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• What is the dark matter? 

• What is the nature of the dark energy? 

• How did the universe begin? 

• What is gravity? 

• Are there additional spacetime dimensions? 
• What are the masses of the neutrinos, and how have   

   they shaped the evolution of the universe? 

• How do cosmic accelerators work and what are they 

  accelerating? 

• Are protons unstable? 
• Are there new states of matter at exceedingly high  

  density and temperature? 

• How were the elements from iron to uranium made? 

• Is a new theory of matter and light needed at the 

  highest energies? 

Connecting Quarks with the Cosmos: 

Eleven Science Questions for the New Century 

US National Research Council (2003)

(1) Compact stars are natural laboratories to investigate some of these questions

(2) Nuclear EOS, especially the high-density symmetry energy is important in some cases



Contents and stiffness of the EOS of super-dense matter
At high-densities, cold neutron-rich nucleonic matter, the most uncertain part 

of the EOS is the nuclear symmetry energy besides possible phase transitions

Strong-field gravity: Einstein’s GR or Modified Gravity?

?

?

Supermassive neutron stars

Gravity-EOS degeneracy in supermassive neutron stars

GR or [Modified Gravity]?

Adjusting Nuclear EOS 

or adding [Dark Matter]+[Dark Energy]+xyz?
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Variation of Total Action 

S=Sgravity+ Smatter + couplings
? 

Independent information about nuclear EOS from terrestrial experiments is critical



Fundamental Microphysics Theories

underlying each term in the EOS ,

what …, why …., where …how

Experimental and Observational Macrophysics 

underlying each observable and phenomenon,

what …, why …., where …how

Empirical parameterizations

Transport model simulations of heavy-ion collisions, energy density functionals for nuclear structures,

Bayesian inferences of EOS, properties of neutron stars, waveforms of gravitational waves, ….

Near the saturation density 𝞺0, they are Taylor expansions, appropriate for structure studies.

Just parameterizations when applied to heavy-ion collisions and the core of neutron stars

“Current” status of the restricted EOS parameter space:

Assuming no hadron-quark phase transition



Probes of the EOS of symmetric nuclear matter

• Collective vibrations of nuclei probing the incompressibility
 K around ρ0

• Particle production especially strange particles (e.g., Kaons)
 from heavy-ion collisions

• Collective flow of various particles & clusters probing K 
    around ρ0 and high-density EOS with the caveat that they 

 are also sensitive to the poorly known viscosity 
  (in-medium particle-particle scattering cross sections)

MANY interesting issues! 
The K from different approaches may be different





Along the saturation line of infinite isospin-asymmetric matter

Derivations:
Step-1: Taylor expand the EOS in isospin asymmetry δ

Step-2: Taylor expand all coefficient in density deviation z 

Step-3: Apply the saturation condition at a given δ

Step-4: try the polynomial solution with 

Step-5: set all coefficients of δ2n to zero

L.W. Chen, B.J. Cai, C,M. Ko, B.A. Li, 
C. Shen and J. Xu, PRC 80, 014322 (2009)



Examples: binding energy, 
saturation density and 
incompressibility

alone the saturation line of 
neutron-rich matter

• K. Kolehmainen et al., NPA 439, 535 (1985).

• J. Treiner et al., Ann. Phys. (N.Y.), 170, 406 (1986).

• D. Bandyopadhyay et al., NPA511, 1 (1990).

Predictions using Skyrme Hartree-Fock



The main source of the remaining uncertainty of K0 (K∞) from giant resonances: Its 
correlation with the poorly known isospin dependent term K𝜏 in the incompressibility KA of 
finite nuclei
J. Colo, N. Van Giai, J. Meyer, K. Bennaceur, and P. Bonche, PRC 70, 024307 (2004). 

the K𝜏 term

data range

Along the saturation line of finite nuclei:

J.P. Blaziot, Phys. Rep. 64, 171 (1980) 

 

X. Roca-Maza and N. Paar, PPNP 101, 96 (2018)
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Isoscalar Excitation Modes of Nuclear Resonance
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 Isoscalar Giant Resonances: 
 

Isospin dependence of incompressibility

550 100 MeVK = − 

G. Colò, U. Garg, H. Sagawa, Eur. Phys. J. A 50, 26 (2014)

Nothing conclusive about Ksym

Lecture by a pioneer at NUSYS23

Prof. Mohsen Harakeh

http://lanl.arxiv.org/find/nucl-th/1/au:+Colo_G/0/1/0/all/0/1
http://lanl.arxiv.org/find/nucl-th/1/au:+Garg_U/0/1/0/all/0/1
http://lanl.arxiv.org/find/nucl-th/1/au:+Sagawa_H/0/1/0/all/0/1


The soft-tin ``puzzle’’: both relativistic and non-relativistic models that well

describe the ISGMR of 208Pb can NOT reproduce the data of Sn isotopes 

Two relatively recent reviews: 

U. Garg and G. Colo, PPNP 101, 55 (2018)

The community “consensus”: Using microscopic models to first describe well all data 
of finite nuclei before using them to calculate the incompressibility K0 (K∞) of infinite matter

The reality: such models do NOT exist, none of the available models can describe all data.

                   Moreover, not all data for the same nuclei from different labs are consistent

The status quo: the K0 (K∞) range of 220-260 MeV has been the same for about 40 years 

My possibly biased and offending (I am very sorry!) observations:

X. Roca-Maza and N. Paar, PPNP 101, 96 (2018)

Fiducial value of K0 since 1980: 220-260 MeV

The challenge: the 30-40 MeV error bar for K0 (K∞) is too big for many purposes

The need: “Forget” about the “consensus” to break the status quo





Bao-An Li and Wen-Jie Xie, Phys. Rev. C 104, 034610 (2021)

Differential analysis of incompressibility in neutron-rich nuclei

U. Garg and G. Colo, PPNP 101, 55 (2018)

All from
RCNP
Garg et al

Using KA of any two nuclei (Z1,A1) and (Z2,A2)

Errors: smallest with one n-rich and another n-poor



Bao-An Li and Wen-Jie Xie, 
Phys. Rev. C 104, 034610 (2021)

Soft Sn or Hard Pb puzzle?
J. Piekarewicz and M. Centelles, PRC 79, 054311 (2009)
E. Khan, PRC 80, 011307 and 057302 (2009)

(1) Pb has only 3 points and all with large errors, needs more data for Pb isotopes
(2) Pb appears harder because its K𝞽 is much higher while its K∞ is consistent with Sn
(3)  Pairs with the largest difference in isospin asymmetry is the best (smallest error)
(4) Ca isotopes are probably too light for the liquid drop formula to work properly

(5)Sn looks normal than Pb compared to other nuclei



Bao-An Li and Wen-Jie Xie, Phys. Rev. C 104, 034610 (2021)

(1) Varying the surface (c) and/or Coulomb (kcou) by 40%  has little effect on K𝞽
(2) Varying the surface (c) parameter by 40% leads to 210 < K∞ < 240 MeV

Surface and Coulomb effects



208Pb-TAMU

120Sn
208Pb-RCNP

208Pb-RCNP+n-skin from PREX-II

Bayesian inference of K0 from combined data of centroid energy and electrical 

Polarizability of IVGDR, n-skin, and centroid energy of ISGMR using SHF+RPA

Fiducial value of K0 since 1980: 220-260 MeV

Jun Xu, Zheng Zhang and Bao-An Li, 
Phys. Rev. C104, 054324 (2021)
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G. Colò, L. Cao, N. Van Gia, and L. Capelli, Comput. Phys.Commun. 184, 142 (2013).

https://arxiv.org/abs/2107.10962
https://arxiv.org/abs/2107.10962


C. Fuchs et al., PRL 86 (2001) 1974
C. Hartnack et al., PRL 96 (2006) 012302

K=380

Constraints on K from Kaon production in heavy-ion collisions

Indication: the incompressibility K should be less than 200 MeV
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Rapidity y

PT

Momentum P=(px,py,pz)=(pT,y)

Highly 
relativistic

pseudo-rapidity η

Transverse plane



Bao-An Li and Jake Richter, Nucl. Phys. A 1034 (2023) 122640

K=230 MeV
K=380 MeV

IBUU transport model simulations



Phys. Lett. B 157 (1985) 146



Transverse plane

Euler Eq. For flow velocity U in ideal fluid:
DU/Dt=-gradient of Pressure/density 
       + external force



v1 and v2 are anti-correlated 



P. G Krastev, Bao-An Li, A. Worley,

PLB 668, 1 (2008)

BJ Cai, LW Chen, NST 28 (12), 1-9 (2017)

Flow favors K=167-210 MeV



Assuming no mean-field for mesons



Fermi's Golden Rule for scattering:
Xsection~ M^2*Density of final state*Pauli 
Blocking/Incoming current



Using UrQMD, Phys. Lett. B 828 (2022) 137019

Only elastic xsections are modified by F

Inelastic xsections are kept the same as in free-space 



Pion dispersion/mean-field affects:
(1) Delta width through phase space
(2) Pion propagator, thus NN interaction



Bayesian inference of in-medium baryon-baryon 
scattering cross sections from HADES proton flow data
Bao-An Li and Wen-Jie Xie, 2303.10474 [nucl-th], Nucl. Phys. A (2023) in press

Using the simplest Skyrme force

https://inspirehep.net/literature/2644165
https://inspirehep.net/literature/2644165
https://arxiv.org/abs/2303.10474


v1 and v2 are anti-correlated 



Reaching the stationary state in the Markov Chain Monte Carlo (MCMC) process

Likelihod function

Bayes’ theorem:

Metropolis-Hastings algorithm 

in deciding each step

Calculations  data

Prior distribution



Effects of prior ranges

Indication of enhanced in-medium NN cross sections



HADES data prefers an ENHANCED in-medium Section and a stiff K much higher than what 
GMR data indicates



Probes of the EOS of symmetric nuclear matter

• Collective vibrations of nuclei probing the incompressibility
 K around ρ0

• Particle production especially strange particles (e.g., Kaons)
 from heavy-ion collisions

• Collective flow of various particles & clusters probing K 
    around ρ0 and high-density EOS with the caveat that they 

 are also sensitive to the poorly known viscosity 
  (in-medium particle-particle scattering cross sections)

MANY interesting issues remain to be resolved



A single MCMC chain

Multi MCMC chains







The pressure in symmetric nuclear matter

Constraints on the EOS of symmetric 

nuclear matter from heavy-ion collisions

(3𝝈)

Margueron J, Hoffmann C R and Gulminelli F 

2018 PRC97, 025805 and 025806 

Antic S, Chatterjee D, Carreau T and Gulminelli F

 2019 J. Phys. G: Nucl. Part Phys. 46 065109

Prior ranges of SNM EOS parameters

based on theories and data available 

Bayesian inference of high-density SNM EOS parameters from heavy-ion reaction data



Bayesian inference of the EOS parameters from the 

empirical pressure as a function of density “data”

Wen-Jie Xie and Bao-An Li

JPG 48, 025110 (2021)

Y.J. Wang et al., PLB778, 207 (2018)

Kaon production and elliptical 

flow data from GSI favors a K0 

smaller than the fiducial value 

from ISGMR data: 240±20 MeV

A. Le Fe`vre et al., NPA945, 112 (2016). 

Likelihod function

Posterior PDF:

Prior PDF
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