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Plan of Lectures
]

I Overview
Lecture duration ∼ 45 min

II What are GWs?
Lecture duration ∼ 45 min

III Gravity Tests with GWs
Lecture duration ∼ 90 min

Contact: lshao@pku.edu.cn
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GW150914: Binary Black Hole

September 14, 2015: Advanced Laser Interferometer

Gravitational-Wave Observatory (AdvLIGO)
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LIGO/Virgo 2016 [1602.03837]

https://arxiv.org/abs/1602.03837


Bailes et al. 2021



GW170817: Binary Neutron Star

August 17, 2017: Advanced LIGO & Advanced Virgo
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Figure Credit: M. Weiss



GW170817: Binary Neutron Star

August 17, 2017: Advanced LIGO & Advanced Virgo
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How do data tell stories?

LIGO/Virgo 2017 [1710.05832]

https://arxiv.org/abs/1710.05832


GW200105 & GW200115: BH-NS Binaries
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LIGO/Virgo 2021 [2106.15163]

https://arxiv.org/abs/2106.15163
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What is the next?



Bailes et al. 2021



GW Roadmap in the 2020s and 2030s
Past: BH & NS binaries by LIGO/Virgo

Opened a completely new window on the Universe!
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GW Roadmap in the 2020s and 2030s
Past: BH & NS binaries by LIGO/Virgo

Opened a completely new window on the Universe!

Future: 10−18 to 104 Hz ⇒ exploring fundamental questions

Einstein Telescope and Cosmic Explorer

⇒ a tenfold increase in sensitivity ⇒ study compact

object evolution to the beginning of the star formation era

LISA (mHz to 0.1 Hz) ⇐ evolution of BHs from the early

Universe through the peak of the star formation era

PTAs (nHz to μHz) ⇐ past mergers of SMBHBs
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Michelson Interferometer
Quadrupolar h ∼ δL/L

“+” and “×” modes
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Bailes et al. 2021



Michelson Interferometer
Quadrupolar h ∼ δL/L

“+” and “×” modes
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Bailes et al. 2021



Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 11 / 138

Figure Credit: F. Matichard

Optics



Ground-based Detectors

Frequency: 10 Hz to 10 kHz

Sources: h ∼ 10−21 and δL ∼ 10−18 m

Stellar-mass compact sources: BHs and NSs

Supernovae

Isolated NSs

Detectors: can be effectively treated as in free fall (i.e. local

inertial frame) in the direction of light propagation (Why?)
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Ground-based Detectors
Noise budget

Seimic noise: suspension system reduces by ∼ 1012 from 1 Hz

to 10 Hz

Thermal noise: thermally fluctuating stresses in the mirror

coatings, substrates and suspensions

Newtonian noise (or, dynamic gravity gradient): earth and

atmospheric density perturbations

Quantum noise: vacuum fluctuations of EM field (shot noise)

and quantum radiation pressure noise (by photons’ “kicks”)

Others: laser frequency and intensity noises, acoustically and seismically driven

scattered light noises, sensor and actuator noises, stochastic forces from

electrical and magnetic fields, energy deposited by energetic particles, etc.
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Figure Credit: D. Sigg
Suspension



Ground-based Detectors

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 15 / 138

van Veggel, Phil. Trans. Roy. Soc. Lond. A 376 (2018) 20170281



Ground-based Detectors

O2 Noise Curve
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LIGO/Virgo 2019 [1811.12907]

https://arxiv.org/abs/1811.12907


Ground-based Detectors
What have we learned? (BBHs)

1 There is a population of BHs paired in orbitally bound binary

systems that evolve through the emission of GWs and merge in

less than a Hubble time

2 BHs of many tens and even hundreds of M⊙ exist in nature

3 Properties of the observed BHs are entirely consistent with GR

to within current measurement limits
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Ground-based Detectors

What have we learned? (BNSs)

1st demonstration of GW-EM multi-messenger astronomy

1 1st definitive link between BNS mergers and short GRBs

2 1st definitive observation of a kilonova

3 conclusive spectroscopic proof that BNS mergers produce

heavy elements through r -process nucleosynthesis

4 1st demonstration that GWs travel at the light speed to better

than ∼ 1015

5 an independent method for measuring the Hubble constant

using detected GWs as a “standard siren”
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3G Ground-based GW Detectors
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Credit: ET Design Study Team

Bailes et al. 2021



3G Ground-based GW Detectors
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Credit: Evan Hall

Cosmic Explorer

Einstein Telescope



Space-based Detectors
LISA: 100μHz–100 mHz, 2.5 × 109 m

seed BHs @ z ∼ 20

IMBHs and SMBHs: 102–107 M⊙

EMRIs: extreme mass ratio inspirals

Galactic binaries: mapping Milky Way
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Credit: LISA Consortium



Space-based Detectors

LISA Pathfinder: 2015 – mid-2017
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Armano et al., PRL 120 (2018) 061101



Pulsar Timing Arrays
Pulsars: magentized rotating NSs ⇒ lighthouse

TOAs: time of arrivals (σ ≲ 1μs)
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Bailes et al. 2021
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Credit: David Champion
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Credit: David Champion

Hellings & Downs curve
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Credit: Shami Chatterjee



Key Evidence

NANOGrav PTA ≈ 3σ
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Agazie et al. 2023, ApJL [2306.16213]

https://arxiv.org/abs/2306.16213


Key Evidence

European PTA ≳ 3σ [inconsistency?]
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Antoniadis et al. 2023, A&A [2306.16214]

https://arxiv.org/abs/2306.16214


Key Evidence

Parkes PTA ≈ 2σ
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Reardon et al. 2023, ApJL [2306.16215]

https://arxiv.org/abs/2306.16215


Key Evidence

Chinese PTA 4.6σ [one single frequency?]
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Xu et al. 2023, RAA [2306.16216]

https://arxiv.org/abs/2306.16216


CMB Polarization
B-mode polarization: down to 10−18 Hz

remnant primordial GWs
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Fundamental Physics
Testing GR and modified theories of gravity

information loss, contradicting quantum, singularity, late-time

acceleration ⇒ quantum gravity?

Equation of state of ultra-high density matter

low-energy QCD ⇒ nonperturbative

phase transition?

Exploring dark matter properties with GW observations

WIMPs, axions ⇒ superradiance, primordial BHs
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Sathyaprakash & Schutz 2009 [0903.0338]; Bailes et al. 2021

https://arxiv.org/abs/0903.0338
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Sathyaprakash & Schutz 2009 [0903.0338]; Bailes et al. 2021

https://arxiv.org/abs/0903.0338


Cosmology
Standard Sirens

Hubble constant

dark energy equation of state

energy Universe ⇐ stochastic backgrounds
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LIGO/Virgo + EM Groups 2017 [1710.05835]

https://arxiv.org/abs/1710.05835


Astrophysics
Formation and evolution of compact stars

BH-BH, BH-NS, NS-NS, supernovae, etc.

SMBH growth and evolution
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Zhang, Shao, Zhu 2019 [1903.02685]

https://arxiv.org/abs/1903.02685


Multi-messenger
Gravitational waves

γ-ray, X-ray

UV, optical, IR

Optical

γ-ray bursts

kilonovae

afterglows
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Abbott et al. 2017 [1710.05833]

https://arxiv.org/abs/1710.05833
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General Relativity

Rμν −
1
2

gμνR =
8πG
c4 Tμν

“Matter tells spacetime how to curve, and spacetime tells matter how to

move.”
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Einstein Field Equations

Einstein Field Equations in a Nutshell

Gμν = Rμν −
1
2

gμνR =
8πG
c4 Tμν

where

R = gμv Rμv

Rμv = gρσRρμσv

Rν
μρσ = Γνμσ,ρ − Γνμρ,σ + ΓνλρΓ

λ
μσ − ΓνλσΓ

λ
μρ

Γ
μ
νρ =

1
2

gμλ
(
gλν,ρ + gλρ,ν − gνρ,λ

)
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Linearized Gravity



Perturbation of gμν
In order to study GWs, we assume there exists a coordinate

system where the spacetime of interests has

gμν = ημν + hμν,
∣∣hμν∣∣ ≪ 1

Consider a Lorentz transformation xμ → Λ
μ
νxν, we have

gμν → g′
μν

(
x ′) = Λ

ρ
μΛ
σ
νgρσ = ημν+Λ

ρ
μΛ
σ
νhρσ(x) = ημv + h′

μν

(
x ′)

where we have used Λ
ρ
μΛ
σ
νηρσ = ημν

Therefore, hμν can be viewed as a tensor field in a flat

spacetime
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Perturbation of gμν
Now consider a coordinate transformation

xμ → x ′μ = xμ + ξμ(x),
∣∣∂μξν∣∣ ≤ ∣∣hμν∣∣

The metric becomes

gμν(x) → g′
μν

(
x ′) = ∂xρ

∂x ′μ
∂xσ

∂x ′νgρσ(x)

Keeping leading-order terms,

g′
μν = ημν − ∂νξμ − ∂μξν + hμν +O

(
ξ2
)

Therefore, hμν satisfies

h′
μν = hμν − ξμ,ν − ξν,μ ,

∣∣∣h′
μν

∣∣∣ ≪ 1
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Perturbation of gμν
Keeping the leading-order terms of hμν, we have1

Γνμρ =
1
2
ηνλ

(
∂ρhλμ + ∂μhλρ − ∂λhμρ

)
Rν
μρσ =∂ρΓ

ν
μσ − ∂σΓνμρ +O

(
h2

)
Rμνρσ =

1
2
(
∂ρνhμσ + ∂σμhνρ − ∂ρμhνσ − ∂σνhμρ

)

A direct calculation shows that, under the change of

hμν → hμν − ∂μξν − ∂νξμ, the Rieman tensor does not change

1Homework ;-)
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Equation of GWs

Define a trace-reverse tensor,

h̄μν = hμν − 1
2
ημνh

which satisfies h = ηαβhαβ and h̄ = −h

With a linearized metric, the Einstein field equations become

□h̄νσ+ ηνσ∂ρ∂λh̄ρλ− ∂ρ∂νh̄ρσ− ∂ρ∂σh̄ρν+O
(

h2
)
= −16πG

c4 Tνσ
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Equation of GWs

Introduce Lorenz gauge (a.k.a. harmonic gauge, De Donder

gauge)

∂νh̄μν = 0

We finally obtain a wave equation

□h̄νσ = −16πG
c4 Tνσ
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Equation of GWs

If h̄μν does not satisfy Lorenz gauge, namely

∂μh̄μν = qν ̸= 0

We can always perform a coordinate transformation, s.t.

h̄′
μν = h̄μν − ξμ,ν − ξν,μ + ημν

(
∂ρξ

ρ
)

as long as □ξν = qν, we can obtain ∂μh̄′μν = 0 (i.e., Lorenz

gauge)

Lorenz gauge reduces the d.o.f.s of hμν from 10 to 6
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Transverse Traceless Gauge

In vacuum, Tμν = 0, therefore

□h̄μν = 0

thus, GWs propagate with the speed of light

On top of the Lorenz gauge, consider x ′μ = xμ + ξμ

as long as □ξμ = 0, the Lorenz gauge is preserved

Now h̄μν becomes

h̄′
μν = h̄μν + ξμν

where ξμν = ημν∂ρξρ − ξμ,ν − ξν,μ, satisfying □ξμν = 0
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Transverse Traceless Gauge
With it, d.o.f.s of hμν are reduced from 6 to 2; specifically

choose ξ0, s.t. h = 0 (now, h̄μν = hμν)

choose ξi , s.t. hi0 = 0

As for now, we know from the μ = 0 component of the Lorenz

gauge ∂νh̄μν = ∂νhμν = 0 that ∂0h00 = 0 (we take h00 = 0)

Overall, we call the following transverse-traceless gauge

h00 = hii = h0i = 0, ∂ihij = 0

We denote GWs in TT gauge as hTT
ij
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hTT
ij

For a plane wave, ∂ihij = 0 means n̂ihTT
ij = 0, where n̂ = k/k is

the propagating direction

Without losing generality, we consider GWs propagating along

z-axis, and we have

hTT
ij (t , z) =


h+ h× 0

h× −h+ 0

0 0 0

 cos

[
ω

(
t −

z
c

)]

where h+ and h× are two independent polarizations
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hTT
ij

If we rotate about z axis by an angle ψ,

h× ± ih+ → e∓2iψ (h× ± ih+)

Therefore, gravitons are spin-2 particles

What are gravitons?
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Projection Operators

For a given direction n̂, introduce

Pij(n̂) =δij − n̂i n̂j

Λijkl(n̂) =PikPjl −
1
2

PijPkl

If hkl describes GWs in Lorenz gauge (not necessarily TT

guage), then

hij ≡ Λijklhkl

satisfies TT gauge
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GW Detections
Now we consider a local free fall (FF) coordinate (note: not a
TT gauge!)

In FF coordinate, we have gμν(P) = ημν and Γρμν(P) = 0

LIGO/Virgo/KAGRA are obviously not in a FF state

However , it is a good approximation for some frequency bands

(e.g. ∼ 100 Hz)

Without proof,2 we denote that for two nearby particles,

d2ξj

dt2 =
1
2

ḧTT
jk ξ

k

2It can be obtained from geodesic equation; see Sec. 3.3 in arXiv:0709.4682
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ḧTT
jk ξ

k

2It can be obtained from geodesic equation; see Sec. 3.3 in arXiv:0709.4682
Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 52 / 138

https://arxiv.org/abs/0709.4682


GW Detections
Consider particles on a ring whose norm is in z-direction

With a “+” mode GW,

hTT
ij = h+

 1 0

0 −1

 sinωt

Relative to the center, particles’ position becomes

ξi = [x0 + δx(t), y0 + δy(t)]

According to the equation on the previous slide, we obtain3

δx(t) =
h+

2
x0 sinωt

δy(t) = −h+

2
y0 sinωt

3Notice that, amazingly, now it is a Newtonian-like force!
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GW Detections

Similarly, a “×” mode GW gives

δx(t) =
h×
2

y0 sinωt

δy(t) =
h×
2

x0 sinωt

Therefore, we have the positions of particles as a function of

time,
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GW Polarizations in Alternative Gravity

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 55 / 138

Eardley et al., PRD 8 (1973) 3308; Will 2014 [1403.7377]

https://arxiv.org/abs/1403.7377


GW Generation

As GR is highly nonlinear, it is impossible to obtain analytic

solutions in a generic setting

Here we only present some simple results

For more details, see

Buonanno’s Les Houches Lecture [arXiv:0709.4682]

Michele Maggiore’s books Gravitational Waves (Vol I & Vol II)
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GW Generation

Under Lorenz gauge, ∂μh̄μν = 0

Linearized Einstein equation becomes,

□h̄μv = −16πG
c4 Tμν

We make weak-field & slow-motion assumptions, and get

hTT
ij (t ,x) =

1
r

2G
c4 Λijkl(n̂)M̈kl

(
t − r

c

)
where

M ij =
1
c2

ˆ
d3xT 00(t ,x)x ix j

is mass quadrupole moment in Newtonian approximation
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GW Generation

Take n̂ = (cosϕ sin θ, sinϕ sin θ, cos θ) and insert into the

projection operator Λijkl(n̂), then4

h+ =
G
rc4

{
M̈11

(
sin2 ϕ− cos2 θ cos2 ϕ

)
+ M̈22

(
cos2 ϕ− cos2 θ sin2 ϕ

)
− M̈33 sin

2 θ

−M̈12 sin 2ϕ
(
1 + cos2 θ

)
+ M̈13 cosϕ sin 2θ+ M̈23 sin 2θ sinϕ

}
h× =

2G
rc4

{
1
2

(
M̈11 − M̈22

)
cos θ sin 2ϕ− M̈12 cos θ cos 2ϕ

−M̈13 sin θ sinϕ+ M̈23 cosϕ sin θ
}

4Don’t be afraid & take it homework ;-)
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Binary Systems
Consider a binary with masses m1 and m2

total M = m1 + m2, and reduced mass μ = m1m2/ (m1 + m2)

Assume a circular orbit,

X (t) = R cosωt , Y (t) = R sinωt , Z (t) = 0

Then the mass quadrupole moments are

M11 =
1
2
μR2(1 + cos 2ωt)

M22 =
1
2
μR2(1 − cos 2ωt)

M12 =
1
2
μR2 sin 2ωt
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Binary Systems

Insert into expressions of h+ & h×, we have

h+(t) =
1
r

4G
c4 μR2ω2

(
1 + cos2 θ

)
2

cos(2ωt)

h×(t) =
1
r

4G
c4 μR2ω2 cos θ sin(2ωt)

These are the leading-order GW formuae that we frequently

use
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GW Radiation
As GWs carry energy, the GW radiation reduces the binary’s

orbital energy ⇐ energy balance equation

The orbital size becomes smaller, and the orbital frequency

becomes larger

At leading order,5 with ν ≡ μ/M and M = μ3/5M,

ω̇

ω2 =
96
5
ν

(
GMω

c3

)5/3

ḟGW =
96
5
π8/3

(
GM
c3

)5/3

f 11/3
GW

5GW frequency is twice that of the orbit, fGW = ω/π
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GWs on a curved spacetime



Separation of GWs from the Background

On a curved, dynamical background metric

gμν(x) = ḡμν(x) + hμν(x),
∣∣hμν∣∣ ≪ 1

such that satisfying (short-wave expansion) λ̄≪ LB or f ≫ fB

Ricci tensor: O(1), O(h), and O(h2)

Rμν = R̄μν + R(1)
μν + R(2)

μν + . . .

R̄μν: only low frequency

R(1)
μν : only high frequency

R(2)
μν : mixture of both

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 64 / 138



Separation of GWs from the Background

On a curved, dynamical background metric
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Separation of GWs from the Background

Master equations

R̄μν = −
[
R(2)
μν

]Low
+

8πG
c4

(
Tμν −

1
2

gμνT
)Low

R(1)
μν = −

[
R(2)
μν

]High
+

8πG
c4

(
Tμν −

1
2

gμνT
)High

low-frequency equation ⇒ energy-stress tensor of GWs

high-frequency equation ⇒ propagating equation of GWs
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Low-frequency Equation

R̄μν = −
[
R(2)
μν

]Low
+

8πG
c4

(
Tμν −

1
2

gμνT
)Low

If curvature is determined by GWs ⇒ h ∼ λ
LB

If curvature is determined by matter fields ⇒ h ≪ λ
LB

These two conclusions will be important for a later context
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Low-frequency Equation

Difficulties with localized energy-stress tensor in GR

Learn from renormalization group

“coarse-grained” form of the Einstein equation

R̄μν −
1
2

ḡμνR̄ =
8πG
c4

(
T̄μν + tμν

)
where

tμν ≡ − c4

8πG

〈
R(2)
μν − 1

2
ḡμνR(2)

〉
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Low-frequency Equation

In Lorentz gauge and with h = 0, one has

tμν =
c4

32πG

〈
∂μhαβ∂νhαβ

〉

Explicit calculations show that,6 tμν only depends on the

physical modes hTT
ij ⇒ namely, gauge invariant

Energy-momentum exchange between matters and GWs

D̄μ
(
T̄μν + tμν

)
= 0

6Use x ′μ = xμ + ξμ

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 68 / 138



Low-frequency Equation

In Lorentz gauge and with h = 0, one has

tμν =
c4

32πG

〈
∂μhαβ∂νhαβ

〉

Explicit calculations show that,6 tμν only depends on the

physical modes hTT
ij ⇒ namely, gauge invariant

Energy-momentum exchange between matters and GWs

D̄μ
(
T̄μν + tμν

)
= 0

6Use x ′μ = xμ + ξμ

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 68 / 138



Low-frequency Equation

In Lorentz gauge and with h = 0, one has

tμν =
c4

32πG

〈
∂μhαβ∂νhαβ

〉

Explicit calculations show that,6 tμν only depends on the

physical modes hTT
ij ⇒ namely, gauge invariant

Energy-momentum exchange between matters and GWs

D̄μ
(
T̄μν + tμν

)
= 0

6Use x ′μ = xμ + ξμ

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 68 / 138



Low-frequency Equation

With energy-stress tensor for GWs, we can discuss many

aspects of GWs, e.g.,

t00 =
c2

16πG

〈
ḣ2
+ + ḣ2

×

〉

Similarly to the electromagnetism, we have

dE
dAdt

= +ct00

dPk

dAdt
= +t0k
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Low-frequency Equation

We can have the energy radiation rate and the momentum

taken away by GWs,

dE
dt

=
c3r2

32πG

ˆ
dΩ

〈
ḣTT

ij ḣTT
ij

〉
dPk

dt
= − c3

32πG
r2
ˆ

dΩ
〈

ḣTT
ij ∂

khTT
ij

〉

as well as the energy spectrum

dE
df

=
πc3

2G
f 2r2
ˆ

dΩ
(∣∣∣h̃+(f )

∣∣∣2 + ∣∣∣h̃×(f )
∣∣∣2)

and so on
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High-frequency Equation

R(1)
μν = −

[
R(2)
μν

]High
+

8πG
c4

(
Tμν −

1
2

gμνT
)High

If T μν = 0,7 one has R(1)
μν = −

[
R(2)
μν

]High

R(1)
μν ∼ ∂2h ∼ h

λ̄2 ∼ 1
ϵ

R(2)
μν ∼ ∂2h2 ∼ h2

λ̄2 ∼ 1

At leading order, R(1)
μν = 0 ⇒ □h̄μν = 0 in Lorenz gauge

7Now, according to the low-frequency equation, one has h ∼ λ/LB
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High-frequency Equation

R(1)
μν = −

[
R(2)
μν

]High
+

8πG
c4

(
Tμν −

1
2

gμνT
)High

If T μν ̸= 0,8 one simply has R(1)
μν = 0

Imposing a generalized “Lorenz gauge” D̄νh̄μν = 0, one has a

wave equation in curved spacetime

D̄ρD̄ρh̄μν = 0

8Now, according to the low-frequency equation, one has h ≪ λ/LB ; also,(
Tμν − 1

2 gμνT
)High

= O
(
h/L2

B
)
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Plan of Lectures
]

I Overview
Lecture duration ∼ 45 min

II What are GWs?
Lecture duration ∼ 45 min

III Gravity Tests with GWs
Lecture duration ∼ 90 min

Contact: lshao@pku.edu.cn
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Modern Physics Landscape

Standard Model

quantum field theory

General Relativity

gravitation and spacetime
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How the Universe is Ruled
Particles of strong, weak, electromagnetic interactions

Llepton =
1
2

ieeμa
[
L̄Aγ

a ↔
Dμ LA + R̄Aγ

a ↔
Dμ RA

]
Lquark =

1
2

ieeμa
[
Q̄Aγ

a ↔
Dμ QA + ŪAγ

a ↔
Dμ UA + D̄Aγ

a ↔
Dμ DA

]
LYukawa = −e

[
(GL)AB L̄AϕRB + (GU)AB Q̄Aϕ

cUB + (GD)AB Q̄AϕDB
]
+ h.c.

LHiggs = −e
[
(Dμϕ)† Dμϕ− μ2ϕ†ϕ+

λ

3!

(
ϕ†ϕ

)2
]

Lgauge = −
1
2

e
[
Tr (GμνGμν) + Tr (WμνW μν) +

1
2

BμνBμν
]

Spacetime of gravitational interaction

Sgravity =
1
2κ

ˆ
d4x e(R − 2Λ + · · · )
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Absence of Quantum Gravity

On one hand, we have Quantum Field Theory to describe the

electromagnetic, strong, and weak interactions

On the other hand, we have General Relativity to describe the

gravity, as the dynamics of curved spacetime

However, QFT and GR are Not Compatible at their face

values!
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[Planck & Einstein]
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Theoretical physics is beautiful,

but not yet complete
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Theoretical physics is beautiful,

but not yet complete

Gravity may be holding
the key



Parameter Space in Gravity Tests
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Gravitational-wave Data
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Gravitational Waveform (Time Domain)
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Bohé, Shao, Taracchini et al. 2017 [1611.03703]

Inspiral: post-Newtonian expansion

Merger: numerical relativity

Ringdown: black hole perturbation

https://arxiv.org/abs/1611.03703
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Eccentric Waveform (Time Domain)
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Cao & Han 2017 [1708.00166]; Liu, Cao, Shao 2020 [1910.00784]; Liu, Cao, Zhu 2021 [2102.08614]; Liu, Cao, Shao 2023

[2306.15277]

https://arxiv.org/abs/1708.00166
https://arxiv.org/abs/1910.00784
https://arxiv.org/abs/2102.08614
https://arxiv.org/abs/2306.15277


Matched Filter

Matched fitlering is a standard analysis method for wideband

time series data Finn 1992 [gr-qc/9209010]

(g| k) ≡ 2
ˆ ∞

0

g̃∗(f )k̃(f ) + g̃(f )k̃∗(f )
Sn(f )

df
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https://arxiv.org/abs/gr-qc/9209010


Matched Filter

The power of matched fitlering lays in its ability/sensitivity to

the phase of time-series data
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Credit: Vivien Raymond / Cardiff U.



Parameter Estimation
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Credit: Vivien Raymond / Cardiff U.



Parameter Estimation: GW150914
GW data encode plenty of information of GW sources

Apply matched filter to data & theory
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LIGO/Virgo 2016 [1602.03837]

https://arxiv.org/abs/1602.03837


GW150914 (LIGO/Virgo 2016)
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36 + 29 M⊙: 0.2 sec, SNR=23



GW151226 (LIGO/Virgo 2016)
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14 + 8 M⊙: 1 sec, SNR=13



GW Transient Catalog GWTC-1 (LIGO/Virgo 2019)

Type m1 [M⊙] m2 [M⊙] dL [Mpc] Redshift z

GW150914 BBH 35.6+4.8
−3.0 30.6+3.0

−4.4 430+150
−170 0.09+0.03

−0.03

GW151012 BBH 23.3+14.0
−5.5 13.6+4.1

−4.8 1060+540
−480 0.21+0.09

−0.09

GW151226 BBH 13.7+8.8
−3.2 7.7+2.2

−2.6 440+180
−190 0.09+0.04

−0.04

GW170104 BBH 31.0+7.2
−5.6 20.1+4.9

−4.5 960+430
−410 0.19+0.07

−0.08

GW170608 BBH 10.9+5.3
−1.7 7.6+1.3

−2.1 320+120
−110 0.07+0.02

−0.02

GW170729 BBH 50.6+16.6
−10.2 34.3+9.1

−10.1 2750+1350
−1320 0.48+0.19

−0.20

GW170809 BBH 35.2+8.3
−6.0 23.8+5.2

−5.1 990+320
−380 0.20+0.05

−0.07

GW170814 BBH 30.7+5.7
−3.0 25.3+2.9

−4.1 580+160
−210 0.12+0.03

−0.04

GW170817 BNS 1.46+0.12
−0.10 1.27+0.09

−0.09 40+10
−10 0.01+0.00

−0.00

GW170818 BBH 35.5+7.5
−4.7 26.8+4.3

−5.2 1020+430
−360 0.20+0.07

−0.07

GW170823 BBH 39.6+10.0
−6.6 29.4+6.3

−7.1 1850+840
−840 0.34+0.13

−0.14
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Signals of GW Events (Frequency Domain)
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Liu, Shao, Zhao, Gao 2020 [2004.12096]

https://arxiv.org/abs/2004.12096


GW170817 (LIGO/Virgo 2017)
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1 min, SNR=32

3000 cycles from 30 Hz
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1 min, SNR=32

3000 cycles from 30 Hz



GWTC-1: Sky Position (LIGO/Virgo 2019)
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New Events from O3 (LIGO/Virgo 2020)

GW190412: Observation of a Binary-Black-Hole Coalescence
with Asymmetric Masses

30 M⊙ + 8 M⊙; higher multipole modes

GW190425: Observation of a Compact Binary Coalescence

with Total Mass ∼ 3.4 M⊙
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New Events from O3 (LIGO/Virgo 2020)

GW190521: A Binary Black Hole Merger with a Total Mass of
150 M⊙

85 M⊙ + 66 M⊙ ⇒ 142 M⊙

Intermediate mass black hole?

GW190814: Gravitational Waves from the Coalescence of a 23
Solar Mass Black Hole with a 2.6 M⊙ Compact Object

Mass gap: either the lightest black hole or the heaviest neutron

star ever discovered
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GW200105 & GW200115: BH-NS Binaries
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LIGO/Virgo 2021 [2106.15163]

https://arxiv.org/abs/2106.15163




Testing Gravity with BBHs

Residual tests (RT)

Inspiral-merger-ringdown consistency tests (IMR)

Parameterized tests: inspiral & post-inspiral (PI & PPI)

Modified dispersion relation (MDR)
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Residual Tests (LIGO/Virgo 2019)

Model: best fitted model

Residual = Data − Model

Residual tests: consistent with noise distribution!
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IMR Consistency Tests (LIGO/Virgo 2019)

Parameter estimation separately with inpsiral and merger +

ringdown

Check consistency!
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Parameterized Tests (LIGO/Virgo 2019)

ψ ∼ 3
128η

(πfM)−5/3
n∑

i=0

φGR
i (πfM)i/3

φi → (1 + δφ̂i)φ
GR
i
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Graviton Dispersion Relation

GR: massless spin-2 metric field ⇒ E = p

Lorentz-invariant massive graviton ⇒ E2 = p2 + m2

Both the phase velocity E/p and the group velocity ∂E/∂p

depend on the energy/frequency of graviton

GWs gain frequency-dependent time delays when they arrive at

the Earth

In a FRW spacetime, one has

∆ta = (1 + z)

[
∆te +

D
2λ2

g

(
1
f 2
e
− 1

f ′2e

)]
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Will 1998 [gr-qc/9709011]

https://arxiv.org/abs/gr-qc/9709011


Propagation of GWs

The extra time delay results in a phase shift in h(f ) ∝ eiΨ(f )

Ψ(f ) = ΨGR(f )−
π2DM
λ2

g(1 + z)
(πMf )−1

On the other hand, the waveform is totally calculable and

deterministic in GR

Therefore, GWs provide an observational window to the

dispersion relation of graviton
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Propagation of GWs w/ Lorentz Violation

Lorentz violation occurs in a few quantum gravity candidate

theories [Kostelecký & Samuel 1989; Amelino-Camelia 2013]

Dispersion relation of GWs with isotropic Lorentz violation

[Mirshekari, Yunes, Will 2012]

E2 = p2c2 + m2
gc4 + Apαcα

where mg is the graviton mass; A and α are two

Lorentz-violating parameters
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Lorentz-violating Propagation of GWs
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LIGO/Virgo 2021 [2010.14529]

https://arxiv.org/abs/2010.14529


Lorentz-violating Propagation of GWs
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Lorentz-violating Propagation of GWs
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But... such a combination is problematic in general

LIGO/Virgo 2021 [2010.14529]

https://arxiv.org/abs/2010.14529


Standard-model Extension

The most generic linearized gravity has the Lagrangian

[Kostelecký & Mewes 2018]

LK(d) =
1
4

hμνK̂(d)μνρσhρσ

where K̂(d)μνρσ = K(d)μνρσi1i2···id−2∂i1∂i2 · · · ∂id−2

It predicts a modified dispersion relation for GWs

ω =

(
1 − ζ0 ±

√(
ζ1
)2

+
(
ζ2
)2

+
(
ζ3
)2
)

p
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Standard-model Extension

ω =

(
1 − ζ0 ±

√(
ζ1
)2

+
(
ζ2
)2

+
(
ζ3
)2
)

p

ζ0 =
∑
djm

ωd−4Yjm(n̂)k (d)
(I)jm

ζ1 ∓ iζ2 =
∑
djm

ωd−4
±4 Yjm(n̂)

[
k (d)
(E)jm ± ik (d)

(B)jm

]
ζ3 =

∑
djm

ωd−4Yjm(n̂)k (d)
(V )jm

Therefore, gravitons of different polarization or frequency,

coming from different directions have different velocity
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GWTC-1 Events

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 108 / 138

A simplified/naive approach: |ωGW∆t | ≤ 2π/ρ

We have all the information available to perform the test

Shao 2020 [2002.01185]

https://arxiv.org/abs/2002.01185


Anisotropic Birefringence Combined Search
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We have all the information available to perform the test

Shao 2020 [2002.01185]

Mass dimension-5 operators

Mass dimension-6 operators

https://arxiv.org/abs/2002.01185


Combined Results from GWTC-2
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Wang, Shao, Liu 2021, ApJ [2108.02974]

https://arxiv.org/abs/2108.02974


Combined Results from GWTC-3
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Zhao, Cao, Wang, ApJ [2201.02813]

Isotropic violation Anisotropic violation

Niu, Zhu, Zhao [2202.05092]

https://arxiv.org/abs/2201.02813
https://arxiv.org/abs/2202.05092


Matched Filter Analysis
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Mewes 2019, PRD [1905.00409]

https://arxiv.org/abs/1905.00409


Monte Carlo Markov-Chain Runs
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Liu et al. 2020, PRD [2005.03121]

https://arxiv.org/abs/2005.03121


Monte Carlo Markov-Chain Runs
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O’Neal-Ault, et al. 2021, Universe [2108.06298]

A simulated 50 M⊙–50 M⊙ BBH at 5 Gpc

https://arxiv.org/abs/2108.06298


Monte Carlo Markov-Chain Runs
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Analysis with isotropic parity violation

Wang, Brown, Shao, Zhao 2022, PRD [2109.09718]

https://arxiv.org/abs/2109.09718


Monte Carlo Markov-Chain Runs
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Haegel, O’Neal-Ault, Bailey, Tasson, Bloom, Shao 2023 [2210.04481]

A full analysis with anisotropy

https://arxiv.org/abs/2210.04481


Polarization Tests (LIGO/Virgo 2019)

Triple detections

GW170729, GW170809, GW170814, GW170818

Bayes factors: 101–102

tensor vs vector

tensor vs scalar
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Waveform: tidal deformability (LIGO/Virgo 2017)

SEOBNRv4T

tidal deformability

equation of state
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Speed of Gravity (LIGO/Virgo 2017)

The famous 1.7 sec

−3 × 10−15 ⩽ ∆v
vEM

⩽ +7 × 10−16

strong implications on
cosmological models

... tons of PRL papers
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Polarization Tests (LIGO/Virgo 2019)

Precise localization: NGC 4993

Bayes factors

tensor vs vector: 1021

tensor vs scalar: 1023

much tighter than BBHs
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Hubble Constant (LIGO/Virgo 2017)

By simultaneously measuring redshift and luminosity distance,

GWs provide an independent way to probe cosmological

parameters [Schutz 1986]
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Parameterized Tests (LIGO/Virgo 2019)
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Scalar-Tensor Gravity

S =
c4

16πG∗

ˆ
d4x
c

√
−g∗

[
R∗ − 2gμν∗ ∂μφ∂νφ− V (φ)

]
+Sm

[
ψm;A2(φ)g∗

μν

]

A class of cosmologically well-motivated scalar-tensor theories,

that are solely described by two theory parameters: α0 & β0

V (φ) = 0

A(φ) = exp
(
β0φ

2/2
)
, α0 = β0φ0

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 123 / 138

Damour & Esposito-Farèse 1992; 1993; 1996



Scalar-Tensor Gravity

S =
c4

16πG∗

ˆ
d4x
c

√
−g∗

[
R∗ − 2gμν∗ ∂μφ∂νφ− V (φ)

]
+Sm

[
ψm;A2(φ)g∗

μν

]

A class of cosmologically well-motivated scalar-tensor theories,

that are solely described by two theory parameters: α0 & β0

V (φ) = 0

A(φ) = exp
(
β0φ

2/2
)
, α0 = β0φ0

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 123 / 138

Damour & Esposito-Farèse 1992; 1993; 1996



Scalar-Tensor Gravity
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Nonperturbative spontaneous scalarization

could happen for isolated neutron stars

Damour & Esposito-Farèse 1992; 1993; 1996



Scalar-Tensor Gravity
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Strong-field behavior is analogous to Landau’s phase

transition after a critical point
Damour & Esposito-Farèse 1996; Esposito-Farèse 2004; Sennett, Shao, Steinhoff 2017



Massive Scalar-Tensor Gravity

When a mass term is included, say V (φ) ∼ m2φ2, a

Yukawa-type suppression happens for the deviation

Lijing Shao (邵立晶) Gravity Tests via GWs 山东·济南 126 / 138

Ramazanoğlu & Pretorius 2016; Xu, Gao, Shao 2020; Hu, Gao, Xu, Shao 2021; Xu, Gao, Shao 2022



Strong-field gravity can be VERY

different from weak-field gravity



Scalar-Tensor Gravity
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Due to their asymmetry, neutron-star white-dwarf systems

provide stringent limits on dipole radiation Ṗdipole
b ∝ (αNS − α0)

2

ϵNS ∼ GM
Rc2 ∼ 0.2

ϵWD ∼ 10−4



Combination of Multiple NS-WD Binaries

Strong-field effects could happen at different NS masses for

different EOSs [Shibata et al. 2014, PRD 89:084005]

Combining NS-WDs put the best limits on a class of scalar

tensor theories for different EOSs [Shao et al. 2017, PRX 7:041025]
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Combination of Multiple NS-WD Binaries

Reduced-order surrogate models to speed up Markov-chain

Monte Carlo runs: pySTGROM,9 & pySTGROMX10

9https://github.com/BenjaminDbb/pySTGROM
10https://github.com/mh-guo/pySTGROMX
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Zhao, Shao, et al. 2019

Guo, Zhao, Shao 2021

https://github.com/BenjaminDbb/pySTGROM
https://github.com/mh-guo/pySTGROMX


Combination of Multiple NS-WD Binaries
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Scalarization window is closed for T (φ0, β0) theories (≲ 1%)

with addition of new observations
Zhao et al. 2022 [2201.03771]

https://arxiv.org/abs/2201.03771


Gravitational Waves
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Will 1994; Damour & Esposito-Farèse 1998; Shao et al. 2017, PRX



Gravitational Waves
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laser interferometers & atom interferometers

Damour & Esposito-Farèse 1998; Zhao, Shao, et al. 2021 [2106.04883]

https://arxiv.org/abs/2106.04883


Gravitational Waves
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Zhao, Shao, et al. 2021 [2106.04883]

https://arxiv.org/abs/2106.04883


Summary

Einstein is still right

GWs launch a new era to test gravity

Hope something new emerges soon
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Only a tiny part of GW spectrum was revealed by now

Stay tuned!
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An exciting era for astronomers & physicists
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Thank you!


