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A road map towards determining the EOS of dense neutron-rich matter

Heavy-ion Collisions

Gravity Theories

Ground-based 

gravitational wave detectors





Empirical parabolic law of the EOS of cold, neutron-rich nucleonic matter
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symmetry energy

density

Energy per nucleon in symmetric matter

Energy in asymmetric nucleonic matter

Isospin asymmetry δ 

New opportunities

Structures and collisions of heavy-ions

Structures and mergers of neutron stars



Fundamental Microphysics Theories

underlying each term in the EOS ,

what …, why …., where …how

Experimental and Observational Macrophysics 

underlying each observable and phenomenon,

what …, why …., where …how

Empirical parameterizations especially useful for meta-modeling of EOS

Transport model simulations of heavy-ion collisions, energy density functionals for nuclear structures,

Bayesian inferences of EOS, properties of neutron stars, waveforms of gravitational waves, ….

Near the saturation density 𝞺0, they are Taylor expansions, appropriate for structure studies.

Just parameterizations when applied to heavy-ion collisions and the core of neutron stars

Assuming no hadron-quark phase transition



Formation of hot and dense matter 
in energetic nucleus-nucleus  collisions

Simulation as the Third Branch of Science
         (Experiment/observation, theory and simulation)



Basics from standard statistical mechanics textbooks
Particle number conservation → Boltzmann transport Eq. for 1-body density distribution 
function f(r,p,t) in phase space 

Without collisions:  

With collisions:  

Boltzmann transport equation:

Expand to first order in δt, cancel f(r,p,t) on both sides

Truncating the BBGKY hierarchy for N-body correlation functions or density matrices

Neglecting correlations, f2=f(p1)f(p2)

r, p r+δr, p+δp
Newton
motion

t t+δt

Example 2:
L. Kadanoff and G. Baym, 2nd edition
Quantum Statistical Mechanics, 1989

Example 1:
Kerson Huang, 2nd edition,
Statistical Mechanics, 1987



S.J. Wang, B.A. Li, W. Bauer 
and J. Randrup,
Ann. Phys. 209, 251 (1991)





Or just use the Hamiltonian Eq. of motion:



The simplest Skyrme potential still widely used
Much more complicated, isossin-momentum dependent potentials are available

a,b and σ are fixed by (1) Ebin(ρ0)=-16 MeV, (2) P(ρ0)=0 and (3) a specified incompressibility K

K, J0 and Z0 are degenerate, i.e., once K is fixed, 
the other 2 are fixed, leading to confusions ….



The simplest Symmetry energy/potential still widely used

Main feature: neutrons and protons have OPPOSITE 
symmetry potential (balancing the positive Coulomb
potential for protons, just as the Coulomb energy and 
symmetry energy in the mass formula are balancing 
each other in determining the beta-stability line

n/p









Imaging the initial condition of heavy-ion collisions and nuclear structure 
across the nuclide chart, arXiv:2209.11042v1, B. Bally et al.

Examples:  deformation, neutron-skin in coordinate, proton-skin in momentum,  
short-range correlation, bubbles in nuclei…

MANY interesting issues related to nuclear structure in the initial state!

Separating the Impact of Nuclear Skin and Nuclear Deformation in High-Energy Isobar Collisions

Jiangyong Jia, G. Giacalone, and Chunjian Zhang PRL 131, 022301 (2023)

Evidence of Hexadecapole Deformation in Uranium-238 at the Relativistic Heavy Ion Collider, 

W. Ryssens, G. Giacalone, B. Schenke and Chun Shen, PRL 130, 212302 (2023) 

Evidence of quadrupole and octupole deformations in 96Zr+96Zr and 96Ru+96Ru collisions at ultra-relativistic 

energies, Chunjian Zhang, Jiangyong Jia, PRL 128, 022301 (2022)

Impact of Nuclear Deformation on Relativistic Heavy-Ion Collisions, 

G. Giacalone, Jiangyong Jia and Chunjian Zhang, PRL 127, 242301 (2021)

https://arxiv.org/search/nucl-ex?searchtype=author&query=Bally%2C+B
https://inspirehep.net/literature/2098213
https://inspirehep.net/literature/2636740
https://arxiv.org/search/nucl-th?searchtype=author&query=Zhang%2C+C
https://arxiv.org/search/nucl-th?searchtype=author&query=Jia%2C+J
https://inspirehep.net/literature/1861834


MANY interesting issues!
G.F. Bertsch and S. Das Gupta
Phys. Rep. 160, 189 (1988)



B.A. Li and C.M. Ko,
PRC 52 (1995) 2037







Super-strong magnetic field formation in heavy-ion collisions

In sub-Coulomb barrier U+U collisions, the magnetic field 

B is on the order of 1014 G

J. Rafelski and B. Muller, PRL 36, 517 (1976)

In off-central Au+Au collisions at RHIC,

D. Kharzeev, L. McLerran and H.Warringa, NPA803:227 (2008)



Terrestrial laboratory to study properties of nuclear matter under extreme magnetic field 

Li Ou and Bao-An Li, Physical Review C84, 064605 (2011)



high density region is more neutron-rich with 
soft symmetry energy

2( , ) ( ,0) ( )symE E E    = +

Effects of symmetry energy on isospin fractionation

n/p spectrum ratio 

of pre-equilibrium 

emission probing 

neutron-proton 

effective mass 

splitting 

π -/π + ratio at freeze-out and

neutron-proton differential flow

probing high-density Esym 

Bao-An Li, Phys. Rev. Lett. 88 (2002) 192701

The density dependence of 

isospin asymmetry in neutron

stars and heavy-ion reactions 

are similar









Probing the symmetry energy at supra-saturation densities  

• π -/π +, n/p ratio of squeezed-out nucleons

•Neutron-proton differential flow

•Neutrino flux of supernova explosions

• Strength and frequency of gravitational waves

Clarifying effects of the completely unknown isovector potential for Delta(1232) 

resonances

NN→ NΔ

N+π



Taken from Horst Lenske, 2014



U0(Δ) is 0-30 MeV deeper than U0(N) at ρ0 from e+A, π+A and γ+A 

scattering,  but nothing is known about the U1(Δ)



In the pi-N molecule model, assuming pions have no mean-field,the Delta 

isovector potential is linked to the nucleon isovector potential 

Bao-An Li, PRL88, 192701 (2002) and NPA 365 (2002)  

To study effects of the completely unknown Delta isovector potential, multiply the

above with a Delta-probing-factor: 



Symmetry potential of Δ(1232) resonance and its effects on the π−/π+ ratio in heavy-ion 
collisions near the pion-production threshold, B.A. Li, PRC 92 (2015), 034603

https://inspirehep.net/literature/1382557
https://inspirehep.net/literature/1382557


Delta isovector potential has NO effect on the high-energy spectrum!



In-medium Delta width, H. Lenske et al. Delta lifetime and mass distribution 

in Au+Au collisions at b=0

High-mass Delta produced in energetic collisions dies too quickly 

to feel any mean-field effect!

WHY?



Transport model comparison studies of intermediate-energy heavy-ion collisions
TMEP Collaboration, Hermann Wolter et al. Prog. Part.  Nucl. Phys. 125 (2022) 103962

Recent Review: 

White Papers for 2023 US Nuclear Physics Long Range Plan:

Long Range Plan: Dense matter theory for heavy-ion collisions and neutron stars
Alessandro Lovato et al., 2211.02224 [nucl-th]

Dense Nuclear Matter Equation of State from Heavy-Ion Collisions
Agnieszka Sorensen et al., 2301.13253 [nucl-th]

https://inspirehep.net/literature/2032029
https://inspirehep.net/literature?q=collaboration:TMEP
https://inspirehep.net/authors/1029598
https://inspirehep.net/literature/2176696
https://inspirehep.net/authors/1074578
https://arxiv.org/abs/2211.02224
https://inspirehep.net/literature/2628382
https://inspirehep.net/authors/1274432
https://arxiv.org/abs/2301.13253


A road map towards determining the EOS of dense neutron-rich matter

Heavy-ion Collisions

Gravity Theories

Ground-based 

gravitational wave detectors



*1.44 1013 G

Formation of neutron-star matter in terrestrial nuclear laboratories
Li Ou and Bao-An Li, Physical Review C84, 064605 (2011)

Highly-magnetized high-density matter  is formed in heavy-ion reactions







1st Law of thermodynamics: 
dU=Tds-PdV+μdN, E=U/N, ρ=N/V→

EOS of cold matter: P(ρ) or P(ρE) for studying neutron stars
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