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Theoretical inputs
to colliders

real-time strong
 dynamics

PDF knowledge from data 
theoretical uncertainties

[M. Cepeda, et al, arXiv:1902.00134]
[F. Dulat, et al, arXiv:1802.00827]

non perturbative, non equilibrium dynamics of QCD in QGP, 
parton shower, etc



Y.-Y. Li Mar, 2023, CCAST3

Puzzles We 
Encountered

1

1933-Now
dark matter

rotation curves

bullet cluster

structure formation

QCD free energy
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C O(C)W (C)P
C W (C)
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Imaginary time problem :W (C) ⇠ exp(�S(C))
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complex S(C) for non vanishing ✓
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Sign Problem!!!

lattice non-perturbative 
calculations

configuration space C is exponentially large in system size

<latexit sha1_base64="i9GZem0xYIxHfcuEuLLL2UmX4Us="></latexit>

axion dark matter-misalignment



Y.-Y. Li Mar, 2023, CCAST4

out-of-equilibrium, 
non-perturbative 

higher order processes, 
quantum interference

cannot be solved classically 
due to theoretical or computational limitations:

 
sign problem or rare events that has 


exponential-scaling of the complexity
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[arXiv:2204.03381]
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Universal Quantum Computing

Noise limits fidelity of primitive gates to 95� 99% today

<latexit sha1_base64="4KQrOmiPFcNSYwlwJtR1bfCooDk="></latexit>

entering Noisy Intermediate-Scale Quantum (NISQ) era: 
more than 50 well controlled qubits, not error-corrected yet.
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Quantum Computing

|qiN ! |Gi
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hOi
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See references in [M. Carena, H. Lamm, YYL, W. Liu, PRD. 104, 094519]

Discretization

Digitization

Initialization

Propagation

Evaluation

Error mitigation

Trotterization, variational approach, 
Taylor series, …

Parton distribution 
function, particle decay, …

KS Hamiltonian

truncation, discrete subgroup, …

ground/thermal/particle state prep

galactic algorithm to simulate quantum field theory
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Discretization of space

J. Kogut and L. Susskind [Phys. Rev. D 11, 395]

For pure SU(N) gauge theory, 

Hco =
1

2

Z
ddxTr

⇥
E2(x) +B2(x)

⇤

<latexit sha1_base64="K9HW0cHGBWzK12Ic57uyjSRXM+k="></latexit>
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Discretization of space

J. Kogut and L. Susskind [Phys. Rev. D 11, 395]

For pure SU(N) gauge theory, 

Ui(x) = eig
R 0
a dtAi(x+t̂i)

<latexit sha1_base64="dBP4O6vow+uNdc8m68B8v9AeENE="></latexit>

On a lattice, to build a discrete theory
 with exact gauge invariance

Wilson loop

Hco =
1

2

Z
ddxTr

⇥
E2(x) +B2(x)

⇤
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Discretization of space

J. Kogut and L. Susskind [Phys. Rev. D 11, 395]

For pure SU(N) gauge theory, 

Ui(x) = eig
R 0
a dtAi(x+t̂i)

<latexit sha1_base64="dBP4O6vow+uNdc8m68B8v9AeENE="></latexit>

On a lattice, to build a discrete theory
 with exact gauge invariance

Wilson loop

EL
i ! Li
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HKS = KKS + VKS ,

KKS =
X

x,i

g
2
t

a
TrL2

i (x)

VKS = �
X

x,i<j

2

g2sa
ReTrPij(x)

<latexit sha1_base64="ZVM4l5tb5Hc64KUZee3Uws7RYIs="></latexit>

Hco =
1

2

Z
ddxTr

⇥
E2(x) +B2(x)

⇤
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Fourier transformation

<latexit sha1_base64="dyj3ouiOxbkYBJkNwQ0su0xx8Gs="></latexit>

|Ui =
X

⇢,i,j

|⇢, i, ji h⇢, i, j|Ui
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⇢ : irreducible rep

i, j : matrix indices
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|xi =
X

k

|ki hk|xi

Discretization of space
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Discretization of space

deviations from the continuum, starts 
from       error, classical computational 

resources proportional to
for Wilson action 

a2
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a�k
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deviations from the continuum 
starts from  

        at quantum level
a2g2
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[J. Carlsson, et al, hep-lat/0105018]
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Discretization of space

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

HI = KI + VI

VI = �V 0VKS + �V 1Vrect + �V 2Vbent

KI = �K0KKS + �K1K2L

<latexit sha1_base64="03zHXYnArQLtVugEYj74Q7JhOSA="></latexit>

[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

Vrect =
2

ag2s

X

x,i<j

ReTr [Rij(x) +Rji(x)]

<latexit sha1_base64="NElvKtze/LYY2tKWZjGdzXtj8Oo="></latexit>

K2L =
g2t
a

X

x,i

Tr
h
Li(x)Ui(x)Li(x+ ai)U†

i (x)
i

<latexit sha1_base64="e0QrQiwKKwAJ3D3NBFmI1wkA2ho="></latexit>
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Discretization of space

[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

[M. Alford, et al, hep-lat/9507010]
[…, …]

With improved action, 
for Euclidean spacetime 
at the same error level, 
simulations can be done 
with a lattice spacing of 
at least 2 larger

circuits for improved Hamiltonian need to be designed
classical field to quantum operator

Qubits required

Nq ⇠
✓
L

a

◆d

<latexit sha1_base64="Za8im0S43cpHPqnx/KsO6muyPYc=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIp6LLoxoVIBfuAJobJZJIOnTycmQglZO3GX3HjQhG3foE7/8ZpmoW2HrhwOOde7r3HTRgV0jC+tYXFpeWV1cpadX1jc2tb39ntijjlmHRwzGLed5EgjEakI6lkpJ9wgkKXkZ47upj4vQfCBY2jWzlOiB2iIKI+xUgqydEPrp17S9AQWi4Ngrrlc4SzqzxDeSEc33mOXjMaRgE4T8yS1ECJtqN/WV6M05BEEjMkxMA0EmlniEuKGcmrVipIgvAIBWSgaIRCIuyseCWHR0rxoB9zVZGEhfp7IkOhEOPQVZ0hkkMx603E/7xBKv0zO6NRkkoS4ekiP2VQxnCSC/QoJ1iysSIIc6puhXiIVBpSpVdVIZizL8+T7knDbDaaN81a67yMowL2wSGoAxOcgha4BG3QARg8gmfwCt60J+1Fe9c+pq0LWjmzB/5A+/wB9W+acQ==</latexit>

Only count qubits: 
saving us at least  3 years for 3+1d,

assuming number of qubits increases by 
a factor of 2 each year on hardware
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[H. Lamm, et al, arXiv:1903.08807]

General Method

G�register : |gi

<latexit sha1_base64="Qu+8fkmQ7BinhXO7vXuBIHAwSYA=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRbBiyWRguJBih70WMF+QBPKZjtJl+4mYXcjlNibF/+KFw+KePUvePPfuG1z0NYHA4/3ZpiZ5yeMSmXb30ZhYXFpeaW4Wlpb39jcMrd3mjJOBYEGiVks2j6WwGgEDUUVg3YiAHOfQcsfXI391j0ISePoTg0T8DgOIxpQgpWWuub+deYKfiwg1LtAjM5dBoF6CF1Bw7666Jplu2JPYM0TJydllKPeNb/cXkxSDpEiDEvZcexEeRkWihIGo5KbSkgwGeAQOppGmIP0sskfI+tQKz0riIWuSFkT9fdEhrmUQ+7rTo5VX856Y/E/r5Oq4MzLaJSkCiIyXRSkzFKxNQ7F6lEBRLGhJpgIqm+1SB8LTHQksqRDcGZfnifNk4pTrVRvq+XaZR5HEe2hA3SEHHSKaugG1VEDEfSIntErejOejBfj3fiYthaMfGYX/YHx+QOVrZnG</latexit>

U�1 gate for D4 group

<latexit sha1_base64="J0gRyjgPOLCZucUGEQJGigLeIWQ=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6sCQS0GVRFy4rmLbQhDCZTtKhkwczE6GE9Bfc+CtuXCji1pU7/8ZJm4W2Hhg4nHMvc8/xU0aFNIxvbWl5ZXVtvbZR39za3tnV9/Y7Isk4JjZOWMJ7PhKE0ZjYkkpGeiknKPIZ6fqj69LvPhAuaBLfy3FK3AiFMQ0oRlJJnn7qREgOA45G0PbyM7OAucOjSYgkmQQJn9xYk5AnWVpAT28YTWMKuEjMijRAhbanfzmDBGcRiSVmSIi+aaTSzRGXFDNS1J1MkBThEQpJX9EYRUS4+TRSAY+VMoDqAvViCafq740cRUKMI19NlgHEvFeK/3n9TAaXbk7jNJMkxrOPgoxBmcCyHzignGDJxoogzKm6FeIh4ghL1WJdlWDOR14knfOmaTWtO6vRuqrqqIFDcAROgAkuQAvcgjawAQaP4Bm8gjftSXvR3rWP2eiSVu0cgD/QPn8AoZueGA==</latexit>

Implementation with quantum logic gate

HKS = KKS + VKS ,

KKS =
X

x,i

g
2
t

a
TrL2

i (x)

VKS = �
X

x,i<j

2

g2sa
ReTrPij(x)

<latexit sha1_base64="ZVM4l5tb5Hc64KUZee3Uws7RYIs="></latexit>

<latexit sha1_base64="pmb/IQ+OppquMWFigK0YoHpoprE=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCIJSkFnVZdOOyQtMWmhgmk0k6dHJhZiKUkIdw46u4caGIWxfufBunbRa19YeBj/+cw5nzeymjQhrGj7ayura+sVnZqm7v7O7t6weHXZFkHBMLJyzhfQ8JwmhMLEklI/2UExR5jPS80e2k3nskXNAk7shxSpwIhTENKEZSWa5+nts8gh1e2LnlmtByG9B6sH0UhoS7F3PctAtXrxl1Yyq4DGYJNVCq7erftp/gLCKxxAwJMTCNVDo54pJiRoqqnQmSIjxCIRkojFFEhJNPjyrgqXJ8GCRcvVjCqTs/kaNIiHHkqc4IyaFYrE3M/2qDTAbXTk7jNJMkxrNFQcagTOAkIehTTrBkYwUIc6r+CvEQcYSlyrGqQjAXT16GbqNuXtab981a66aMowKOwQk4Aya4Ai1wB9rAAhg8gRfwBt61Z+1V+9A+Z60rWjlzBP5I+/oFyzOdbQ==</latexit>

Tr{U1U2U
†
3U

†
4}

1

23

4

Propagation
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|U1Í • U≠1 • U≠1

|U2Í UL
◊ • • UL

◊

|U3Í U≠1 UL
◊ • U≠1 • UR

◊

|U4Í U≠1 UL
◊ UTr UL

◊ U≠1

UVKS assuming linear register connectivity

<latexit sha1_base64="UN6LJu0IBZF+KT1LmztP3Yi8+Fs="></latexit>

|U1Í U†
F

Uphase UF

[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

HKS = KKS + VKS ,

KKS =
X

x,i

g
2
t

a
TrL2

i (x)

VKS = �
X

x,i<j

2

g2sa
ReTrPij(x)

<latexit sha1_base64="ZVM4l5tb5Hc64KUZee3Uws7RYIs="></latexit>

Propagation
⇡

⇥
e�i�tKKSe�i�tVKS

⇤t/�t

<latexit sha1_base64="Ko9iiCkd0YFbB8G1l5lr9ZMd/gw="></latexit>
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[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

|U1Í • •
|U2Í UL

◊ • U≠1 • UR
◊ U≠1

|U3Í UL
◊ • • UL

◊

|U4Í U≠1 UL
◊ • U≠1 • UR

◊

|U5Í U≠1 UL
◊ • • UL

◊ U≠1

|U6Í U≠1 UL
◊ UTr U≠1 UR

◊

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

|U1Í • U≠1 • U≠1

|U2Í UL
◊ • • UL

◊

|U3Í U≠1 UL
◊ • U≠1 • UR

◊

|U4Í U≠1 UL
◊ UTr UL

◊ U≠1

Propagation for Improved Hamiltonian
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[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

Propagation for Improved Hamiltonian

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

Tr(R̂1L̂2) = Tr[L̂2
2 + R̂2

1 � (L̂2 � R̂1)
2]/2

<latexit sha1_base64="0D0WdXJ9KZOC4JUARQ/hiLhj7/Y="></latexit>
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[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

hU 0
1, U

0
2| UK2L |U1, U2i = �U 0

1U
0
2,U1U2

hU 0
1| ei✓Tr L̂2

1 |U1i

<latexit sha1_base64="3fj4CWHS/H0vUEzyLAFQeUIj09M="></latexit>

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

|U1Í • U†
F

Uphase UF U≠1 • U≠1

|U2Í UL
◊ UL

◊

Propagation for Improved Hamiltonian

Tr(R̂1L̂2) = Tr[L̂2
2 + R̂2

1 � (L̂2 � R̂1)
2]/2

<latexit sha1_base64="0D0WdXJ9KZOC4JUARQ/hiLhj7/Y="></latexit>
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Resource for Improved Hamiltonian

[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

• # of Gates here for a single 
trotter is increasing only 
multiplicatively, could be

compensated by the 
decreasing of links.

•Larger trotter steps, instead 
could be used 

for improved Hamiltonian. 

|U1Í • •
|U2Í UL

◊ • U≠1 • UR
◊ U≠1

|U3Í UL
◊ • • UL

◊

|U4Í U≠1 UL
◊ • U≠1 • UR

◊

|U5Í U≠1 UL
◊ • • UL

◊ U≠1

|U6Í U≠1 UL
◊ UTr U≠1 UR

◊

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

|U1Í • U≠1 • U≠1

|U2Í UL
◊ • • UL

◊

|U3Í U≠1 UL
◊ • U≠1 • UR

◊

|U4Í U≠1 UL
◊ UTr UL

◊ U≠1

|U1Í • U†
F

Uphase UF U≠1 • U≠1

|U2Í UL
◊ UL

◊
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[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

|U1Í • •
|U2Í UL

◊ • U≠1 • UR
◊ U≠1

|U3Í UL
◊ • • UL

◊

|U4Í U≠1 UL
◊ • U≠1 • UR

◊

|U5Í U≠1 UL
◊ • • UL

◊ U≠1

|U6Í U≠1 UL
◊ UTr U≠1 UR

◊

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

|U1Í • U≠1 • U≠1

|U2Í UL
◊ • • UL

◊

|U3Í U≠1 UL
◊ • U≠1 • UR

◊

|U4Í U≠1 UL
◊ UTr UL

◊ U≠1

|U1Í • U†
F

Uphase UF U≠1 • U≠1

|U2Í UL
◊ UL

◊

So far, circuits for 
improved Hamiltonian 

are designed, 
reducing the number of 

qubits required, with 
comparable or less 

quantum gates. 

Demonstration

Resource for Improved Hamiltonian
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Demonstration for Improved Hamiltonian

[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

|U1Í • •
|U2Í UL

◊ • U≠1 • UR
◊ U≠1

|U3Í UL
◊ • • UL

◊

|U4Í U≠1 UL
◊ • U≠1 • UR

◊

|U5Í U≠1 UL
◊ • • UL

◊ U≠1

|U6Í U≠1 UL
◊ UTr U≠1 UR

◊

U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

|U1Í • •
|U2Í • •
|U3Í • •
|U4Í • •
|U5Í • •

|U6Í Rz(◊)

Z2

<latexit sha1_base64="Tox/FbmTNXhzUpVJkSJGlJnDqQE=">AAACCnicbVDLSsNAFJ3UV62vqks3wSK4Kkkp6LLoxmUF+8AmlMl00g6dzISZG6GE/IFrt/oN7sStP+En+BdO2ixs64GBwzn3zj2cIOZMg+N8W6WNza3tnfJuZW//4PCoenzS1TJRhHaI5FL1A6wpZ4J2gAGn/VhRHAWc9oLpbe73nqjSTIoHmMXUj/BYsJARDEbyvAjDJAjSx2zYGFZrTt2Zw14nbkFqqEB7WP3xRpIkERVAONZ64Dox+ClWwAinWcVLNI0xmeIxHRgqcES1n84zZ/aFUUZ2KJV5Auy5+ncjxZHWsygwk3lGverl4n/eIIHw2k+ZiBOggiwOhQm3Qdp5AfaIKUqAzwzBRDGT1SYTrDABU9PSlfxvkJLrrGK6cVebWCfdRt1t1pv3zVrrpmipjM7QObpELrpCLXSH2qiDCIrRC3pFb9az9W59WJ+L0ZJV7JyiJVhfv7d5m4I=</latexit>

1 ! |0i
�1 ! |1i

<latexit sha1_base64="1vue2sm4d05yfktKdbv7szNNLyc=">AAACP3icbVDLSsNAFJ3UV62vqks3g0UQxJJIQZdFNy4r2Ac0oUymk3boJBNmbpQS8hF+jVv7GX6BO3HrQnDSdmFbDwwczrmPucePBddg2+9WYW19Y3OruF3a2d3bPygfHrW0TBRlTSqFVB2faCZ4xJrAQbBOrBgJfcHa/ugu99tPTGkuo0cYx8wLySDiAacEjNQrXziu4oMhEKXksztikNqZ65YuV2Qnw71yxa7aU+BV4sxJBc3R6JV/3L6kScgioIJo3XXsGLyUKOBUsKzkJprFhI7IgHUNjUjItJdOj8rwmVH6OJDKvAjwVP3bkZJQ63Hom8qQwFAve7n4n9dNILjxUh7FCbCIzhYFicAgcZ4Q7nPFKIixIYQqbv6K6ZAoQsHkuLAlnw1SCr1wSuorYhLLSiYvZzmdVdK6qjq1au2hVqnfzpMrohN0is6Rg65RHd2jBmoiil7QK3pDE2tifVif1testGDNe47RAqzvX7UFsPA=</latexit>
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[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

|U4Í

|U2Í|U1Í |U3Í

|U5Í|qsÍ |U6Í

ibm_perth device

|0Í

�̂n UVrec U†
Vrec �̂†

n

|0Í
|0Í
|0Í
|0Í
|0Í

Demonstration for Improved Hamiltonian

:number of states measured in the 1 state
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[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

0.1

0.2

0.3

0.4

0 1 2 3 4 5 6

P
(w

H
)

wH

| 0i
| 2i
| 4i
| 6i

| 6inoPT
Noise

Demonstration for Improved Hamiltonian
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[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

F� ⇡ 0.25

<latexit sha1_base64="1ggJ6kD1efd1S5IGN/fydGBuMXs=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwFZJS0WVREJcV7AOaEG4mk3bo5MHMRCyhWzf+ihsXirj1D9z5N04fC209cOFwzr3ce0+QcSaVbX8bpZXVtfWN8mZla3tnd8/cP2jLNBeEtkjKU9ENQFLOEtpSTHHazQSFOOC0EwyvJn7nngrJ0uROjTLqxdBPWMQIKC35JnZjUAMCvLge+4UbUq5g7EKWifQB21btzDertmVPgZeJMydVNEfTN7/cMCV5TBNFOEjZc+xMeQUIxQin44qbS5oBGUKf9jRNIKbSK6afjPGJVkIcpUJXovBU/T1RQCzlKA505+RuuehNxP+8Xq6iC69gSZYrmpDZoijnWKV4EgsOmaBE8ZEmQATTt2IyAAFE6fAqOgRn8eVl0q5ZTt2q39arjct5HGV0hI7RKXLQOWqgG9RELUTQI3pGr+jNeDJejHfjY9ZaMuYzh+gPjM8fMwuZ/g==</latexit>

demonstration of improved Hamiltonian is allowed in the near future

0.1

0.2

0.3

0.4

0 1 2 3 4 5 6

P
(w

H
)

wH

| 0i
| 2i
| 4i
| 6i

| 6inoPT
Noise

Demonstration for Improved Hamiltonian
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Propagation— Discretization in Time

[M. Carena, H. Lamm, YYL, W. Liu, PRD. 104, 094519]

best fitted with 
quadratic 
functions

Anisotropic lattices            , introducing finite
 temporal lattice spacing

renormalized via scale setting

⇠ =
a

at

<latexit sha1_base64="D3etwFEacKeFmJmAmDMDVFPdeL8=">AAAB/HicdZBLS8NAFIUnPmt9Rbt0M1gEVyWRgm6EohuXFewDmhBuppN26GQSZiZiCPWvuHGhiFt/iDv/jdOHUF8HBg7n3MtcvjDlTGnH+bCWlldW19ZLG+XNre2dXXtvv62STBLaIglPZDcERTkTtKWZ5rSbSgpxyGknHF1O+s4tlYol4kbnKfVjGAgWMQLaRIFd8e4YPsdeJIEUMC4g0OPArro1Zyrs/DJfVRXN1Qzsd6+fkCymQhMOSvVcJ9V+AVIzwum47GWKpkBGMKA9YwXEVPnF9PgxPjJJH0eJNE9oPE0XNwqIlcrj0EzGoIfqZzcJ/+p6mY7O/IKJNNNUkNlHUcaxTvCEBO4zSYnmuTFAJDO3YjIEw0EbXuVFCP+b9knNrdfq1/Vq42KOo4QO0CE6Ri46RQ10hZqohQjK0QN6Qs/WvfVovVivs9Ela75TQd9kvX0CcYqUqA==</latexit>
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•numerical results  is pretty tedious—saving measurement on the Euclidean side
•Preferred for analytical continuation
•Determine the fixed anisotropic trajectory
•Continuous group agrees quite well with their discrete subgroups

Anisotropic Parameter Renormalization

1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
Øª

2.0

2.5

3.0

3.5

ª

ª̄

ª ° One loop

ª ° Loan

ª ° Z10

ª ° Z100

Propagation— Discretization in Time

[M. Carena, E. J. Gustafson, H. Lamm, YYL, W. Liu, PRD 106 11, 114504]
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To the Continuum
a ! 0, at ! 0

<latexit sha1_base64="t1V7/ZAqf4k6Nlmwc5K0NPlcZhM=">AAACCXicdZBLSwMxFIUz9VXra9Slm2ARXEiZSkGXRTcuK9gHtMNwJ820oZnMkNxRytCtG/+KGxeKuPUfuPPfOH0IrY8DgcN37iXJ8WMpDDrOp5VbWl5ZXcuvFzY2t7Z37N29hokSzXidRTLSLR8Ml0LxOgqUvBVrDqEvedMfXI7z5i3XRkTqBocxd0PoKREIBpghz6bQ0aLXR9A6uqPOCQUPF4hnF8slZyLq/DLfUZHMVPPsj043YknIFTIJxrTLToxuChoFk3xU6CSGx8AG0OPtzCoIuXHTyU9G9CgjXRpEOjsK6YTOb6QQGjMM/WwyBOybn9kY/pW1EwzO3VSoOEGu2PSiIJEUIzquhXaF5gzlMDPAtMjeSlkfNDDMyivMl/C/aZyWypVS5bpSrF7M6siTA3JIjkmZnJEquSI1UieM3JNH8kxerAfryXq13qajOWu2s08WZL1/AcTMmb4=</latexit>
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⇠ = a/at

<latexit sha1_base64="KvuhYARRRZivODtu20GKRsmew8o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4qokU9CIUvXisYD8gDWWy3bRLN5uwOxFL6c/w4kERr/4ab/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbBa2its7u3v7pYPDpkkyzXiDJTLR7RAMl0LxBgqUvJ1qDnEoeSsc3k791iPXRiTqAUcpD2LoKxEJBmglv/Mk6DWFc+hit1R2K+4MdJl4OSmTHPVu6avTS1gWc4VMgjG+56YYjEGjYJJPip3M8BTYEPrct1RBzE0wnp08oadW6dEo0bYU0pn6e2IMsTGjOLSdMeDALHpT8T/PzzC6CsZCpRlyxeaLokxSTOj0f9oTmjOUI0uAaWFvpWwAGhjalIo2BG/x5WXSvKh41Ur1vlqu3eRxFMgxOSFnxCOXpEbuSJ00CCMJeSav5M1B58V5dz7mrStOPnNE/sD5/AEAepBt</latexit>

Eco-trajectory: extrapolation to the continuum at fixed

weak coupling input:

D4  
groupTo the Continuum

⇠�1 ⇠ �t, if �t ⌧ 1

<latexit sha1_base64="0GF0OwkeQKF+eQJX4/E+VOqNPtU=">AAACGnicbVDLSgNBEJz1GeMr6tHLYBA8aNiVgB5FLx4jmETIxmV2tjcZnH0w0ysJS/wNL/6KFw+KeBMv/o2TGEQTCxqKqm66u/xUCo22/WnNzM7NLywWlorLK6tr66WNzYZOMsWhzhOZqCufaZAihjoKlHCVKmCRL6Hp35wN/eYtKC2S+BL7KbQj1olFKDhDI3klx+2J6/zAGbhaRNQNQCLzcJ+6CD3MRXh3N/hRqSsldbxS2a7YI9Bp4oxJmYxR80rvbpDwLIIYuWRatxw7xXbOFAouYVB0Mw0p4zesAy1DYxaBbuej1wZ01ygBDRNlKkY6Un9P5CzSuh/5pjNi2NWT3lD8z2tlGB63cxGnGULMvxeFmaSY0GFONBAKOMq+IYwrYW6lvMsU42jSLJoQnMmXp0njsOJUK9WLavnkdBxHgWyTHbJHHHJETsg5qZE64eSePJJn8mI9WE/Wq/X23TpjjWe2yB9YH1/RqaC5</latexit>

[M. Carena, H. Lamm, YYL, W. Liu, PRD. 104, 094519]
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⇠ = a/at

<latexit sha1_base64="KvuhYARRRZivODtu20GKRsmew8o=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4qokU9CIUvXisYD8gDWWy3bRLN5uwOxFL6c/w4kERr/4ab/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbBa2its7u3v7pYPDpkkyzXiDJTLR7RAMl0LxBgqUvJ1qDnEoeSsc3k791iPXRiTqAUcpD2LoKxEJBmglv/Mk6DWFc+hit1R2K+4MdJl4OSmTHPVu6avTS1gWc4VMgjG+56YYjEGjYJJPip3M8BTYEPrct1RBzE0wnp08oadW6dEo0bYU0pn6e2IMsTGjOLSdMeDALHpT8T/PzzC6CsZCpRlyxeaLokxSTOj0f9oTmjOUI0uAaWFvpWwAGhjalIo2BG/x5WXSvKh41Ur1vlqu3eRxFMgxOSFnxCOXpEbuSJ00CCMJeSav5M1B58V5dz7mrStOPnNE/sD5/AEAepBt</latexit>

Eco-trajectory: extrapolation to the continuum at fixed

weak coupling input:

⇠ ⇠ 10

<latexit sha1_base64="Cyldb6eFoCWXlfM9uW6LrTTTg1s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ac2oWy2m3bp7ibsbsQS+i+8eFDEq//Gm//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244ucn97iNVmsXy3kwTGgg8kixiBBsrPfhPzNdMIM8dVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU5nFT/VNMFkgke0b6nEguogm188Q2dWGaIoVrakQXP190SGhdZTEdpOgc1YL3u5+J/XT010FWRMJqmhkiwWRSlHJkb5+2jIFCWGTy3BRDF7KyJjrDAxNqSKDcFbfnmVdC7qXqPeuGvUmtdFHGU4gVM4Bw8uoQm30II2EJDwDK/w5mjnxXl3PhatJaeYOYY/cD5/ALLvkEg=</latexit>

D4  
groupTo the Continuum

⇠�1 ⇠ �t, if �t ⌧ 1

<latexit sha1_base64="0GF0OwkeQKF+eQJX4/E+VOqNPtU=">AAACGnicbVDLSgNBEJz1GeMr6tHLYBA8aNiVgB5FLx4jmETIxmV2tjcZnH0w0ysJS/wNL/6KFw+KeBMv/o2TGEQTCxqKqm66u/xUCo22/WnNzM7NLywWlorLK6tr66WNzYZOMsWhzhOZqCufaZAihjoKlHCVKmCRL6Hp35wN/eYtKC2S+BL7KbQj1olFKDhDI3klx+2J6/zAGbhaRNQNQCLzcJ+6CD3MRXh3N/hRqSsldbxS2a7YI9Bp4oxJmYxR80rvbpDwLIIYuWRatxw7xXbOFAouYVB0Mw0p4zesAy1DYxaBbuej1wZ01ygBDRNlKkY6Un9P5CzSuh/5pjNi2NWT3lD8z2tlGB63cxGnGULMvxeFmaSY0GFONBAKOMq+IYwrYW6lvMsU42jSLJoQnMmXp0njsOJUK9WLavnkdBxHgWyTHbJHHHJETsg5qZE64eSePJJn8mI9WE/Wq/X23TpjjWe2yB9YH1/RqaC5</latexit>

[M. Carena, H. Lamm, YYL, W. Liu, PRD. 104, 094519]
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H

/ 1/ log(a) ! 0

<latexit sha1_base64="RmT8TyMyONVvVRMCQLjFgNnXENg=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVpSRVJRgrWDoWiT6kJkSO66RWnTiyHVAV9Q9Y+BUWBhBiZWXjb3DbDNByJEtH59yr63P8hFGpLOvbKKysrq1vFDdLW9s7u3vm/kFH8lRg0saccdHzkSSMxqStqGKklwiCIp+Rrj+6nvrdeyIk5fGtGifEjVAY04BipLTkmafhXVabeE0nETxRHNrnDuNhBZ1BR9BwqJAQ/AFanlm2qtYMcJnYOSmDHC3P/HIGHKcRiRVmSMq+bSXKzZBQFDMyKTmpJAnCIxSSvqYxioh0s1meCTzRygAGXOgXKzhTf29kKJJyHPl6MkJqKBe9qfif109VcOlmNE5SRWI8PxSkDOrg03LggAqCFRtrgrCg+q8QD5FAWOkKS7oEezHyMunUqna9Wr+plxtXeR1FcASOQQXY4AI0QBO0QBtg8AiewSt4M56MF+Pd+JiPFox85xD8gfH5A3Uhm6k=</latexit>
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Conclusions

❖ Techniques on real-time simulation of lattice field theory: 
   improved Hamiltonian: matrix elements for the improved terms,    
                                          circuits designed, fidelity for current device. 
   scale setting, fixed anisotropic trajectory. 

❖ More to explore 
  demonstration of different Hamiltonians, renormalization in     
  error mitigation, discrete group validity regime, …
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For High Energy Physics

❖ All of these techniques could be used for simulations of 
high energy processes in the future!!



Thank you
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BACK UP
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Discretization of space

[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

?



Mar, 2023, CCASTY.-Y. Li 36

Discretization of space

[M. Carena, H. Lamm, YYL, W. Liu, PRL. 129, 051601]

hU 0
1, U

0
2| UK2L |U1, U2i = �U 0

1U
0
2,U1U2

hU 0
1| ei✓Tr L̂2

1 |U1i

<latexit sha1_base64="3fj4CWHS/H0vUEzyLAFQeUIj09M="></latexit>

Tr(R̂1L̂2) = Tr[L̂2
2 + R̂2

1 � (L̂2 � R̂1)
2]/2

<latexit sha1_base64="0D0WdXJ9KZOC4JUARQ/hiLhj7/Y="></latexit>
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Digitization and Propagation

G�register : |gi

<latexit sha1_base64="Qu+8fkmQ7BinhXO7vXuBIHAwSYA=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRbBiyWRguJBih70WMF+QBPKZjtJl+4mYXcjlNibF/+KFw+KePUvePPfuG1z0NYHA4/3ZpiZ5yeMSmXb30ZhYXFpeaW4Wlpb39jcMrd3mjJOBYEGiVks2j6WwGgEDUUVg3YiAHOfQcsfXI391j0ISePoTg0T8DgOIxpQgpWWuub+deYKfiwg1LtAjM5dBoF6CF1Bw7666Jplu2JPYM0TJydllKPeNb/cXkxSDpEiDEvZcexEeRkWihIGo5KbSkgwGeAQOppGmIP0sskfI+tQKz0riIWuSFkT9fdEhrmUQ+7rTo5VX856Y/E/r5Oq4MzLaJSkCiIyXRSkzFKxNQ7F6lEBRLGhJpgIqm+1SB8LTHQksqRDcGZfnifNk4pTrVRvq+XaZR5HEe2hA3SEHHSKaugG1VEDEfSIntErejOejBfj3fiYthaMfGYX/YHx+QOVrZnG</latexit>

Ui(x) = eig
R 0
a dtAi(x+t̂i)

<latexit sha1_base64="dBP4O6vow+uNdc8m68B8v9AeENE="></latexit>

G�register : |gi

<latexit sha1_base64="Qu+8fkmQ7BinhXO7vXuBIHAwSYA=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRbBiyWRguJBih70WMF+QBPKZjtJl+4mYXcjlNibF/+KFw+KePUvePPfuG1z0NYHA4/3ZpiZ5yeMSmXb30ZhYXFpeaW4Wlpb39jcMrd3mjJOBYEGiVks2j6WwGgEDUUVg3YiAHOfQcsfXI391j0ISePoTg0T8DgOIxpQgpWWuub+deYKfiwg1LtAjM5dBoF6CF1Bw7666Jplu2JPYM0TJydllKPeNb/cXkxSDpEiDEvZcexEeRkWihIGo5KbSkgwGeAQOppGmIP0sskfI+tQKz0riIWuSFkT9fdEhrmUQ+7rTo5VX856Y/E/r5Oq4MzLaJSkCiIyXRSkzFKxNQ7F6lEBRLGhJpgIqm+1SB8LTHQksqRDcGZfnifNk4pTrVRvq+XaZR5HEe2hA3SEHHSKaugG1VEDEfSIntErejOejBfj3fiYthaMfGYX/YHx+QOVrZnG</latexit>

group element g: |abci

<latexit sha1_base64="Wzrf/u3rOJTMHzOlyrJb8Fxa3PM=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSB4CrsS0JMEvXiMYB6QXcLsZDYZMvtgpjcQ1vyJFw+KePVPvPk3TpI9aGJBQ1HVTXdXkEqh0XG+rbX1jc2t7dJOeXdv/+DQPjpu6SRTjDdZIhPVCajmUsS8iQIl76SK0yiQvB2M7mZ+e8yVFkn8iJOU+xEdxCIUjKKRerbtSR7iEw2Yp8RgiDc9u+JUnTnIKnELUoECjZ795fUTlkU8Riap1l3XSdHPqULBJJ+WvUzzlLIRHfCuoTGNuPbz+eVTcm6UPgkTZSpGMld/T+Q00noSBaYzojjUy95M/M/rZhhe+7mI0wx5zBaLwkwSTMgsBtIXijOUE0MoU8LcStiQKsrQhFU2IbjLL6+S1mXVrVVrD7VK/baIowSncAYX4MIV1OEeGtAEBmN4hld4s3LrxXq3Phata1YxcwJ/YH3+ALEPk7M=</latexit>

D4  group: 4 rotations, 4 
reflections

DigitizationDigitization

digitize gluon:

qubit regularization, quantum link models, 

discrete subgroups, etc
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[Heather M. Gray, 2021]

-Now-: precision measurement

New physics up to
 10TeV can be probed
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HL-Large Hadron Colliders 
(LHC)

⇠ O(10%)
<latexit sha1_base64="02MKSh654+cD1tWmOXa+p4XcM2o=">AAAB/nicbVBNS8NAFHypX7V+RcWTl8VSqJeSiKDHohdvVrC10ISy2W7apbtJ2N0IJRT8K148KOLV3+HNf+OmzUFbBxaGmfd4sxMknCntON9WaWV1bX2jvFnZ2t7Z3bP3DzoqTiWhbRLzWHYDrChnEW1rpjntJpJiEXD6EIyvc//hkUrF4uheTxLqCzyMWMgI1kbq20eeYsITWI8I5tnttO46Xu20b1edhjMDWiZuQapQoNW3v7xBTFJBI004VqrnOon2Myw1I5xOK16qaILJGA9pz9AIC6r8bBZ/impGGaAwluZFGs3U3xsZFkpNRGAm86Bq0cvF/7xeqsNLP2NRkmoakfmhMOVIxyjvAg2YpETziSGYSGayIjLCEhNtGquYEtzFLy+TzlnDdRru3Xm1eVXUUYZjOIE6uHABTbiBFrSBQAbP8Apv1pP1Yr1bH/PRklXsHMIfWJ8//AaU0g==</latexit><latexit sha1_base64="02MKSh654+cD1tWmOXa+p4XcM2o=">AAAB/nicbVBNS8NAFHypX7V+RcWTl8VSqJeSiKDHohdvVrC10ISy2W7apbtJ2N0IJRT8K148KOLV3+HNf+OmzUFbBxaGmfd4sxMknCntON9WaWV1bX2jvFnZ2t7Z3bP3DzoqTiWhbRLzWHYDrChnEW1rpjntJpJiEXD6EIyvc//hkUrF4uheTxLqCzyMWMgI1kbq20eeYsITWI8I5tnttO46Xu20b1edhjMDWiZuQapQoNW3v7xBTFJBI004VqrnOon2Myw1I5xOK16qaILJGA9pz9AIC6r8bBZ/impGGaAwluZFGs3U3xsZFkpNRGAm86Bq0cvF/7xeqsNLP2NRkmoakfmhMOVIxyjvAg2YpETziSGYSGayIjLCEhNtGquYEtzFLy+TzlnDdRru3Xm1eVXUUYZjOIE6uHABTbiBFrSBQAbP8Apv1pP1Yr1bH/PRklXsHMIfWJ8//AaU0g==</latexit><latexit sha1_base64="02MKSh654+cD1tWmOXa+p4XcM2o=">AAAB/nicbVBNS8NAFHypX7V+RcWTl8VSqJeSiKDHohdvVrC10ISy2W7apbtJ2N0IJRT8K148KOLV3+HNf+OmzUFbBxaGmfd4sxMknCntON9WaWV1bX2jvFnZ2t7Z3bP3DzoqTiWhbRLzWHYDrChnEW1rpjntJpJiEXD6EIyvc//hkUrF4uheTxLqCzyMWMgI1kbq20eeYsITWI8I5tnttO46Xu20b1edhjMDWiZuQapQoNW3v7xBTFJBI004VqrnOon2Myw1I5xOK16qaILJGA9pz9AIC6r8bBZ/impGGaAwluZFGs3U3xsZFkpNRGAm86Bq0cvF/7xeqsNLP2NRkmoakfmhMOVIxyjvAg2YpETziSGYSGayIjLCEhNtGquYEtzFLy+TzlnDdRru3Xm1eVXUUYZjOIE6uHABTbiBFrSBQAbP8Apv1pP1Yr1bH/PRklXsHMIfWJ8//AaU0g==</latexit><latexit sha1_base64="02MKSh654+cD1tWmOXa+p4XcM2o=">AAAB/nicbVBNS8NAFHypX7V+RcWTl8VSqJeSiKDHohdvVrC10ISy2W7apbtJ2N0IJRT8K148KOLV3+HNf+OmzUFbBxaGmfd4sxMknCntON9WaWV1bX2jvFnZ2t7Z3bP3DzoqTiWhbRLzWHYDrChnEW1rpjntJpJiEXD6EIyvc//hkUrF4uheTxLqCzyMWMgI1kbq20eeYsITWI8I5tnttO46Xu20b1edhjMDWiZuQapQoNW3v7xBTFJBI004VqrnOon2Myw1I5xOK16qaILJGA9pz9AIC6r8bBZ/impGGaAwluZFGs3U3xsZFkpNRGAm86Bq0cvF/7xeqsNLP2NRkmoakfmhMOVIxyjvAg2YpETziSGYSGayIjLCEhNtGquYEtzFLy+TzlnDdRru3Xm1eVXUUYZjOIE6uHABTbiBFrSBQAbP8Apv1pP1Yr1bH/PRklXsHMIfWJ8//AaU0g==</latexit>

[Jorge de Blas, et al, arXiv:1907.04311]

-Now-: precision measurement

New physics up to
 TeV can be probed
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Discretization of space

[L̂a
i (x), Ûi(x)] = �aÛi(x),

[L̂a
i (x), L̂

b
i (x)] = �ifabcL̂

c
i (x)

<latexit sha1_base64="2D6czAuN0Xiaz4xzO32t7hsqNP8="></latexit>
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Gate counting for D4

[H. Lamm, et al, arXiv:1903.08807]
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Discretization of space
[J. Carlsson, et al, hep-lat/0105018]
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Anisotropic Parameter Renormalization
Moreover, one-loop calculation of the renormalization effects on the Euclidean side

For ⇠ ! 1
For finite ⇠ in 3 + 1

<latexit sha1_base64="SI6V0751v1Hzu+OrSRoJp/Cg71M="></latexit>

For ⇠ ! 1
For finite ⇠ in 3 + 1

<latexit sha1_base64="SI6V0751v1Hzu+OrSRoJp/Cg71M="></latexit>

[C. J. Hamer, Phys. Rev. D 53, 7316, …]

[F. Karsch, Nuclear Physics B205 (1982) 285-300, …]

 SU(N)

Ux,x+µ = eiegE↵µ(x)U (0)
x,x+µ, U (0)

x,x+µ = eieaµAµ(x)

<latexit sha1_base64="PQK0C+iy1f5+I5q9paA2wq2zpkA="></latexit>

Background field method at one loop order [R. Dashen and D. Gross, Phys. Rev. D 23, 2340]

Independent of regularization

↵µ/� running in the loop
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