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There is no royal road to science [Karl Marx]

From Peter Higgs (Nobel Laureate) [From “My Life as a Boson", 2010]:
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There is no royal road to science [Karl Marx]

Penguin story from Arkady Vainshtein [1999 Sakurai Prize Lecture]:
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There is no royal road to science [Karl Marx]

Higgs mechanism by Sasha Migdal and Alexander Polyakov:
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Unfashionable Pursuits [Freeman John Dyson]
The rare individualist who does not fit into the prevailing pattern:
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Unfashionable Pursuits [Freeman John Dyson]
The interpretation of quantum mechanics [John Stewart Bell]:
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Unfashionable Pursuits [Freeman John Dyson]
An excellent example from hadron physics [Bing-Song Zou]:
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We live in a heroic, a unique and wonderful age [Feynman]
Importance of the elementary particle physics [Martinus J. G. Veltman]:
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General Information and Syllabus
Email: wangyuming@nankai.edu.cn

General textbooks:
I L. M. Brown, Renormalization: From Lorentz to Landau (and beyond), New York, USA,

Springer, 1993.
I T. Y. Cao, Conceptual developments of 20th century field theories, Cambridge University

Press, 1997.
I T. Y. Cao (ed.), Conceptual foundations of quantum field theory, Proceedings, Symposium

and Workshop, Boston, USA, March 1-3, 1996, Cambridge University Press.
I S. S. Schweber, QED and the men who made it: Dyson, Feynman, Schwinger, and Tomonaga,

Princeton, USA: Univ. Pr, 1994.
I G. ’t Hooft, 50 years of Yang-Mills theory, Hackensack, USA: World Scientific, 2005.

Advanced textbooks:
I S. Weinberg, Chapter 18 in The Quantum Theory of Fields, Vol. 2, Cambridge University

Press, 1995
I M. Peskin, and D. Schroeder, Chapter 12 in An Introduction to Quantum Field Theory,

Westview Press, 1995.
I M. Schwartz, Part V in Quantum Field Theory and the Standard Model, Cambridge

University Press, 2014.
I A. Manohar, and M. Wise, Heavy Quark Physics, Cambridge University Press, 2007.
I J. Collins, Renormalization: An Introduction to Renormalization, the Renormalization

Group, and the Operator-Product Expansion, Cambridge University Press, 1984.
I J. Collins, Foundations of perturbative QCD, Cambridge University Press, 2011.
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General Information and Syllabus
Review articles:
I J. Polchinski, Effective field theory and the Fermi surface, hep-th/9210046.
I S. Weinberg,Effective Field Theory, Past and Future, arXiv:0908.1964 [hep-th].
I G. P. Lepage, What is renormalization?, hep-ph/0506330.
I H. Georgi, Effective field theory, Ann. Rev. Nucl. Part. Sci. 43 (1993) 209.
I I. Z. Rothstein, TASI lectures on effective field theories, hep-ph/0308266.
I D. B. Kaplan, Five lectures on effective field theory, nucl-th/0510023.
I A. Buras, Weak Hamiltonian, CP Violation and Rare Decays, hep-ph/9806471.
I M. Neubert, Heavy quark symmetry, hep-ph/9306320.
I T. Mannel, Effective Field Theories in Flavor Physics, Springer Tracts in Modern Physics

203 (2004) 1.
I T. Becher, A. Broggio and A. Ferroglia, Introduction to Soft-Collinear Effective Theory,

arXiv:1410.1892 [hep-ph].
I G. T. Bodwin, E. Braaten and G. P. Lepage, Rigorous QCD analysis of inclusive annihilation

and production of heavy quarkonium, hep-ph/9407339.
I A. V. Manohar, Introduction to Effective Field Theories, arXiv:1804.05863 [hep-ph].
I M. Neubert, Les Houches Lectures on Renormalization Theory and Effective Field Theories,

arXiv:1901.06573 [hep-ph].
I A. Pich, Effective Field Theory with Nambu-Goldstone Modes, arXiv:1804.05664 [hep-ph].
I U. van Kolck, Les Houches Lectures on Effective Field Theories for Nuclear and (some)

Atomic Physics, arXiv:1902.03141 [nucl-th].
I Iain Stewart, 8.851 Effective Field Theory, Spring 2013, MIT OpenCourseWare,

https://ocw.mit.edu. License: Creative Commons BY-NC-SA.
I Many more references can be found in Appendix B of arXiv: 1903.03622 [T. Cohen].
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Prologue I: Factorization in Classical Physics
Galileo’s Leaning Tower of Pisa Experiment:

L =
1
2

mḣ2−mgh .

Symmetry of the effective Lagrangian: h→ h+a.
Dynamical interpretation: The force acting on the ball, F = mg, independent of h.

Newton’s Gravity Theory:

Vfull(h) =−G
M m

r
=−G

M m
R+h

.

I Power expansion of the full potential energy:

Veff(h) = C1(R)m (h/R)+C2(R)m (h/R)2 + ... .

The general form of the effective potential can be written without knowing Vfull.
I Matching the full theory and the effective theory:

C1(R) =−C2(R) =
GM

R
, Veff(h) = mgh− mg

R
h2 + ... .

Symmetry of the effective Lagrangian broken in the full theory.

g(r) =
GM
r2 , r

∂

∂ r
g(r) = γg g(r) .

This differential equation is actually a renormalization group equation.
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Prologue II: Factorization for the Hydrogen Problem

Example: 

parameters: me

α =
1

137

Qe Qp

mass
charges

coupling

non-relativistic quantum mechanics

,

proton
e-

scales: mp = 938 MeV
me = 0.511 MeV

p ∼ meα = 3.7 keV

En = −meα2

2n2
= −13.6 eV

n2

∼ (aBohr)−1

→ ∞

Hydrogen

+ corrections

degrees of 
freedom:

Why not quarks?  QCD?  b-quark charge?        ?    weak force?
                     ?    spin?

e
+

mproton
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Prologue II: Why the Sky is Blue?eg. Why the Sky is Blue
Low energy scattering of photons from neutral atoms 
   in their ground state

Equations for Taiwan School

Iain W. Stewart1

1Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139

meα ! (proton size)−1 ∼ ΛQCD ∼ 200 MeV

meα ! mp ∼ 1 GeV

meα ! me mp, µp

L(p, e−, γ, b; α, mb) = L(p, e−, γ; α′) + O

( p2

m2
b

)

(1)

LNRQED = L0 +
∞
∑

n=1

εn Ln (2)

L0 = ψ†
(

i∂0 −
∇2

2me
+ . . .

)

ψ + Ψ†i∂0Ψ + “V”(ψ†ψ)(Ψ†Ψ) (3)

Why LQED = ψ̄(iD/ − m)ψ − 1
4FµνFµν ?

Why LSM ?

SU(3) × SU(2) × U(1) L

S[φ] =

∫

ddx
(1

2
∂µφ∂µφ −

1

2
m2φ2 −

λ

4!
φ4 −

τ

6!
φ6

)

(4)

L = L
dim-4 +

1

Λnew

[

LT i
L CεijH

jH"ε"kLk
L

]

+ L
dim-6 + . . . (5)

C = iγ2γ0

(

νL

eL

)

(6)

L = L0 +
∞
∑

n=1

εn Ln (7)

Ltheory1 →
∑

n

L
(n)
theory2 (8)

∑

n

L
(n)
theory2 (9)

Eγ ! ∆E ∼ meα
2 ! a−1

0 ∼ meα ! Matom (10)

2

I. WHY THE SKY IS BLUE

Eγ ! ∆E ∼ meα
2 ! a−1

0 ∼ meα ! Matom (10)

vµ = (1, 0, 0, 0) (11)Let , atoms are static
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γ a6

0 (21)
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stronger than red light
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Prologue III: Factorization in Quantum Physics

Wigner-Eckart theorem:

〈τ ′ j′m′|Tk
q |τ jm〉= 〈j k j′|mqm′〉 〈τ ′ j′||Tk||τ j〉 .

Separation of geometry and dynamics.

Generalized Wigner-Eckart theorem in Lie algebra.
An example from SU(3): u, v and W are all 8s.

〈u|W|v〉= λ1 Tr[ūW v]+λ2 Tr[ū vW] .

Notice that 83 = 512 matrix elements expressed in terms of only two parameters.

Factorization for strong interaction physics.
An example from B→ γ `ν`:

FV,LP(n ·p) =
Qu mB

n ·p f̃B(µ)C⊥(n ·p,µ)
∫

∞

0
dω

φ
+
B (ω,µ)

ω
J⊥(n ·p,ω,µ) .

I Separation of hard, hard-collinear and soft fluctuations.
I Key input: B-meson light-cone distribution amplitude φ

+
B (ω,µ).
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Part II: Why effective field theories?
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  Quantum 

Field Theory

 String

Theory?

 General

Relativity

  Special

Relativity  Quantum

 Mechanics

  Classical

 Mechanics

       Classical

    Electricity &

     Magnetism

 Newtonian

    Gravity

quantum gravity
short distance

long distance

electro-weak

QCD & quarks
nuclei

atoms
chemistry
us

Physics compartmentalized

But, one doesn’t need 
nuclear physics to build a boat

Generality 
vs. 

Precision
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Dynamics at long distance do not depend on the 
details of what happens at short distance

In the quantum realm,               , wavelength and momentum 
are related, so

λ ∼
1

p

 Low energy interactions do not depend on
 the details of high energy interactions

•

Good:
we can focus on the relevant interactions &
degrees of freedom

• calculations are simpler

•

Bad:
we have to work harder 
to probe the interesting 
physics at short distances

Newton didn’t need quantum gravity
for projectile motion

Phew!
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EFT  Concepts
1)  The ingredients in any EFT:   Relevant degrees of freedom, 

2)  Renormalization: Meaning of parameters

3)  Decoupling:  Effects from Heavy Particles are suppressed

4)  Matching:  How we can encode dynamics of one theory into another

5)  Running:  Connecting physics at different momentum scales  

symmetries,  scales & power counting
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Regularization and Renormalization
Regularization: How do we cutoff UV infinities in loop integrals?
Practical criteria: Computations are easier if our regulator preserve symmetries and
preserves power counting by not mixing up terms of different order in the expansion.

Renormalization: How we pick a scheme to give definite meaning to parameters of a theory.

Dimensional regularization [Collins, 1984]:
I Linearity: For any complex numbers a and b∫

ddp [af (p)+bg(p)] = a
∫

ddpf (p)+b
∫

ddpg(p) .

I Scaling: For any number s ∫
ddpf (sp) = s−d

∫
ddpf (p) .

I Translation invariance: For any vector q∫
ddpf (p+q) =

∫
ddpf (p) .
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Properties of Dimensional Regularization
Scaleless integral vanishes: ∫

ddp(p2)α = 0 .

Exchange of differentiation and integration:

∂

∂qµ

∫
ddpf (p,q) =

∫
ddp

∂

∂qµ

f (p,q) .

Integration by parts:

∫
ddp

∂ f (p)
∂pµ

= 0 .

Integration over two (or more) variables:∫
ddp

∫
dd′k f (p,k) =

∫
dd′k

∫
dd p f (p,k)

holds only if d = d′ or f (p,k) is independent of p · k.
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Properties of Dimensional Regularization
Integration over two variables:

∫
ddp

∫
dd′k f (p2 + k2) =

∫
dd+d′q f (q2) .

Symmetry of the Feynman integration:

∫
ddppµ1 ... pµt g(p2) = 0 , (for odd t) .∫
ddppµ1 ... pµt g(p2) = Tµ1 ...µt At[g] , (for even t) .

with

Tµ1 ...µt =
[
gµ1µ2 gµ3µ4 ... gµt−1µt + all permutations of the µ

′s
]
/t! .

and

At[g] =
Γ(d/2)Γ(t/2+1/2)
Γ(1/2)Γ(d/2+ t/2)

∫
ddp(p2)t/2 g(p2) .
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Parametrizations of Feynman Integrations

Schwinger parametrization:

1
(m2− k2)α

=
1

Γ(α)

∫
∞

0
dxxα−1 exp

[
−x(m2− k2)

]
.

Feynman parametrization:

1
Aα Bβ

=
Γ(α +β )

Γ(α)Γ(β )

∫ 1

0
dx

xα−1 (1− x)β−1

[Ax+B(1− x)]α+β
.

Georgi parametrization:

1
Aα Bβ

=
2β Γ(α +β )

Γ(α)Γ(β )

∫
∞

0
dλ

λ β−1

[A+2λ B]α+β
.
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Modern renormalization/EFT paradigm

10 Quantenfeldtheorie
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Different types of EFTsEFT – bottom-up and top-down

Fundamental theory
NOT known

EFFECTIVE
THEORY

Fundamental theory
IS known

Why is this useful?

• Fundamental theory too difficult
(QCD→ HQET, SCET, ...)

• Emergent low-energy symmetries

• Sum large logs

(λ ln
M
E

)n

• The Standard Model itself

• Gravity (Einstein-Hilbert action)

• Higher-dimensional gauge theories

• ...

“bottom-up” “top-down”

M. Beneke (TU München), Flavour & EFT Formosa 2018, Hualien, July 16–27 2018 34Yu-Ming Wang (NKU) EFT SDU, August-4-2023 26/65



EFT  Principles
1)  Dynamics at low E does not depend on details of dynamics 
     at high E

2)  Build an EFT using the relevant d.o.f. and known symmetries.

3)  EFT has an infinite number of operators, but only a finite number
      are needed for a given precision as determined by the power
      counting.  With this precision this set closes under renormalization.

4)  EFT has same infrared but different ultraviolet than the more 
       fundamental theory.

5)  Nature of high energy theory shows up as couplings and symmetries  
       in the low energy EFT. 
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Effective Field Theories of QCD

QCDtop quark

jets
nuclear 
forces

perturbative 
QCD

NRQCDcc states

spectrum

pions finite T
finite 

density
energetic
hadrons

bd statesHQET

SCET

SCET

NNEFT

HDET

ChPT HTL

unstable
particles

Effective Field Theories of QCD

* Lattice
QCD

*

**

* *

*

L

a

q

g
Mesons

q
qq

Baryons

q
q

π, K, ρ, . . .

p, n, Σ, ∆, . . .

r = Λ
−1
QCD

HTL: Hard Thermal Loop Effective Theory; HDET: High Density Effective Theory
NNEFT: nucleon-nucleon effective field theory.
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Integrating top quarks in QCD

Matching equation for the generating functional:
only light DOFs coupled to external source fields for simplifying the matching calculations.
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Green functions
The n-point Green function:

Gn(x1...xn) = 〈0|T [φ(x1)...φ(xn)]|0〉 .

Generating functional of the Green function:

Z[J] =
∫
[dφ ]exp

{
i
∫

d4x (L +φ J)
}
.

Relation between the Green function and the Generating functional:

〈0|T [φ(x1)...φ(xn)]|0〉=
(−i)n

Z(0)
δ nZ[J]

δJ(x1)...δJ(xn)

∣∣∣∣
J=0

,

with the definition of the functional derivative (in four dimensions)

δ

δJ(x)
J(y) = δ

(4)(x− y) .
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Matching condition for the effective action

Diagrammatic representation:

13

Yu-Ming Wang (NKU) EFT SDU, August-4-2023 31/65



Consider the gluon two-point function
The first type of diagrams:

13

Comment: The great simplification is due to the (soft)-light external fields, otherwise the high
frequency modes of Aµ and ψf can contribute to these 1-loop diagrams.
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Consider the gluon two-point function
The second type of diagrams:

13

14 Quantenfeldtheorie
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Consider the gluon two-point function
The resulting effective Lagrangian:

14 Quantenfeldtheorie
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Five-Flavour QCD as an Effective Field Theory15
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Five-Flavour QCD as an Effective Field Theory

15

Technical comments for general EFTs:
I Renormalization-scheme dependence [projection scheme, γ5 scheme, subtraction scheme

(MS, MS, ... )].
I Evanescent operators in dimensional regularization [no Fierz transformation in

D-dimensions, ...].
I IR subtraction complicated for many exclusive B-meson decays [a6 for B→ h1 h2, penguin

contributions, ...].
I Loop integrals with three different energy scales at 2 loops [modern amplitude techniques,

differential equations, interplay between mathematics and physics, ... ].
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Effective field theories for heavy quark physics

New Physics: LNP

↓
EW scale (mW ): LSM +LD>4

↓

Heavy-quark scale (mb): Leff =−
GF√

2 ∑
i

Ci Qi +Leff ,D>6

↓

QCD scale (ΛQCD)

Aim: 〈f |Qi|B̄〉=?

QCD factorization
[diagrammatic method].

SCET factorization
[operator formalism].

TMD factorization.

(Light-cone) QCD sum
rules.

Lattice QCD.

Key Concepts : Factorization, Resummation, Evolution
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Why do we need QCD factorization?

M. Beneke (TU München), Flavour & EFT Formosa 2018, Hualien, July 16–27 2018 83
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Why do we need QCD factorization?

M. Beneke (TU München), Flavour & EFT Formosa 2018, Hualien, July 16–27 2018 84

Yu-Ming Wang (NKU) EFT SDU, August-4-2023 39/65



Wide applications of QCD factorizationHadronic matrix elements – observables

-

Increasingly difficult ← Easier

None – pure quan-
tum interference

〈0|O|B〉
〈B|O|B〉 〈M|O|B〉 〈M1M2|O|B〉

HQE/OPE, lattice, (QCD
sum rules)
︷ ︸︸ ︷

QCD factorization, SCET,
flavour symmetries

γ from B→ DK
[and related methods]

2β, 2βBs

B→ τντ
Bs → µ+µ−

∆MBd,Bs
∆ΓBs

B→ Dτντ
|Vub|
B→ Kνν̄

B→ ργ
B→ K(∗)``

Direct CP asym
B(s) → πK,KK, . . .
Bs → ππ
Bs → φφ,K∗0K̄∗0

All hadronic

M. Beneke (TU München), Flavour & EFT Formosa 2018, Hualien, July 16–27 2018 59
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Part III: QCD factorization for the pion form factor
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The pion-photon transition form factor

Theoretically simplest hadronic matrix element:

〈π(p)|jem
µ |γ(p′)〉= g2

em εµναβ qα pβ
ε

ν (p′)F
γ∗γ→π0 (Q2) .

I Related to the axial anomaly at Q2 ≡−(p−p′)2 = 0.

I Golden channel to understand the QCD dynamics.

I e+e− collisions:

Pion-photon transition form factor

∫
d4y eiq1y〈π0(p)|T{jem

µ (y)jem
ν (0)}|0〉 = ie2εµναβqα1 qβ2 Fγ∗γ∗→π0 (q2

1 , q2
2 )

�e+e� e+�
e� �e+

e�
�


2

Figure: The pion-photon transition form factor from e+e− collisions.

here:

q2
1 = −Q2 < 0 , q2

2 → 0

V. M. Braun (Regensburg) The γ∗γ → π
0 form factor in QCD Trento, October 2010 2 / 25
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The BaBar puzzle
Status of experimental measurements:

Q2 (GeV2)

Q
  2 |F

(Q
2 )

| (
G

eV
)

0.2

0.25

0.3

0.35

0

0.05

0.1

0.15

0 10 20 30 40

BaBar

CLEO
CELLO
Belle

fit(A)

fit(A)

fit(B)

Scaling violation?

Shape of pion wave function?

The onset of QCD factorization?

Asymptotic limit:

Introduction: The BaBar Puzzle

Good Old Times

0 2 4 6 8 10 12 14

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0 2 4 6 8 10 12 14

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

Q2F γ∗γπ(Q2) [GeV]

Q2 [GeV2]

asymptotic limit from handbag diagram

π −→ lim
Q2→∞

Q2 Fπγγ∗ (Q2) = 2 fπ

Brodsky, Lepage

collinear QCD seemed to describe main part of FF

asymptotic regime reached for Q2 ∼ few GeV2 ?

Nils Offen (Universität Regensburg) The BaBar Puzzle Orsay 17.11.11 4 / 30

QCD factorization works perfectly (against by [Manohar, 1990] and resolved by [Grossman, König,
Neubert, 2015]).
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Some popular explanations:
Non-vanishing pion wave function at the end points [Radyushkin, 2009; Polyakov, 2009].

F(Q2) =

√
2

3

∫ 1

0

ϕπ (x)
xQ2

1− exp
(
− xQ2

2x̄σ

)
︸ ︷︷ ︸

 .

⇑
from kT dependence of pion wave function

Large soft corrections at moderate Q2 [Agaev, Braun, Offen, Porkert, 2011].
14
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FIG. 9: The pion transition form factor for the three models of
the pion DA specified in the text. The experimental data are
from [1] (full circles) and [9] (open triangles).

[14, 20], the result for the form factor at Q2 = 5 GeV2

is increased by ∼ 11% if M2 is changed from 0.7 to
1.5 GeV2. Another reason is that in [14, 20, 22] the twist-
6 correction is not included. The size of this correction
depends strongly on the Borel parameter. For our choice
M2 ∼ 1.5±0.5 GeV2 the twist-6 term proves to be small:
factor three smaller that the twist-4 correction (see be-
low), which is gratifying as it signals convergence of the
OPE. In contrast, at M2 = 0.7 GeV2 the twist-6 correc-
tion is almost of the same size as twist 4 and has opposite
sign. Hence it must be included. In both cases (increas-
ing the Borel parameter and/or including the twist-6 cor-
rection) the net effect is the increase of the form factor by

èè
èè
èèè
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è
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Q2Fπ0γ∗γ(Q2)

soft

hard

soft+hard

FIG. 10: Contributions to the π0γ∗γ form factor from large
(“hard”) and small (“soft”) invariant masses in the dispersion
representation, cf. Eq. (53), for model I (solid curves) and
model III (dash-dotted curves). The experimental data are
from [1] (full circles) and [9] (open triangles).

5-10% in the CLEO range which has to be compensated
by a smaller value of the second Gegenbauer moment.

The error band indicated by thickness of the curves
in Fig. 9 has to be taken with caution. A weak scale
dependence of our results is largely due to strong can-
cellations of the NLO radiative corrections between the
contributions of the asymptotic DA and higher Gegen-
bauer polynomials and may not be representative for the
size of NNLO corrections which are only known in the
CS factorization scheme, see [33] for a detailed discus-
sion of the related ambiguities. Also the uncertainty in
the twist-4 contribution is not reduced to the δ2π param-
eter: Using an alternative, renormalon model [71] of the
twist-4 pion DA generally produces somewhat larger cor-
rections. We have checked that the difference is not very
significant, however, and does not affect any of our con-
clusions. Hence we do not show the corresponding re-
sults.

The “hard” and “soft” contributions to the π0γ∗γ form
factor as defined in Eq. (53) are shown separately for
model I (solid curves) and model III (dash-dotted curves)
in Fig. 10. Asymptotically, for Q2 → ∞, the soft con-
tribution is power-suppressed compared to the hard one,
∼ s0/Q

2. This suppression sets in for very large values of
Q2, however, especially if the pion DA is enhanced close
to the end points. E.g. for our model III the soft con-
tribution still accounts for ca. 25% of the form factor at
Q2 = 30 GeV2 (for the separation scale s0 = 1.5 GeV2).
This means that a purely perturbative leading twist QCD
calculation of the transition form factor for one real pho-
ton in collinear factorization should not be expected to
have high accuracy. A lattice calculation of the transi-
tion πργ∗ form factor at Q2 ∼ 2 − 5 GeV2 would help to
estimate the contribution of the resonance region more
reliably.

Finally, in Fig. 11 we show the higher-twist contribu-
tions. The twist-4 correction is negative and the twist-6
one is positive. It turns out that the twist-6 contribu-

The “hard” and “soft” contributions
to the π

0
γ
∗
γ form factor for model

I (solid curves) and model III (dash-
dotted curves). The experimental
data are from BaBar (full circles) and
CLEO (open triangles).

Threshold resummation generates power-like [x(1− x)]c(Q
2) distribution [Li and Mishima 2009].

c(Q2) is around 1 for low Q2, but small for high Q2.
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The general picture

Schematic structure of the distinct mechanisms [Agaev, Braun, Offen, Porkert, 2011]:


�

�T 0H
b)


�

�TH
a)

 �
�

S)
A: hard subgraph that includes both photon vertices

1
Q2 +

1
Q4 + ...

B: real photon emission at large distances
1

Q4 + ...

C: Feynman mechanism: soft quark spectator
1

Q4 + ...

Operator definitions of different terms needed for an unambiguous classification.
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Region A: Leading Twist Contribution

QCD factorization formula:

FLP
γ∗γ→π0 (Q2) =

√
2(Q2

u−Q2
d) fπ

Q2

∫ 1

0
dxT∆(x,Q2,µ)φ

∆
π (x,µ) .

I Renormalization-scheme dependence due to the IR subtraction.
⇒ Verify scheme independence of F

γ∗γ→π0 at NLO (this lecture).

I NLO hard function in the NDR scheme [Braaten, 1983 + many others]:

T(1) =
αs CF

4π

{
1
x̄

[
−(2 ln x̄+3) ln

µ2

Q2 + ln2 x̄+(−1)
x̄ ln x̄

x
−9
]
+(x↔ x̄)

}
.

I Twist-2 pion DA (collinear matrix element):

〈π(p)|ξ̄ (y)Wc(y,0)γµ γ5 ξ (0)|0〉=−i fπ pµ

∫ 1

0
dueiup·y

φπ (u,µ)+O(y2) .

The ERBL evolution implies Gegenbauer expansion.

Yu-Ming Wang (NKU) EFT SDU, August-4-2023 46/65



Region A: Twist-4 Contribution

Subleading power correction at O(1/Q4):


�

a)
�


�

b)
�


�

)
�


�

d)
�

QCD factorization at tree level [Khodjamirian, 1999]:

FLP
γ∗γ→π0 (Q2) =

√
2 (Q2

u−Q2
d) fπ

Q2

[∫ 1

0
dx

φπ (x)
x
− 80

9
δ 2

π

Q2

]
, δ

2
π ' 0.2GeV2 .

I Asymptotic twist-4 contribution at LO in QCD.
I Two-particle and three-particle twist-4 corrections related by the EOM.
I Four-particle twist-4 correction not included and assumed to be tiny.
I Asymptotic twist-4 correction at O(αs) in progress.
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Region B: Photon emission at large distances
Hadronic photon correction:

Collinear Factorisation

Region B: Photon Emission From Large Distances
hard scattering kernel convoluted with twist three pion and photon DA

π γ π γ

results in

F (B)

γ∗γ→π0(Q
2) =

√
2fπ
3

16παsχ〈q̄q〉2

9f 2
πQ4

Z 1

0
dx

φp
3;π(x)

x

Z 1

0
dy

φγ(y)

ȳ2

infrared divergent −→ overlap with region C

regularised result

Fγ∗γ→π0(Q2) =

√
2fπ

Q2

„
1
3

Z
dx
x

φπ(x) +
0.2 GeV2

Q2
· ln2 Q2

µ2
IR

«

might be significant up to Q2 ∼ 5 GeV2

Nils Offen (Universität Regensburg) The BaBar Puzzle Orsay 17.11.11 10 / 30

QCD factorization at tree level:

FLP
γ∗γ→π0 (Q2) =

√
2 (Q2

u−Q2
d) fπ

Q2
16π αs χ(µ)〈q̄q〉2

9 f 2
π Q2

∫ 1

0
dx

φ
p
3;π (x)

x

∫ 1

0
dy

φγ (y)
ȳ2 .

Breakdown of QCD factorization due to rapidity singularities.

QCD calculation of the hadronic photon effect beyond the VMD approximation.

⇒ The NLL LCSRs for the long-distance photon effect.

⇒ QCD factorization for the correlation function with a pseudoscalar current.

⇒ γ5 prescription in dimensional regularization.
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Part I: Leading twist contribution
Tree diagrams [YMW and Shen, 2017]:

x p

x̄ p

ν

µ

q

p′

x p

x̄ p

µ

ν

q

p′

Kinematics:
p′µ =

n ·p′
2︸ ︷︷ ︸ n̄µ , pµ =

n̄ ·p
2︸︷︷︸ nµ +

n ·p
2︸︷︷︸ n̄µ .

O(
√

Q2) O(
√

Q2) O(Λ2/
√

Q2)

The four-point partonic matrix element at LO:

Πµ = 〈q(xp) q̄(x̄ p)|jem
µ |γ(p′)〉

= − ig2
em (Q2

u−Q2
d)

2
√

2 n ·p
ε

ν (p′)

{[
ū(xp)γµ,⊥ n̄/ γν ,⊥ v(x̄ p)

]
x̄

−
[
ū(xp)γν ,⊥ n̄/ γµ,⊥ v(x̄ p)

]
x

}
+O(α2

s ) .

QCD matrix element free of the γ5 ambiguity, however not the IR subtraction.

Yu-Ming Wang (NKU) EFT SDU, August-4-2023 49/65



Twist-2 factorization at tree level
Operator matching automatically:

Π
(0)
µ =− ig2

em (Q2
u−Q2

d)

2
√

2 n ·p
ε

ν (p′)
[

1
x̄′
∗ 〈OA,µν (x,x′)〉(0)−

1
x′
∗ 〈OB,µν (x,x′)〉(0)

]
.

Collinear operators in the momentum space:

Oj,µν (x′) =
n̄ ·p
2π

∫
dτ ei x′ τ n̄·p

ξ̄ (τ n̄)Wc(τ n̄,0)Γj,µν ξ (0) .

ΓA,µν = γµ,⊥ n̄/ γν ,⊥ , ΓB,µν = γν ,⊥ n̄/ γµ,⊥ .

Matrix elements of the collinear operators:

〈Oj,µν (x,x′)〉 ≡ 〈q(xp) q̄(x̄ p)|Oj,µν (x′)|0〉= ξ̄ (xp)Γj,µν ξ (x̄ p) δ (x− x′)+O(αs) .

Operator matching with the collinear operator defining the standard pion DA:

OA,µν = −
(
O1,µν +O2,µν +OE,µν

)
, OB,µν =−

(
O1,µν −O2,µν −OE,µν

)
.

Γ1,µν︸ ︷︷ ︸ = g⊥µν n̄/, Γ2,µν = iε
⊥
µν n̄/γ5 , ΓE,µν︸ ︷︷ ︸= n̄/

(
[γµ,⊥,γν ,⊥]

2
− iε

⊥
µν n̄/ γ5

)
.

wrong projector evanescent operator
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Twist-2 factorization at tree level

Operator matching with the evanescent operator:

Πµ =

[
ig2

em (Q2
u−Q2

d)

2
√

2 n ·p
ε

ν (p′)
]

∑
i

Ti(x′) ∗ 〈Oi,µν (x,x′)〉 .

Expansion ⇓ at tree level

T(0)
1 (x′) =

1
x′
− 1

x̄′
, T(0)

2 (x′) = T(0)
E (x′) =

1
x′

+
1
x̄′
.

Hard-collinear factorization at tree level:

FLP
γ∗γ→π0 (Q2) =

√
2(Q2

u−Q2
d) fπ

Q2

∫ 1

0
dxT(0)

2 (x)φπ (x,µ)+O(αs) .

Evanescent operator does not mix into the physical operator at LO.

⇒ Trivial IR subtraction here.
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Twist-2 factorization at NLO: A sample calculation
Virtual-photon vertex correction:

I Partonic amplitude:

Π
(1a)
µ =

[
g2

em (Q2
u−Q2

d)√
2 (p′− x̄ p)2

ε
ν (p′)

]
g2

s CF

∫ dDl
(2π)D

1
[(xp+ l)2 + i0][(p′− x̄ p+ l)2 + i0][l2 + i0]

ū(xp) γρ (xp/+ l/) γ
⊥
µ (p/′− x̄ p/+ l/) γ

ρ

(p/′− x̄ p/) γ
⊥
ν v(x̄ p) .

Performing the loop-momentum integration with the method of regions [Beneke, Smirnov, 1997].
I Leading contributions only come from the hard and anti-collinear (i.e., l‖p) regions.
I The anti-collinear contribution corresponds to the scaleless integral, and hence vanishes in

dimensional regularization.

The hard contribution to the scalar 1-loop:

I =
∫ dDl

(2π)D
1

[l2 + x n̄ ·pn · l+ i0][n · (l+p′) n̄ · (l− x̄ p)+ l2⊥+ i0][l2 + i0]

= − i
16π2

1
xQ2

[
ln x̄
(

1
ε
+ ln

µ2

Q2

)
− 1

2
ln2 x̄

]
.

Only hard scale Q2 = n ·p′ n̄ ·p can appear in the hard function!
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Strategy of regions
For an excellent review, Smirnov, Applied asymptotic expansions in momenta and masses, Springer
Tracts Mod. Phys. 177 (2002) 1.

The general procedure:
I Identify all regions of the integration which lead to singularities in the limit under

consideration.

I Expand the integrand in each region and integrate over the full phase space.

I Summing the contribution from the different regions gives the expansion of the original
integral.

Problems in the strategy of regions [Smirnov, 1999]:
I Need to identify all regions of the integration which lead to singularities.

⇓
There are examples where additional regions appear at higher loop order.

I Make sure the expanded integrals are regularized.
⇓

Sometimes dimensional regularization is not enough.

I More discussions can be found in [Jantzen, 2008; Semenova, Smirnov, Smirnov, 2019].
⇓

A rigorous proof only exists for the space-like momentum configuration.
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Twist-2 factorization at NLO
The four-point partonic matrix element at NLO:

Extracting the hard contribution with the method of regions:

Π
(1)
µ =

ig2
em (Q2

u−Q2
d)

2
√

2 n ·p
ε

ν (p′)〈O2,µν (x,x′)〉(0) ∗ A(1)
2,hard(x

′)+ ... .

A(1)
2,hard(x

′) =
αs CF

4π

{
1
x̄′

[
−
(
2 ln x̄′+3

) ( 1
ε
+ ln

µ2

Q2

)
+ ln2 x̄′+7

x̄′ ln x̄′

x′
−9
]
+
(
x′↔ x̄′

)}
.

Only the hard and collinear regions relevant at leading power in 1/Q2.
Independent of the γ5 prescription!

However the IR subtraction is not trivial any longer due to the operator mixing.
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Twist-2 factorization at NLO
Expanding the matching equation at NLO:[

ig2
em (Q2

u−Q2
d)

2
√

2 n ·p
ε

ν (p′)
]

∑
i

A(1)
i (x′) ∗ 〈Oi,µν (x,x′)〉(0)

=

[
ig2

em (Q2
u−Q2

d)

2
√

2 n ·p
ε

ν (p′)
]

∑
i

[
T(1)

i (x′)∗ 〈Oi,µν (x,x′)〉(0)+T(0)
i (x′)∗ 〈Oi,µν (x,x′)〉(1)

]
.

One-loop renormalized matrix elements of collinear operators:

〈Oi,µν 〉(1) = ∑
j

[
M(1)R

ij,bare +Z(1)
ij

]
∗ 〈Oj,µν 〉(0) .

Vanishing bare matrix element M(1)R
ij,bare in dimensional regularization⇒

T(1)
2 = A(1)

2 −∑
i

T(0)
i ∗Z(1)

i2 = A(1)
2 −T(0)

2 ∗Z(1)
22︸ ︷︷ ︸−T(0)

E ∗ Z(1)
E2︸︷︷︸ .

A(1)
2,hard operator mixing

The IR finite matrix element of the evanescent operator vanishes [Dugan and Grinstein, 1991].

Z(1)
E2 =−M(1)off

E2 .

IR singularities regularized by any parameter other than the dimensions of spacetime.
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Twist-2 factorization at NLO
Master formula for the hard function:

T(1)
2 = A(1)

2 −T(0)
2 ∗Z(1)

22 +T(0)
E ∗M(1)off

E2 = A(1)
2,hard +T(0)

E ∗M(1)off
E2 .

The IR subtraction:

γ5-scheme dependent subtraction term:

T(0)
E ∗M(1)off

E2

∣∣
NDR =

αs CF

2π
(−4)

(
ln x̄′

x′
+

lnx′

x̄′

)
.

T(0)
E ∗M(1)off

E2

∣∣
HV = 0 .

M(1)off
E2 proportional to the spin-dependent term of the Brodsky-Lepage evolution kernel.

A simple example : γα n̄/ γ5 γ
α = n̄/ γ5


D−2 , [NDR scheme]

6−D . [HV scheme]

Yu-Ming Wang (NKU) EFT SDU, August-4-2023 56/65



Twist-2 factorization at NLO
The NLO hard matching coefficient:

T(1)
2 (x′,µ) =

αs CF

4π

{
1
x̄′

[
−
(
2 ln x̄′+3

)
ln

µ2

Q2 + ln2 x̄′+δ
x̄′ ln x̄′

x′
−9
]
+
(
x′↔ x̄′

)}
.

δ =−1 in NDR scheme and δ =+7 in HV scheme.

The NLO factorization formula:

FLP
γ∗γ→π0 (Q2) =

√
2(Q2

u−Q2
d) fπ

Q2

∫ 1

0
dx
[
T(0)

2 (x)+T(1),∆
2 (x,µ)

]
φ

∆
π (x,µ)+O(α2

s ) .

Scheme dependence of the pion DA [Melic, Nizic and Passek, 2002]:

φ
HV
π (x,µ) =

∫ 1

0
dyZ−1

HV(x,y,µ)φ
NDR
π (y,µ) ,

Z−1
HV(x,y,µ) = δ (x− y)+

αs CF

2π
4
[

x
y

θ(y− x)+
x̄
ȳ

θ(x− y)
]
+O(α2

s ) .

⇓∫ 1

0
dxT(0)

2 (x)
[
φ

HV
π (x,µ)−φ

NDR
π (x,µ)

]
=

αs CF

2π
(−4)

∫ 1

0
dy
(

ln ȳ
y

+
lny
ȳ

)
φ

NDR
π (x,µ)+O(α2

s ) .

⇒ Scheme independence of F
γ∗γ→π0 at NLO.
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Twist-2 factorization at NLL
RG evolution of the pion LCDA:

µ
2 d

dµ2 φπ (x,µ) =
∫ 1

0
dyV(x,y)φπ (y,µ) , V(x,y) = ∑

n=0

(
αs

4π

)n+1
[Vn(x,y)]+ .

V0(x,y) = 2CF

[
1− x
1− y

(
1+

1
x− y

)
θ(x− y)+

x
y

(
1+

1
y− x

)
θ(y− x)

]
.

Multiplicative renormalization at LO:

φπ (x,µ) = 6x x̄
∞

∑
n=0

(
αs(µ)

αs(µ0)

)γ
(0)
V,n/(2β0)

an(µ0) C3/2
n (2x−1) , a0(µ) = 1 .

NLL resummation needs two-loop evolution kernel [Mikhailov and Radyushkin, 1985; etc]:

V1(x,y) = 2Nf CF VN(x,y)+2CF CA VG(x,y)+C2
F VF(x,y) .

Triangular evolution matrix [Müller, 1994/1995 + many others]:

an(µ) = ENLO
V,n (µ,µ0)an(µ0)+

αs(µ)

4π

n−2

∑
k=0

ELO
V,n(µ,µ0)dk

V,n(µ,µ0)ak(µ0) .

Construction from the forward anomalous dimensions and the special conformal anomaly matrix.
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Twist-2 factorization at NLL
NLL resummation improved factorization formula:

FLP
γ∗γ→π0 (Q2) =

3
√

2(Q2
u−Q2

d)

Q2 fπ
∞

∑
n=0

an(µ)Cn(Q2,µ)+O(α2
s ) .

I NNLO hard kernel in the large β0 limit [Melic, Müller and Passek-Kumericki, 2003].

I Full NNLO hard kernel in the MS scheme [Gao, Huber, Ji, YMW, 2021].

Generating function of the Gegenbauer polynomials:

1
(1−2x t+ t2)α

= ∑
n=0

C(α)
n (x) tn .

The NLO hard coefficients:

Cn(Q2,µ) = 1+
αs(µ)CF

4π

{[
4Hn+1−

3n(n+3)+8
(n+1)(n+2)

]
ln

µ2

Q2 + 4H2
n+1−4

Hn+1 +1
(n+1)(n+2)

+2
[

1
(n+1)2 +

1
(n+2)2

]
+ 3

[
1

(n+1)
− 1

(n+2)

]
−9
}
.
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Part II: Hadronic photon effect
Breakdown of the direct QCD factorization for the long-distance photon effect
⇒ Construct the sum rules for the hadronic photon correction.

Correlation function [YMW and Shen, 2017]:

Gµ (p′,q) =
∫

d4ze−iq·z 〈0|T
{

jem
µ,⊥(z), jπ (0)

}
|γ(p′)〉 =−g2

em εµναβ qα p′β εν (p′)G(p2,Q2) .

jπ =
1√
2

(
ūγ5 u− d̄ γ5 d

)
, p2 = (p′+q)2 .

Explicit dependence on γ5 ⇒ scheme dependence of the QCD amplitude.

Standard strategies:
I QCD factorization for the correlator Gµ (p′,q) with the power-counting scheme:

|n ·p| ∼ n̄ ·p∼ n ·p′ ∼ O(
√

Q2) .

I Write down the hadronic dispersion relation based upon the analyticity and unitarity.

I Constructing the sum rules by matching the QCD and hadronic representations.

I Need the semi-global parton-hadron duality ansatz.
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Hadronic photon effect at tree level
Tree diagrams:

q p

µ γ5

x p′ x̄ p′x p′ x̄ p′

q p

γ5 µ

p for the four-momentum of the pion current and q for the transfer momentum.

The four-point QCD amplitude at LO:

Π̃µ =
∫

d4ze−iq·z 〈0|T
{

jem
µ,⊥(z), jπ (0)

}
|q(xp′) q̄(x̄ p′)〉

= − igem

2
√

2
n̄ ·p
Q2

[
1

xr+ x̄
+

1
x̄ r+ x

]
∑

q=u ,d
ηq Qq q̄(x̄ p′)γ5 n/ γµ,⊥ q(xp′) ,

where r =−p2/Q2, ηu = 1 and ηd =−1.
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Hadronic photon effect at tree level
Operator matching automatically:

Π̃
(0)
µ =− igem

2
√

2
n̄ ·p
Q2 ∑

q=u ,d
ηq Qq

[
1

x′ r+ x̄′
+

1
x̄′ r+ x′

]
∗ 〈ÕA,µ (x,x′)〉(0) .

(Anti)-collinear operators in the momentum space:

Õj,µ (x′) =
n̄ ·p′
2π

∫
dτ ei x′ τ n̄·p′

χ̄(0)Wc̄(0,τn) Γ̃j,µ χ(τn) ,

Γ̃A,µ = γ5 n/ γµ,⊥ .

Matrix element of the (anti)-collinear operators:

〈Õj,µ (x,x′)〉 ≡ 〈0|Õj,µ (x′)|q(xp′) q̄(x̄ p′)〉= χ̄(x̄ p′) Γ̃j,µ χ(xp′)δ (x− x′)+O(αs) .

Operator matching with the effective operator defining the photon DA:

ÕA,µ = Õ1,µ + ÕE,µ ,

Γ̃1,µ =
nα

2
ε
⊥
µναβ

σ
νβ , Γ̃E,µ︸︷︷︸= γ5 n/γµ,⊥−

nα

2
ε
⊥
µναβ

σ
νβ .

evanescent operator

Yu-Ming Wang (NKU) EFT SDU, August-4-2023 62/65



Hadronic photon effect at tree level
Operator matching with the evanescent operator:

Π̃µ =− igem

2
√

2
n̄ ·p
Q2 ∑

q=u ,d
ηq Qq ∑

i
T̃i(x′) ∗ 〈Õi,µ (x,x′)〉 .

Expansion ⇓ at tree level

T̃(0)
1 (x′) = T̃(0)

E (x′) =
1

x′ r+ x̄′
+

1
x̄′ r+ x′

.

Leading twist photon DA [Ball, Braun and Kivel, 2002]:

〈0|χ̄(0)Wc̄(0,y)σαβ χ(y)|γ(p′)〉

= igem Qq χ(µ)〈q̄q〉(µ)
[
p′

β
εα (p′)−p′α εβ (p

′)
] ∫ 1

0
due−iup′·y

φγ (u,µ) .

The magnetic susceptibility of the quark condensate χ(µ) as the key nonperturbative parameter.

Hard-collinear factorization at LO:

G(p2,Q2) =−Q2
u−Q2

d√
2Q2

χ(µ)〈q̄q〉(µ)
∫ 1

0
dx T̃(0)

1 (x)φγ (x,µ)+O(αs) .
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Hadronic photon effect at tree level
The hadronic dispersion relation of G(p2,Q2):

G(p2,Q2) =
fπ µπ (µ)

m2
π −p2− i0

FNLP
γ∗γ→π0 (Q2)+

∫
∞

s0

ds
ρh(s,Q2)

s−p2− i0
.

The tree-level LCSR:

FNLP
γ∗γ→π0 (Q2) =−

√
2
(
Q2

u−Q2
d
)

fπ µπ (µ)
χ(µ)〈q̄q〉(µ)

∫ 1

u0

du
u

exp
[
− ūQ2 +um2

π

uM2

]
φγ (u,µ)+ O(αs) .

I The power counting scheme for the sum rule parameters:

s0 ∼M2 ∼ O(Λ2) , ū0 ∼ O(Λ2/Q2) , u0 ≡ Q2/(s0 +Q2) .

I The scaling behaviour of the hadronic photon correction:

FNLP
γ∗γ→π0 (Q2)

FLP
γ∗γ→π0 (Q2)

∼ O

(
Λ2

Q2

)
.

NLO QCD correction to the hadronic photon effect [YMW and Shen, 2017].
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NNLO prediction of the pion-photon form factor
Models of the pion DA [Gao, Huber, Ji, YMW, 2021]:

Model I : φπ (x,µ0) =
Γ(2+2απ )

Γ2(1+απ )
(x x̄)απ , απ (µ0) = 0.422+0.076

−0.067 ,

[Holographic⊕Lattice QCD 2020] ;

Model II : {a2,a4}(µ0) = {0.269(47),0.185(62)} ,
{a6,a8}(µ0) = {0.141(96),0.049(116)} , [CKR,2020] ;

Model III : {a2,a4}(µ0) = {0.203+0.069
−0.057 ,−0.143+0.094

−0.087} , [BMS, 2020] .

NNLO QCD predictions [Gao, Huber, Ji, YMW, 2021]:

Very sizeable O(α2
s ) correction and the golden process to distinguish the various models!
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