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1. Introduction



https://www.microsoft.com/en-us/research/blog/measuring-dataset-similarity-using-optimal-transport/

Typ ical Scenario Given two distributions, discrete or continuous...

Example images of liver cells, Fig 5.4.

[GeV] __antirk,R=1T |

aset iR v ants

A
S R

Example facial images and galaxy images, Fig 6. Example jet image, Fig 2.2 in Hadronic Jets.

( )

Q1: How to define a distance between them? Our Physics Goal here is...

- “ | To find a way to quantify the
=P . .
4 N distance between collider
Q2: How to rearrange one to look like the other? events/jets.

. J



https://arxiv.org/abs/2102.08807
https://link.springer.com/article/10.1007/s11263-012-0566-z

How to transform a cow into a duck and into a donut...

Credit: Fig 4 in paper.


https://www.birs.ca/cmo-workshops/2017/17w5093/report17w5093.pdf

Why is the normal Euclidean distance not enough?

Consider two particles with unit energy.

Image-based approach OT-based approach

Bin on N-bin grid, represent energy distribution by vectors
in RN, compute Euclidean distance between vectors

olojo|ofo]o|o0 T
of@ ofofof[o]o @

0 i
0

0 v=]0,....,1,0,...,0,0, ..., 0]

0 v=]0,...,0,0,...,1,0, ..., 0]

Z 2 (£,8) =z — |
Wo(E,E)=|lr—2x

regardless of positions

Invaluable if the relative distribution of pixels carries meaning

[ OT preserves the underlying geometry of the ground space! }




Monge Kantorovich

2. Theory of Optimal Transport

Image Credit: N. Papadakis, et al. [10.1137/130920058]
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2.1 A Brief History of Optimal Transport 8

-

Gaspard Monge
1781

MEMOIRE

JUR L 4

THEORIE DES DEBLAILTS
ET DES REMBLAIS.

T ——
Par M. M O N G E.

onsQu'oN doit tranfporter des terres d'un lieu dans un
L autre, on a coutume de donner le nom de Deblai au
volume des terres que f'on doit tranfporter, & le nom de
Remblui i Vefpace qu'elles doivent occuper aprés e tranfport.
Le prix du traniport d'une molécule étant, toutes choles
d'ailieurs égales, progortionnel i lon poids & i I'JMu on
Jui fait parcourir, & par conféquent le prix du tranlport total
devant ée proportionnel i la fomme des produits des molé-
cules multipliées chacune par l'elpace parcouru , il senluit
que le déblai & le remblai étant donnés de figure & de
pofition, il n'eft pas indifiérent que telle molécule du déblai
foit tranfportée dans tel ou tel autre endroit du remblai,
mais qu'il y a une certaine diftribution i faire des molécules
du premier dans le fecond, d'apres laquelle la fomme de ces
produits fera la moindre poffible, & le prix du tranfport total

feca un mimimun.
T —

——————T

Fundamental problem of optimal transport:

How to rearrange f to look like g
with the least amount of “work”?

Déblais

Remblais

In other words, how can we optimally
transport f to g?

Sounds pretty simple?
Took over 100 years to formulate
the problem mathematically!




OT in the Modern Time

voumE 5

o Management
October 1958 SCience

ON THE TRANSLOCATION OF MAS:

1781: Gaspard Monge,

L. KANTOROVITCH
Foreword

The following papor in roproduced from n Russian journal of the eharactor
of our own Proceodings of the National Acadomy of Sclonces, Comples Rendus
(Doklady) de 'Académie des Sciences do VURSS, 1042, Vi XXXVIL
No. 7-8. The author in one of the u 1l

ticiane. He has made vory importan

ado equally important contribu
! analysis and the theory and practice
i thin papor is quite torse and couched
y bo difficult for vome roaders of Manage
ment Science to follow, it is thought that this pre will: (1) makeo avail
able to American rendor gonerally
programming, (2) provide an indie
has been done and is be
3) through the spoci
tion which the Russians hav

tions to applied mathematies i
of computation. Although his exp
in mathematieal laoguage whi

o in this paper)
or, that the problem of
method of actually nequiring the solution Lo u spo

ot solved
in this paper. In the eategory of dovelopment of such methods we seem
enrrently, ahead of the Russ A. Cuarnes, Northwestern Techno
Institute and The Tranaportation Center

R will denote & compact metric space, though some of the following definitions
and results are valid in more generl spnoes

Lot #(c) be a mass distribution, i.e. n set function possessing the following
properties: 1) #(e) is defined on Borel sets in R, 2) #(e) is non-negat *e) 2
0, 3) #(c) is absolutely additive, i.e. if ¢ = e + e + -, ees = O(i # k), then
#(e) = @) + ®(es) + ---. Let further @(¢') be another mass distribution,
such that #(R) = #(R). Under the translocation of masses we shall understand
the function (e, ¢) defined on the pairs of B-sets ¢, ¢ « R and such that: 1)
¥(e, ¢) is non-negative and absolutely additive in each of its arguments, 2)
Wie, B) = (e); ¥(R, ¢) = &(¢').

Let & continuous non-negative function r(z, y) be given that represents the
work expended in transferring a unit mass from  to y.

By the work required for transferring the given mass distributions will be
understoo

‘This content downloaded from 128.111.121.42 on Wed, 08 Feb 2017 17:2927 UTC
Allpse suhiect 10 htin-ishont

OT gives a family
of well-defined
metrics between
distributions.

2010: Cedric Villani wins Fields medal

2018: Alessio Figalli wins Fields medal




2.2 Balanced Optimal Transport

10

Let’s first look at the Earth Mover’s Distance, one simple

example of OT distance.

theta ground
metrlc between

EMD(E,E) =

IIllIlf €lp pr sz fz] 1]

particles 1 and |

partlcle 1 to particle j.

f .: the amount of mass moved from
I'pp = {fz’j D fig >0, fij = Ei, X2, fig = E;} [ 3 }

Consider two “events” &, &

Collections of particles at locations X; )”cj ina

rectangular domain with masses FE;, E] >0

ZE

Assume same total mass Z E; =

£
—

N

-

Example:

E\ + Ey + Es = E| + E;

fi1 + fa + fz1 = E}
fi2 + fao + f32 = E




> Generalize to the p-Wasserstein distances >

1/p

p=1: Earth Mover’s Distance (EMD)
p=2: Monge-Kantorovich Distance /
2-Wasserstein (W) Distance

[ We focus on the W2 Distance. ]




12
Two Equivalent Formulations of W, Distance:

1/2

Kantorovich formulation Wa(€,€) = min _ (Z rijll@; — :Z'j||2)
. Tij EF(S,g) -

(static): “

Benamou-Brenier formulation (dynamic):

< Charge conservation
p: charge density

o: current density

No source/sink

Oip +divw =0 Continuity Equation

f[O,l]xQ lli—‘;fllzdp if p>0,w<p
+00 else.

Cost Functional

Jw(p,w) := {

Wz(uo, ,U,1)2 f= JHt {Jw(p, w)|(p,w) = Cg(uo, ,Ul)} Minimizer
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Example: Two dirac masses at position x  and x..

W2 (005 021 )° = ||zo — 1|

P = 5X(;1:0,;131;t)

Wt = 0X (zg,z1:t) - 0e X (T0, Z1;1) .

Let X (xg,z1;t) = (1 —t)zo+tx1.

A Dirac-to-Dirac geodesic in W, consists of a single Dirac
traveling along the straight line between them at constant speed.
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2.3 Unbalanced Optimal Transport

Balanced Transport: Mass can only be transported, not created or destroyed.
Therefore, the total mass of the two distributions must be exactly equal.

A 4

Unbalanced Transport: Mass can be transported, created and destroyed. The total
mass of the two distributions can be different (but also can be the same too).

A 4

Credit: L. Chizat, G. Peyré, B. Schmitzer, F-X. Vialard Balanced OT E Unb alanced OT

on G. Peyré’s Github.



https://github.com/gpeyre/2017-MCOM-unbalanced-ot

15

Before introducing unbalanced OT, we were doing ... for EMD.

EMDg(E,€') ;== min

fij€0 (g0

%Z fiibs
"

S E-YH
i j

Extra piece to account for

the unequal total mass
. (1.2)

T«een =1 fi: fii 20, Zfzfj < B, Zfij < Ej, Zf'ij = min ZENZE;
j i ij i j

[ Different conditions for the unbalanced case ]

(1.3)

Now we can incorporate the total mass difference in a natural way by allowing

mass to be created and destroyed in addition to being transported.



The Unbalanced Twin of W,: Hellinger-Kantorovich (HK) Distance 16

Kantorovich type formulation (static):

Bonus: HK also
enjoys 2 (weak)
Riemannian

Structure => can

J—2log(cos(||lro — z1||)) if [[zo — 21| < 5
olaigy 1) = +00 else

Jsm(m) = /92cd7r+ Z KL(Pjym|ps).

1€{0,1}

HK(HO;Ni) lnf{JSM |7T - M+(Q2)}

Benamou-Brenier-type formulation (dynamic):

Op+divw = Continuity Equation with Source

f Hd_sz—kl(%)z\ d if p>> 0, wi€ &
JHK(p,W,C) — [0,1]x© dp 4 \ dp P p =YW, P,

+00 else.

HK(#O,M)z = inf {Juk (p, w, ¢)|(p,w, () € CES(1o, 111)}
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Example: Again two dirac masses at position x, and x,
with mass m, and m,, respectively. A
4
pt = Ox (1) - M(?) N
. 2
. - 3
M(t): Evolution of mass é c:%
t
Gt _
| e M

HK (6, - Mo, 0z, - Mm1)? = mo + my — 2/momycos(||zo — z1]|)

where €os(s) = cos (min{s, Z}).

For ||xg — z1]| < 5

When ||zg—z4] > &

HK (020 - M0, 0z, - m1) = ||v/mo — /My exp(il|zg — z1]])|

Mass at x is destroyed, mass at x, created. No transport!




HK Distance has an intrinsic length scale k!

18

JHK,K(pa Ld, C) =

—+00

else.

2 2 |
f[O,l]XQ (Hccll—(:H + (Eil_f)) dp pr = Oawac < p,

Intrinsic length scale k>0 controls the relative importance of

and the creation/destruction part.

HK, (0, pr1) = Wa(po, p11)

HK . (1o, p1)/6 = Hellinger distance

(~ Euclidean)

W2: 1.515 GeV

HK(K=100): 1.515 GeV

HK(Kk=10): 1.512 GeV

HK(k=1): 1.089 GeV

HK(K=0.1): 0.141 GeV
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HK Distance: Normalized vs. Unnormalized Distributions

HK(mo - po, M1 ‘:“1)2 = /Mg - M7 - HK(M():/H)Q + (vVmo — \/7771)2

Unbalanced HK on unnormalized measures can be
obtained from HK from normalized measures.

Local mass discrepancies more important than the
differences in the total mass of the measures.

(" )

In analysis, first normalize all samples before computing HK, then
recover the total mass difference either via the above equation, or
keeping the total masses to be separate features.

_ J




Practical Limitations of OT Distances:

(
e A dataset with N samples
e T . Time to compute one pair of OT distance (~ 0.1 secs)
e T,: Time to compute one pair of Euclidean distance (~ 107 secs)
) l
4 )
OT for the whole dataset takes time on the order of N(N-1)/2 x T ..
=> Too long for large datasets!
\ J

'

Compute the OT distances between 100k events takes
~16 years on a desktop.

20
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2.4 Linearized Optimal Transport

Goal: Reduce computation to N x T+ N(N-1)/2 x T, by using Linearized
Optimal Transport (LOT). [Wang et al.]

Basic Idea: Project
onto the tangent plane
at a chosen reference
event, then compute
Euclidean distances.

Now only minutes
on your desktop!

Recognition 51 (2016) 453462


https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3667970/

avg = 0.67%, std = 5.82%

0.16
A Simple Example
0.12
° Reference Jet o Jet1l o Jet2
0.10
10 A § . . . . . . . % . . . . . o e ° ‘;
QE().()S
) 0.06
' 0.04
- 0.02
“ N \\: e \ e R : COTI0% 0% 2% -10% 0% 10% 0% 0% 40%
\ N s & | § g ’ : ./, j Percentage difference
OT-W2: 1.09 OT-W2: 0.85 /_% . \
107 i Percentage difference

1.0{+ « + - =

between linearized W2
] and W, distances for
i & & =& 500 W and QCD jets.

. . . . \

Urs = & = @ ° ©

The linear approx for

Jet 1 and Jet 2 Jet 1 and Jet 2 both ‘V2 and HK is
'LO'.I‘-W2: .]..OZ OT-W2: 1.06 pretty good! -

—1.0 1

10 —05 00 05 1.0-1.0 —05 0.0 0.5 1.0
T




3. Optimal Transport for Collider Physics

23



3.1 Physics Background 24

Simplified Perspective: Events as energy flow on calorimeters.

Phenomenological Tool: Jets and Jet substructure.

Parton level

‘p\ Particle Jet Energy depositions Common ML Methods

in calorimeters

Source: CMS website, 1709.04464v2.

Event display: 2 top quarks
t => 3-pronged jet

Here is a jet!

Variable
sets

Another jet!



http://cms.web.cern.ch/news/jets-cms-and-determination-their-energy-scale
https://arxiv.org/abs/1709.04464

Why optimal transport as the metrics on jets?

Jets are discrete distributions on
the y-¢ plane. We want a distance
between them. => Of course OT!

Goal: Give the space of collider events a
physically meaningful metric.

"Motive 1: Jet tagging with fast, b 5 ® QCD Jet @ QCD Jet2
simple-to-use, easy-to-interpret OT Distance: 0.11073
machine learning models.

\\ )

=
W

/Motive 2: Unify the concepts )
and techniques in QFT and jet
physics through the geometric
language of a metricized
collider space.

U 4

Related Works: Jesse Thaler’s \ .
group at MIT. SRR

_1 O T T T
—-1.0 ~.5 0.0 0.5 1.0
Rapidity

Azimuthal Angle
-
-

|
o
W




3.2 A Unified Framework

IRC safety: EMD continuity
everywhere except a negligible <
set of events.

Collider observables: the distance
of closest approach between an
event and a manifold of events. <rL

Event Shapes [40-45]

EreM

Concept Equation Illustration
Infrared and EMD(£,€) <6 = £ /\“i h
NS - o
Collinear Safety |O() — O] <€ P i
B [27-39) .
———0
Observables O(€) = min EMD(E, &) ’ ‘)3(’

Jet algorithm: approximates an <
M-particle event with N <M
objects called jet.

Pileup mitigation: finds the event
that, when combined with an

amount rho of uniform radiation <
U, is closest to the given event.

]

Pileup Subtraction

[55-61]

Ec(€, p) = argmin EMD(E, &' + pU)

E'ed

:I Jet Shapes [46-48]
:I Jets J(€) = argmin EMD(E, J) %
JE€PN
Cone Finding [49, 50] X
Seq. Rec. [51-54] -
)

A distance between theories:
EMD as the ground metric and <
cross sections as weights.

]

Source: Table 1, 2004.04159.

Theory Space

N
T(E) = Zai5(5 - &)
=1



https://arxiv.org/abs/2004.04159

27

For example, N-subjettiness can be defined using the
EMD distance.

M
T](Vﬁ)(j) = min ZE, min (91-51,9?2,--- ,05\,)

\ 4

rP(J) = min EMDg(J,J").

J'€Pn
(B)
T(B) TN
N,N—-1 — (B)
TN-1




3.3 Jet Tagging Please refer to our paper

e Task is to classify simulated QCD vs. W boson jets. Jor more details,

e Linearized W, and HK distances with various k
e Apply simple ML models such as kNN and SVM to classify the jets.

pr € [500,550] GeV, 10k jets pr € [500,1500] GeV, 10k jets pr € [500,1500] GeV, 200k jets

AUC

SVM

{ —— HKn
- HKunn
001 0.1 1 10 100 001 0.1 1 10 100 001 0.1 1 10 100
length scale K

0.6


https://arxiv.org/abs/2111.03670

Is OT relatively insensitive to pileup? 29

Jet+PU20 Jet+PUBO . Jet+f"U.140
1.00 : 100 -
0.75 A . _ ) 075 0.75 4
oo B .A _— 050 SELMEL e 0501 i, A e ol
02s{ . ; . ' 025 5 e ' " 4 0251 . ’ . ‘ ' o
0.00{ - B S . 0007 52 lio Tt S p N K & 5 0.001 .. ‘@i § 5 " o0 e
-0.25 - ; ;,. ' -025 5 § By S8 WS ' —0251 LRV L pm et er P
-0.50 8 . u. . -0.50 EEe e '.".-‘ e ~0-507 : i )
~0.75 - ) | - -0.75 i ' o'} —0.751 ol L T
-1.00 4 i -1.00 -1.009 . . . .
-1.0 05 0.0 05 10 100 -075 -050 -025 000 025 050 075 100 -1.0 —0.5 0.0 0.5 Lo

unirefl5 uniref30 PUref

0.85

T21, (Npy) = 20
T21, (Npy) = 80
T21, (Npy) = 140
51, (Npy) = 20
81, (Npy) = 80

0.801

0.751

&, d J
> 0.70+ 51, (Npy) = 140
< 1 HKn, (Npy) = 20
HKunn, (Npy) = 20
0.65 | —— HKy, (Npy) =80
=== HKunn, (Npy) = 80
0.601 —— HKp, (Npy) = 140

== HKunn, (Npy) = 140

0.1 051 10 o 0.1 051 10 o 0.1 051 10 o
length scale kK

Linearized W, and HK distances on 10k WQCD jets with different
pileups (Poisson distributions with mean N, = 20, 80, 140)
compared with 7, on pruned jets in the same dataset.




e

4. Summary &

Outlook




31
Take-home

Messages Optimal Transport is GREAT!

Especially suitable whenever you want to define a distance
between two distributions with rich substructures.

One example of such distributions is LHC jets,
immensely important to collider physics.

Potentially many other use cases in
physics and beyond.

e.g., Renormalization Group Flow as OT.

[ OT also has many theoretical implications, ]

=)

- It’s now your turn to play with OT!


https://arxiv.org/abs/2202.11737

Future Directions 32
Along the Current
Lines of Research

[ More Developments of the OT framework }

[ —

OT with OT on Multi-scaled
Invariances Distributions

Multi-species OT

[ OT for Collider Physics }

-

OT for Anomaly Study the OT OT for a Theory
Detection Manifold Space

[ OT for Other HEP Fields }

[ OT for Dark Matter ] [ Your turn now! ]




THANKS!

Presented by Tianji Cai

tianj1_cai@ucsb.edu

Department of Physics UC SANTA BARBARA
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“Jet 1 ”» g 35

“et2”  Procedure to Linearize the
——4f1 Wz Distance

o W,(&, %): 2-Wasserstein distance

o RO o L2
Y1, v Wol(E.E) = - e — 5|2
2(C, min _ o |l — @
o o o ( ) ri; €EL'(E,E) %: Z]H ’ J”
o o o
= e 7;;: transport plan (minimizer of W») from ith
“Reference jet” particle in reference to jth particle in event.
(n particles)

e Z : barycenter (avg. of locations to which ith
particle is sent, weighted by transport plan)

Can think of LOT as an approximation to W» e
distance, but also converges to a true metric z; = = Z riia; ap from &toa
7.

~ vector in R%"
W, 4(&, &) in its own right in continuum
limit of reference &; this metric bounded as | LOT, A8, &): LOT approximation of the 2-

Wasserstein distance between events &, %

1/2
LOT, +(&,€) = (ZRzllzz Zz”z)

Wa(E,E) < Wor(E,E) < CWa(E, E)/15



Linearizing the HK distances is similar, but more complicated.

Source Distribution:

Target Distribution:

Spatial movement
of mass particles:

po =g - 0 + iy

pr = uy - Tyo + pi

UVt :— —dwt

dpt

Two Distributions have
different total mass.

7 ]l: Mass of particles that are

created from nothing.

Change of mass of moving particles and
of those that disappear entirely at t=1:

T(z)—z
w(z) = § =T

Uy T(x .
L) - sin(|| T () — =)

{2 (/285D - cos(||T(z) - =) - 1)
2

HK (j10, p11)? = /Q looll? + L(c0)?] dyso + [t

Y
o-a.e., At = a—%—i— — 2(1 = t) dpt
pg-a.e.,

o-a.e., (Th ¢ ¢ )

. e ange.n space

now consists of a
velocity field and a
mass growth field.

8 Y,

[ For detailed descriptions, please refer to our math paper. }



https://arxiv.org/abs/2102.08807

