬೓

௬೟
⎯⎯⎯⎯⎯ = 0 → 𝜅 =

ௗ

௬೓
⎯⎯ ⇒

ଵ

ఋ
⎯ =

ௗ

௬೓
⎯⎯− 1



○

Susceptibility at h=0: 𝜒 ∝  ∂ଶ𝑓/𝜕ℎଶ ∝ 𝜙ᇱᇱ(0) 𝑡
೏షమ೤೓

೤೟
⎯⎯⎯⎯

 ⇒ 𝛾 = −
ௗିଶ௬೓

௬೟
⎯⎯⎯⎯⎯○

Correlation length: ○
𝑟

𝜉
⎯⎯∼ 𝑟𝑡

ଵ
௬೟
⎯⎯

 ⇒ 𝜉 ∝ 𝑡
ିଵ
௬೟
⎯⎯⎯

 ⇒ 𝜈 =
1

𝑦௧
⎯⎯

Correlation at critical point (𝑡 = 0, ℎ = 0):○

Assume 𝑔൫𝑟𝑡ଵ/௬೟; ℎ𝑡ି௬೓/௬೟ ൯ ∝ ൫𝑟𝑡ଵ/௬೟ ൯
఍

+ ⋯  →   𝐺(𝑟) ∝ 𝑟఍𝑡
അశమ൫೏ష೤೓൯

೤೟
⎯⎯⎯⎯⎯⎯⎯

+ ⋯

If at CEP, a FINITE correlation function is expected, one demand 
఍ାଶ(ௗି௬೓)

௬೟
⎯⎯⎯⎯⎯⎯⎯⎯ = 0 → 𝜁 = −2𝑑 + 2𝑦௛ ⇒ 𝐺(𝑟) ∝ 𝑟ିଶௗାଶ௬೓; 𝜂 = 𝑑 − 2𝑦௛ + 2

Relations among the critical exponents

𝛼 + 2𝛽 + 𝛾 = 2 − 𝑑/𝑦௧ +
2𝑑 − 2𝑦௛

𝑦௧
⎯⎯⎯⎯⎯⎯⎯⎯ −

𝑑 − 2𝑦௛

𝑦௧
⎯⎯⎯⎯⎯⎯⎯ = 2

𝛼 + 𝛽(1 + 𝛿) = 2 − 𝑑/𝑦௧ +
𝑑 − 𝑦௛

𝑦௧
⎯⎯⎯⎯⎯⎯ቆ

𝑦௛

𝑑 − 𝑦௛
⎯⎯⎯⎯⎯⎯+ 1ቇ = 2

𝛼 = 2 − 𝑑𝜈

𝜈(2 − 𝜂) =
1

𝑦௧
⎯⎯(2𝑦௛ − 𝑑) = 𝛾

○

•

Phase Transition - 02 (Criticality)
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