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Equation of State: a relationship among several state variables

Van Der Waals EOS:  [p + a(n—)2](v —~nb) = nRT
v
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» The EOS depends on the interactions
and properties of the particles in the matter.
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Empirical parabolic law of the EOS of cold, neutron-rich nucleonic matter

symmetry energy

Isospin asymmetry &

¢ Early Universe The Phases of QCD
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Fundamental Microphysics Theories Experimental and Observational Macrophysics
underlying each term in the EOS “ underlying each observable and phenomenon,
what ..., why ...., where ...how what ..., why ...., where ...how

\ /

Empirical parameterizations especially useful for meta-modeling of EOS

Transport model simulations of heavy-ion collisions, energy density functionals for nuclear structures,
Bayesian inferences of EOS, properties of neutron stars, waveforms of gravitational waves, ....

E(p,0) = Ey(p) + Equlp) - 0*  Assuming no hadron-quark phase transition

Kofp—p\  Jofp—pm\ |, Zofp—po\"
E = E .
ol2) ool + 3 ( 30 + G ( 30 + 24\ 3,

Eqym(p) = Esym(po) + = (£ —1) + Xom (£ _4 e Yiol(2oa)
v v 3 \ pg 18 \ p, 162\ po o

Near the saturation density p, they are Taylor expansions, appropriate for structure studies.
Just parameterizations when applied to heavy-ion collisions and the core of neutron stars




Simulation as the Third Branch of Science
(Experiment/observation, theory and simulation)

Formation of hot and dense matter
in energeticnucleus-nucleus collisions



Basics from standard statistical mechanics textbooks

Particle number conservation = Boltzmann transport Eq. for 1-body density distribution
function f(r,p,t) in phase space

Without collisions:  f(r +vé,p + For, ¢+ 8t) = f(r,p, 1)

p t
With collisions: [f(r+v8t,p+F8t,t+8t)]= f(p 1) + (—é{) Yy tot
coli

I Example 1:
- dto f derin & £ both sid Kerson Huang, 2" edition,
xpand to first order in 6t, cancel f(r,p,t) on both sides Statistical Mechanics, 1987

l

N Al
Boltzmann transport equation:| 7> + — *V, + F* ¥ r.o ty=| —
P q 31‘ m [ o p &p} 31‘ o
Example 2:
L. Kadanoffand G. Baym, 2" edition Neglecting correlations, f,=f(p,)f(p,)

Quantum Statistical Mechanics, 1989

Truncatingthe BBGKY hierarchy for N-body correlation functions or density matrices



Hadronic transport equations for the reaction dynamics of nucleus-nucleus collisions:

Baryons: s + 2w, I5— V U,V oJp = I} Uy is the mean-field potential
ot E, for baryons

—_—

. 6fm k B.vA m o .
Mesons: + —vV.f, =T + I, The phase space distribution

ot E . .
o : m — | functions, mean fields and
An example: lisi i | I
Collision integral /7 : changing rate of pion phase colfisions In egra Sarea
space distribution [ (7, 5, ¢) due to baryon-pion scat- iSOSpin dependent
terings
Lzp)  Lu(zk) Simulate solutions of the coupled transport
/7 . - .
. y equations using test-particles and Monte Carlo:
A>T+ N 1
i fr.p.)=—> 8(r—r)5(p-p,)
N, 5
Jo(=p
o The evolution of f(r, p.?) is followed
i ”"‘N—)A on a 6D lattice
Solzp) J«(=zk)
IE (%K) Bao-An Li, Wolfgang Bauer and George F. Bertsch, Phys. Rev. C44, (1991) 2095.
w / ‘.[ ‘1 ’ ‘I ._/\ (‘5[ l) A“ ] - P
6=/ J E.(p)E. (7) el op, g ork) - P K)o PaPp

(1 + f~(rk))f (xp')(1 — fa(zp)) (gain)
fe(zk) fa(xzp)(1 — for(@p'))] (loss) S.J. Wang, B.A. Li, W. Bauer
Main features: and j- RandrUp,
Pauli bolcking (1- f4) for Fermions and Bose enhancement (1+ f,) Ann. Phys 209, 251 (1991)

for bosons are included.



A one-component model based on the Boltzmann-
Uehling-Uhlenbeck (BUU) transport theory

a —e — —.

a—{-i—iv'- Y, f — V. U(p) - Vof
d*py dPps dPpo N - -

- 5= (2:;9 P2 012012(27)2 6% (5 + B — Py — Pw)

x{fu fa (1—=F) (1= f2) — f f2(1— fur) 1 — far)}

e fi(¥, P, t) : probability density of finding particle
i at position r and momentum p at time t,
the density distribution p(7,t) = s f(+, p, t)dp

e left: convection terms in 7 and P space

e U(p) : mean field potential, determined by the
equation of state.

e right: changing rate of f due to particle-particle
scatterings with cross section o, at relative velocityv;,

e Pauli blocking for Fermions in the collision in-
tegral:

(1= £)(1— f2) and (1 — fir)(1 — fa).




Solving the coupled, partial-differential-integral equations
for a many-particle system using testparticle approach

e Discretizing the continuous distribution func-
tion f(7,p,t) using testparticles
. Vf-TEGr r)3(p-p)
f(7,5,t) = 17 3 6(F — 7)6(F — Br) =)
. Vi3 28003 p)

where IV, ~ 102 is the number of testparticles per nucleon.
P | &

e Equations of motion of test particles __TE( 5'(r-1)8(p- p! 5(,._”5:“,_};
dp: Sy =i . *'
B o —%.U(p) + 5 B3, ) 1
J
- B d f
dr; Pi P
—_— = = mmm |-+ 'V, +F 9, )f(rp1)=| =
i - E (3r m )f( P 1) (a: ol
e Simulator equations Or just use the Hamiltonian Eq. of motion:
pi(t + 6t) = pi(t) — 6tV,U(p) + X 6p:(i, 5) vu
J P r
PSR (P 1 P
r:(t + §6t) = (¢ 26t) + &E,- and
o b :_ P
where i,j7 = 1,--- N; X (-4projectile + Atargct) r= m +V,U.

e Monte Carlo sampling the collision terms x; §5;(7, j)
using experimental nucleon-nucleon elastic scat-

tering cross sections and their anglular distri-
butions

e p(I.,I,,I.) and 6',.U(p) are evaluated on a L. x
L, x L, =20 x 20 x 25 lattice of 1 fm?® cubes.



The simplest Skyrme potential still widely used

Much more complicated, isossin-momentum dependent potentials are available

Valp.d) = alp/po) +b(p/po)” + Vi (0,0) + Veouiomb-

a,b and o are fixed by (1) E.;,(pg)=-16 MeV, (2) P(py)=0 and (3) a specified incompressibility K

K 4+ 44.73 EOS of symmetric matter
= —29.81 —46.90 MeV),
) K — 16632 V) 5 e e e
K + 255.78 q
b o= 23452 (v, | —
K — 166.32 - Y .
K +44.73 : | F
21105 -
K, Jo and Z, are degenerate, i.e., once K is fixed,
the other 2 are fixed, leading to confusions .... IR IR
dE 2 — Jo p— Zo p—
P(p) :pi‘ U(p) _ P [Rr(p pU)Q + 0,pP 0 3_|_ 0,pP pﬂ)cl}'

dp P — Po 3P0 2" 3po 6 3po



Symmetry energy

Esvm(p) - Esym(po )u"{ >

u=p/p,

The simplest Symmetry energy/potential still widely used

Symmetry Potential Symmetry Potential
a(pEgj,tn ) 60 +—r ' v ' ’ '
Vsm (P.»S) = ap (a)5=0.2 4 (b)5=04 ,
n/p - 404 — 05
=+2[E__(p,)u’ —12.7u*?]5 | s
) neutrons

+[E (P )(y —Du’ +4.2u*°8°

o (MeV)

Main feature: neutrons and protons have OPPOSITE =
symmetry potential (balancing the positive Coulomb>
potential for protons, just as the Coulomb energy and
symmetry energy in the mass formula are balancing
each other in determining the beta-stability line
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Nucleon-nucleon cross sections in free-space
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Attempts you may not approve, suggestions are more than welcome

Initialization procedures:
(1) r-space: distribute n and p according to

predictions by structure models**, e.g., RMF

(2) p-space: using local Thomas-Fermi
(3) check stability
25—
20F
15
1.0F

——
RMF (TM1) k

112
Sn

** Trade-off: drawbacks/advantages
 The initial state may not be the ground
state corresponding to the effective
interactions used in the subsequent
reactions.

*None of the existing transport models can
generate the initial nucleon density profiles
BETTER than dedicated structure models

for radioactive nuclei, and there is no data

to constrain the neutron density profiles.

« If one insists on using the same effective
interactions in generating the initial state
and carrying out the subsequent reactions,
it is then hard to tell whether differences in
final observables obtained from using
different interactions, e.g., symmetry
energies, are from the different initial states
or from the reaction dynamics.

A compromise has to be made before
better approaches are found



Initialization in phase space (7,7)

e Initial momentum due to Fermi motion

P = PF(XI)I/S
cosh = 1—2X,
¢ = 2ﬂ’X3

where X; = Ran(Iseed), i=1,2,3 and Pr = 270 MeV /c.

Pz P - sinf - cosg
py = P -sinf-sing
P = P -cos@

400

e Initial coordinates

Replace Prp with Ry = 1.2AY3 and P with R to generate
(x,y,z) coordinates.




MANY interesting issues related to nuclear structure in the initial state!

Tp Tp Q'p
e(z,y)
hydro el
/p,,\ | — —
N
Constraints from :: Constraints from
nuclear structure Initial condition Heavy ion observables

Imaging the initial condition of heavy-ion collisions and nuclear structure
across the nuclide chart, arXiv:2209.11042v1, B. Bally et al.

Examples: deformation, neutron-skinin coordinate, proton-skinin momentum,
short-range correlation, bubbles in nuclei...

Separating the Impact of Nuclear Skin and Nuclear Deformation in High-Energy Isobar Collisions
Jiangyong Jia, G. Giacalone,and Chunjian Zhang PRL 131, 022301 (2023)

Evidence of Hexadecapole Deformation in Uranium-238 at the Relativistic Heavy lon Collider,
W. Ryssens, G. Giacalone, B. Schenke and Chun Shen, PRL 130, 212302 (2023)

Evidence of quadrupole and octupole deformationsin 96Zr+96Zr and 96Ru+96Ru collisions at ultra-relativistic
energies, Chunjian Zhang, Jiangyong Jia, PRL 128, 022301 (2022)

Impact of Nuclear Deformation on Relativistic Heavy-lon Collisions,
G. Giacalone, Jiangyong Jia and Chunjian Zhang, PRL 127, 242301 (2021)



https://arxiv.org/search/nucl-ex?searchtype=author&query=Bally%2C+B
https://inspirehep.net/literature/2098213
https://inspirehep.net/literature/2636740
https://arxiv.org/search/nucl-th?searchtype=author&query=Zhang%2C+C
https://arxiv.org/search/nucl-th?searchtype=author&query=Jia%2C+J
https://inspirehep.net/literature/1861834

Modeling Particle - Particle Collisions

//Plr ‘P\ \.Vlll P, and P, collide during the
2 time interval 5t ?
. . . G.F. Bertsch and S. Das Gupta
MANY interesting issues! Phys. Rep. 160, 189 (1988)
e Before the collision: Calculate the E_,..(p1, p2), look

up a nuclear database to get the corresponding collision
cross section oys.

e Collision criteria:
1. If 712 < (= \/(012/ 7, is the geometrical collision ra-
dius).
2. If p; and p2 will pass their closet approach r. in ét.

e During the collision: Determine the reaction channel

If X < Oclastic/ (Telastic + Tinelastic) = elastic collision
else inelastic collision == further branching.

e After the collision:

1. Find the final momenta p} and p}

2. Generate the outgoing angles using f(cos@)

Example: to generate 8, X = ﬁﬁ%ﬁ:ﬁ%ﬁiﬁ:ﬁ

3. Generate masses for various resonances (A, N*, p,w, - - -)
using F(mass) and rejection method.

4. Assign new positions for p!, p5 and newly created par-
ticles.

n

Check quantum statistics (Pauli blocking) of final states



Inelastic baryon-baryon collisions included in ART:

B.A. Liand C.M. Ko,
PRC 52 (1995) 2037

NN «— NA,

NN « NN7™(1440),
NN « NN*(1535),
NN «— AA,

NN «— ANT(1440),
NN — NNop,

NN — NNw,
NN — AAm,

NN — AAp,

NN — AAw,

NA « NN7™(1440),
NA « NN=*(1535),
AA «— NNT(1440),
AA «— NNT(1535),
AN7*(1440) «— NN*(1535),

and those producing kaons:

NN — NAD)K,
NN — AA(D)K,
NR — NA(D)K,
NR — AA(D)K,
RR — NA(D)K,
RR — AA(D)K,

where R is A, N*(1440) or N*(1535).

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

(16)
(17)
(18)
(19)
(20)
(21)




Meson-baryvon collisions:

1. elastic:
TN «— A(N™)
nIN «— IN*(1535)
KN — KN

2. Inelastic:
N — Ax, +[Np, Ap, N]
TN — AX)K

7t — 7t collisions:

1. elastic: 7w — 7t

2. inelastic 7w — Kt K—



X (fm)

Motion of Test Particles in the Reaction Plane
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Super-strong magnetic field formation in heavy-ion collisions

In off-central Au+Au collisions at RHIC,
D. Kharzeev, L. McLerran and H.Warringa, NPA803:227 (2008)

17 5 € 3
10 Gauss B \ _
Strongest magnetic g |
A
£

field ever achieved
in the lab.

In sub-Coulomb barrier U+U collisions, the magnetic field
B is on the order of 1014 G
J. Rafelski and B. Muller, PRL 36, 517 (1976)



Terrestrial laboratory to study properties of nuclear matter under extreme magnetic field

Model

The Boltzmann-Uhling-Uhlenbeck transport equation including elec-
tomagnetic fields:

Jd P

=+ =V = (VoU —qu x B - qEJVP} frp,) =I(r,p,8). (1)
Electric and magnetic field strength with Liénard-Wiechert potentials
and the retardation effect are calculated according to

Ert) = Yz, S=%  _(m _Ru); Q
e r, = 4??5[]; ﬂ(CRﬂ—Rn"Uﬂ}S(C - Un )i (.)

o2 2 _ 2
B(r,t) = Zn n
eB(r,t) 41‘TE|]CZ“: (R — Ry - Un)®

vy % Ry, (3)

R, = r—r,, 7, is the position vector of particle, v, is particle velocity.
v, and R,, are taken at the retarded time t,, =t — |r — 7] (t:s)].

10 —

L DL L
500 MeV/u Au+Au-
b= 0 fm
— = 2 M) |
—h= 5 fm-
— b= 8 fr_

b=10 fm
— h=12 fm ™
b=15 fra_

¥

eB (0) (10" Gauss)

t (fm/c)

Li Ou and Bao-An Li, Physical Review C84, 064605 (2011)



Effects of symmetry energy on isospin fractionation

n/p spectrum ratio
of pre-equilibrium
emission probing
neutron-proton
effective mass
splitting

E (P} (MeV)

0

40
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0.35
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0.20

015

| 132

0.10

60 |

Symmetry energy

Direct URCA limit

124

Sn+“8n, E,, /A=400 MeV
I b=1fm, t=20 fm/c

0.5

1

p/p,

E(p,6)=E(p,0)+E,,,(0)5"

high density region is more neutron-rich witt
soft symmetry energy

The density dependence of
ISospin asymmetry in neutron
stars and heavy-ion reactions
are similar

n /= * ratio at freeze-out and
neutron-proton differential flow
probing high-density Eg,

Bao-An Li, Phys. Rev. Lett. 88 (2002) 192701



Symmetry energy and single nucleon potential used in the IBUUO04 transport model
80 .

| MDI Interaction The x parameter is introduced to mimic

” ._i" 1 various predictions by different microscopic
I Nuclear many-body theories using different
Effective interactions

00 ©05 10 15 20

Density p/pg
Single nucleon potential within the HF approach using a modified Gogny force:
g -1
U(p.S,p,t,x) = A”(x)p" + A4,(x) Py +B(L)"(l—x52)—8rx g _p —3p .
Po Po Po c+1l p,
2 ' 2C . ; !
+ r,rJ.d3p| fr(r~]')’) ’+ T.T Id3pu fr(r~]')w) .
Po L+{p—p )i A" Po 1+(p— p°)y {A°
2 2 By
r.r' = il,A,(x) s, g R A (x)=-96— =g K, =211MeV
2 c+1 o+1

The momentum dependence of the nucleon potential is a result of the non-locality
of nuclear effective interactions and the Pauli exclusion principle

C.B. Das, S. Das Gupta, C. Gale and B.A. Li, PRC 67, 034611 (2003).
B.A. Li, C.B. Das, S. Das Gupta and C. Gale, PRC 69, 034614; NPA 735, 563 (2004).
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Momentum and density dependence of the symmetry potential Um,p X Uisosmlm, T ULanQZE
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Lane potential extracted from n/p-nucleus scatterings and (p,n) charge exchange reactions
provides only a constraint at p,:

ULane = (Un _Up)/25 = I/1 _gR .Eh'n’
V[ 28+6MeV, &, ~0.1-02

for E;, < 100 MeV NAlthough the uncertainities are large, NOT a
P.E. Hodgson, The Nucleon Optical Model, single experiment was analyzed assuming
World Scientific, 1994 the symmetry potential would INCREASE
G.W. Hoffmann et al., PRL, 29, 227 (1972). with energy because then the errors will be
G.R. Satchler, Isospin Dependence of Optical even larger

Model Potentials, 1968



Nucleon effective k-masses during heavy-ion reactions
B.A. Li and L.W. Chen, Phys. Rev. C72, 064611 (2005).

* 1
m
r — [1 + m. oU ]—1 “2Sn+'“Sn, E/A=50 MaV, b=5 fm
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Probing the symmetry energy at supra-saturation densities
« t-/m*, n/p ratio of squeezed-out nucleons
*Neutron-proton differential flow

*Neutrino flux of supernova explosions

» Strength and frequency of gravitational waves

Clarifying effects of the completely unknown isovector potential for Delta(1232)
resonances

NN-> NA

N\

N+1T



QCD Aspects of Resonances:

* hadronic (soft scale) molecular-type components |[N.>
* QCD (hard scale) confined components |N, >

‘N*> :‘f"l.i";>+‘f"nf;:>=:4i:1|1r.mE"s'}+J.f2 |ng}+x3|qqg}®|q§>+...

meson cloud

»

core

|N;) = |MB) IN,) = lgqq) + Im.c.)

Strong Medium Dependence Weak Medium Dependence

Taken from Horst Lenske, 2014



Delta Self-Energy in Nuclear Matter

Direct Self-energy > Polarization Self-Energy >
Hartree-Potential dispersive (optical) potential

E. Oset, LL. Salcedo, NPA 468 (1987) 631; G.E. Brown, W. Weise, Phys. Rept. 22 (1975) 279

Uy(A) is 0-30 MeV deeper than Uy(N) at p, from e+A, m+A and y+A
scattering, butnothingis known aboutthe U;(A)



In the pi-N molecule model, assuming pions have no mean-field,the Delta
Isovector potential is linked to the nucleon isovector potential

Bao-An Li, PRL8S8, 192701 (2002) and NPA 365 (2002)

Vasy(A7) = Vasy(n),
2 1 1

vasy(8%) = Zvasy() + 3020y (p) = sy (),
1 2 1
Vaey (A*) = Zvasy(m) + S0asy(p) = 3V ().

Vasy(ATF) = iy (p) = —vasy ().

To study effects of the completely unknown Delta isovector potential, multiply the
above with a Delta-probing-factor:
fa =1, 3 and 6



Symmetry potential of A(1232) resonance and its effects on the m—/mt+ ratio in heavy-ion

collisionsnear the pion-productionthreshold, B.A. Li, PRC 92 (2015), 034603

T/n
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https://inspirehep.net/literature/1382557
https://inspirehep.net/literature/1382557

- Au+Au, b=0
10+ E,.. /A=200 MeV
’] —e—f =1 (Lietal)
*] —e— f =3 (Maheswari et al.)
7 —e—f=6
G -
+ i Fluj=u
£
B 44
3 -
2 =
1' H—__5'-::;-;‘;."_-—._h_:_:__:__:______-I
0 | T 1 Ll | T | T T T T
0 50 100 150 200 250
Ehén (ME‘V)

Delta isovector potential has NO effect on the high-energy spectrum!



In-medium Delta width, H. Lenske et al.
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High-mass Deltaproduced in energetic collisions dies too quickly

to feel any mean-field effect!

P(m )(arb. unit)



Recent Review:

Transport model comparison studies of intermediate-energy heavy-ion collisions
TMEP Collaboration, Hermann Wolter et al. Prog. Part. Nucl. Phys. 125 (2022) 103962

White Papers for 2023 US Nuclear Physics Long Range Plan:

Long Range Plan: Dense matter theory for heavy-ion collisionsand neutron stars
Alessandro Lovatoet al., 2211.02224 [nucl-th]

Dense Nuclear Matter Equation of State from Heavy-lon Collisions
Agnieszka Sorensen et al., 2301.13253 [nucl-th]



https://inspirehep.net/literature/2032029
https://inspirehep.net/literature?q=collaboration:TMEP
https://inspirehep.net/authors/1029598
https://inspirehep.net/literature/2176696
https://inspirehep.net/authors/1074578
https://arxiv.org/abs/2211.02224
https://inspirehep.net/literature/2628382
https://inspirehep.net/authors/1274432
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Formation of neutron-star matter in terrestrial nuclear laboratories
Li Ou and Bao-An Li, Physical Review C84, 064605 (2011)

Highly-magnetized high-density matter is formed in heavy-ion reactions
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Neutron-proton effective k-mass splitting

In neutron-rich matter at zero temperature

0.8 T

With the modified Gogny effective interaction



Equation of State of symmetric nuclear matter is relatively well determined
after 30 years of hard work of many people in the nuclear physics community

P. Danielewicz, R. Lacey and W.G. Lynch, Science 298, 1592 (2002).
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Development and applications of Transport Theory

1. Development of transport models
Transport codes often implement extra physical assumptions and dynamical
mechanisms which go beyond the equations used to motivate their designs. These
algorithms often undergo evolutions with time as we make progresses in our R&D
efforts and also as our needs for including new processes arise. They may involve
many phenomenological parameters which are not all well experimentally constrained
yet because of the lack of the relevant experimental data, and some of them
are exactly what we want to infer because they can not be measured directly.

2. Applications of transport models
Widely used in astrophyics, plasma physics, semiconductor and nanostructures,

particle and nuclear physics, nuclear stockpile stewardship.



Isospin-dependence of nucleon-nucleon cross sections
In neutron-rich matter

. . in neutron-rich matter
The effective mass scaling model: O-medr'um/o- ee
;. A3 at zero temperature
Hyn '
O-medfum O-ﬁ'ee e 1 0.8: \ om0 2, |:!IpF‘I
NN .
P *  is the reduced effective mass of the aal|
NN colliding nucleon pair NN o |
valid for p <2p, and relative momenta <240 MeV/c o2

according to Dirac-Brueckner-Hatree-Fock calculations
F. Sammarruca and P. Krastev, nucl-th/0506081; 1

Phys. Rev. C73, 014001 (2005) . o |
Applications in symmetric nuclear matter: fos |
J.W. Negele and K. Yazaki, PRL 47, 71 (1981) Qi [
V.R. Pandharipande and S.C. Pieper, PRC 45, 791 (1992) ") op
M. Kohno et al., PRC 57, 3495 (1998) 6%

D. Persram and C. Gale, PRC65, 064611 (2002). 0 02 04 08 08 1

Application in neutron-rich matter: / '

nn and pp xsections are splitted due to =
the neutron-proton effective mass slitting bal

Bao-An Li and Lie-Wen Chen, nucl-th/0508024, 04
Phys. Rev. C72, 064611 (2005). [
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