Phase Transition - 02 (Criticality)
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Scaling & Scaling Invariant

« Zooming out = coarse graining (3x3 pixels -> 1 big pixel) + rescaling (1 big pixel -> 1 normal pixel):
Information lost
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« Inverse process
nttps://waifu2x. udp. jo/index. htnl
https://www. zhihu. con/question/5
Side Story (Application of scaling)

Q: How do you justify atomism in acient greece?

A: Differences between atomism & the apeiron scenario:

7185/answer/2431196144

Atomism Apeiron
x1 Transparent liquid with bubbles / waves | Transparent liquid with bubbles / waves
X100 Transparent liquid with bubbles / waves| Transparent liquid with bubbles / waves
x10-0 |Flyingand colliging atoms Transparent liquid with bubbles / waves

1) This world, in general, is NOT scaling invariant.
2) Appearance of anomalous dimension,

zhihy 1217013
systems at critical point
https://www.bilibili.com/video/BV1TT411p77h

© Given a density profile, one can not tell the resolution.
o Distrubution of the cluster size f(x :
Before zooming out: f(1)-100, , f(10)/6(1)=1/20
After zooming out: (1)=100, f(lO) 5 f0/4(1)-1/20
K
ff(m) =g() > f()=Axg(k) =k
© Insight from the video:
Zooming out not only changes the spin density profile, but lso drive the 'temperature' away
from T, effectively.

Critical Opalescence
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* Amplitude
o From source to particle, Aq — g exp ((E W)
o From particle to observer, after scattering with particle k » K’ =K +q
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Notice that:
Density of a single particle located at i* is n(i) = 8 (7' = ")
Density of multiple single particles located at i} is n(i) = ¥, 8 (7 — 7).
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As approaching CEP
o Scattering becomes more forward
o Intensity diverges at CEP.
« Partonic Critical Opalescence
See arXiv:2208. 14297
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Renormalization Group Formalism

Basic Idea:
« Partition function scaling = Effective Hamiltonian after scaling
« Parametersin Hamiltonian varies under scaling
« Existence of fixed point
*+ Nearby the nstable ived pont varying Ve relevant parameter)arecqubvalt ta

varying the thermal t gne otential..) =
Obtain the dependence of partition ncton on he ermal parameters nearbv the unstable fixed point
(critical point). = critical exponents

Examplel: central limit theorem
hi 135500699

Example2: 1-d Percolation model
chpt. 7in (EESIGRMK) —FR. HBEH

Example3: Block Spin RG for 1-D Spin Chain
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« Hamiltonian:
Hlfs:} =

Sre1
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* Partition function (j=]/T; low T-> large j)
z= z —ﬂu,z,_,mw.,
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+ Brojection operater (s’ 5 oe)
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© In this example (b=3), P(s'; {Si-1, 50 141))
Justification:
+ chanceofs;_;
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Sir = —siis

S a e € (upressed)
= Suitable for 1-d only
« Effective Hamiltonian:
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trick: e/5i51 = cosh ] + 5,541 sinh j
Bl = 2 ]_[(cosh J + 583101 51 /) (cOsh ] + S31015342 Sinh [)(cosh j + 5{y1 314 sinh f)
o'
= z ]_[(coshlj + 5{5/y Sinh? ] + linear terms of 53.,,) « vanish after summation
[l

= ]_[4(cosh’/ + sistyysinh? ) = ]_[A(msh/' +sislyysinh ) = AV eZ0sisln

> sistn = N'Ina
Second term: contribution of UV physics

« RGflow of
Acosl 4 cosh? Asinhj’ = 4sinh® j = A = 4,/cosh

BH'TsN

rctanh tanh? j

© Stable fixed pe

o Unstable fixed point/

o No phase transition for 1-D spin chain = Disappearing of order under a certain dimension d;
. d, = 1 for discrete symmetry

2 for continuous symmetry

0 (high temperature)
o (T =0)

. Correlatmnleng{h
(H) f(z) Z=tanhj;z =7

Review on Critical Exponents:
o Heat capacity: € ~ A. It|" (@, = a_, h = 0)
o Order parameter:
= (0)x (~0)F (h=0)

* (O) [V (=0
Susceptibility: y o |¢] 7 (h = 0)
Correlation length: £ o el (h=0)
Correlation EXACTLY @ CEP: G(r) ~ r~(@-2+)
Relaxation: 7 o £ (critical slowing down)

Renormalization Group Formalism

Extension:

chematic Block Spin RG for higher dimension

« RG flow (for single parameter)

o Stable fixed point:

o

o

= 0 (high temperature)
Atlow temperatures, j’ ~ j for 1-d

* Reaso nmsaugnalmommhesameduemon.
=1 ~ jssisndg=alSainadyl, =1 ~

Bl = 1stons = 1) ~ D fsienddg myfSsisaily, oy ~ 37

=1
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* j'> jford > 2> stable fixed point atj
Unstable fixed point j, in middle

+ Flow from unstable fixed point to stable ones.

* Flow slowly around j,
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* RG flow (for multiple parameters)
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Emerge of next-leading terms
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Theoreical (or parameter) space
Evolution arround fixed point
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prices

K = KK,
For K + 6
1)< RG) (m) = RAK™D + R'(KDIOK) = (K} + R (K DIOK)
K"} = R'(K"
After. dmgnanzaam
uj = by
Relevant parameters
0

= #of relevant parameters = # of thermal parameters (=2)
Irrelavant parameters

o

= Critical surface that seperating the parameter space
For ising model:
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Relation with beta function
Consider an infinitesimal scaling:
Variation of length scale: AL =
Beta function: B(K) = 2% =

=K-j (T() dr
Near CEP: E(F)
K7 = 5K — (K + 6K ) ar = 3K — [ (i)
R((K™Y) = I - dAVA((K'D)
IfR'({K"}) is diagonalized
BY=(1+dD)% ~ 1+ydd =1~ dAdg UKD = ¥
; can be calculated perturbatively with field theory I!
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+ 9 (K) - oK + [1-awii

A Bi({K"Y) > eigenvaly

« Free energy persite
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F_1
N = N2

After zooming out, N » N’ = b™4N;
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Since ugg isa CONSTANT, f (urg, (o /)1y ) =
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Correlation function

Generating function Z — Z[A] = Ze%r A()s¢)
#is an AUXILARY & LOCAL magnetic field = &' = bn4
9*InZz[#]
(str)s(r2)) = FRIIAG)
Scaling rule of spin-spin correlation function:

Gt

(%)) - 1613

e of — oy, By((K"D)

ining, u, evolves to a CERTAIN point g besides the fixed point, with ug = b™u, » b" = (ugg /u,)"”
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Consider a CERTAIN point beside the fixed point, with ty = b™tt — b" = (to/t)"/%
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Extension to other observables:
Suppose H =« + X, 0" +

@10, 0, 5 = b4 (o0, ()04 (7) - 0n (),

« Critical Exponents
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Heat capacity: C o« 0% /0t?|
Order parameter:

o X EP0) =2~ dfy,
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= Assume $(x) o x¥ - o f o R¥E 0 4
Ifatt = 0and h # 0,a FINITE magnatization is expected, one demand
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Susceptibility ath=0: y e 9%f /0h? e ¢"(0) ¢
Correlation length:
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Correlation at critical point (t = 0,h = 0):

Assume g(re s hEROE) o (VY 4 o G e

If at CEP, a FINITE correlation function is expected, one demand % =0-(=

Relations among the critical exponents

2d-2y, d-2
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