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Motivation

@ Feynman integrals with the multi-scales complicated.
= Hierarchical scales generally lead to the emergence of EFT.

@ Very often computing the full results of Feynman integrals neither mandatory nor necessary.
> An example from B — y{v;:

Qu mpg -~ O/; (CD‘LI)

(0]

Frp(n-p) = S22 o) . pu) [ do Jin-po,p).

> Only need to evaluate the hard and jet functions with the strategy of regions.

> Much easier than evaluating the full QCD amplitude.

> Even if you obtain the full result, the heavy quark expansion must be then implemented.
< QCD/SCET factorization at leading power in A/m;.

@ Determine the leading regions of Feynman integrals = Identify the relevant field modes.
— Crucial to establish QCD factorization theorems with the traditional and modern formalisms.

@ The infrared behaviours of Feynman integrals can be addressed with distinct techniques.

> Interesting development on the evolution kernels of the light-ray operators.
> The infrared subtractions generally complicated (in particular for heavy quark physics).
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Factorization of Feynman Diagrams

@ Example: exclusive weak decay B — mlv, [b — ulVy].

v For (Qustration toke b- and u-quark on-shll

P / e and  mamsive %llmn
b .

E m Pz: m? ( p=mv=m (41510;0))
u

P 0 (p'= En_ = E(480,-0)

P = mE
¥« m*  provides te sall scale , analogous
o N

@ Feynman integral:

I=m @ZS (k) e = {or suiptfication ho
t DN [ apk ) T+ 2pk] rumerator © (all stalar
propagatars
= T(%,%) OV+IR Gmite viteqral
T
small
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Case I QCD — HQET

@ The EFT description of the process depends on the external momenta.
@ For the soft pion (u-quark): E = O(4).

Even simpter: E=0 . Setm=4 | N )‘/m=>‘

T30 = fogooh squuereds = - Ty (.%enxhﬂar o)

To factorie the diagram , nad to know the wlevant uiteyration veqeons .
Aim : - conshract expanston X (= Mg L) from sum of all veluwant momentum
®qions  ( edes)

s (P g W ——_ highe evds
HARD ~egion L= m ] 0] [kt [e) Ty
Cocp momentan drop ¥ beuae p=s
ko KEnmi) W

Ti, s now [R-divergent — naod auvifiary
reqularisation ;' take dim.veg .

off-all ~m*
Short - disdance.
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Case I QCD — HQET

I = - g—e-%muhm 00 B sl of dwiwg,
SOFT veqion (4m) 1 2
To= m2 Y \[&] ——————— (1- = +...
foop momantumn s= N5 % v [0 [2pk) (: 1P'-k ' )
kN : —_—— : |
W 45 12
o Kew N

Tgis UN-divegent from O¢) on
— use SAME awdbiry wequlanzaion

L
N2

N
2 \

Miernal Gines Lakh Swmabl
Virtuali:
fong- dslance

- A AN
% * {;\E 19“;11 * 5

Sum of hard and soft veproduces the expansion of

the exact Tooult.
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Case I QCD — HQET

@ First lessons:

> Expansion in ratio of scales (— heavy quark expansion) can be obtained by adding
contributions from the relevant momentum regions.

> Direct computation of the expansion is much simpler than the computation of the exact
result, because all integrals involve only one scale, not several.

> Each term scales with a definite power of A, which is determined before a calculation.

@ Diagrammatic factorization:

Curm APy = TG () Mg (%)
tridependent on nal depends on Soft exdernal
.:dk pmm:m th;m m_bmm mpﬁm (e p'=0)  and

b B IR seale X

n > K8,

depends on Divac matrix [
weak Coupting in” BCD

- S{mng (.bup&na' n &CD
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Effective fields and Lagrangians

@ Introduce fields for soft modes and construct the Lagrangian that corresponds to the diagrammatic

expansion rules = reproduce the soft matrix element M. .

@ Effective heavy quark field:

Lmv-%
p= my+k hv(x) = ,[_%)_, e Y
DY d-nngw by soft '
wkrackions foedlbd " quiek  xw
v nevtr L
changs i.e. typrad vanakeens of hy Occur only over

Qorop  distances
Dragrammetically , ui the seft vegion
: LI I wrepords to ¥ (p-m )Y = hyivDhoto.
L e (HRET)

Inderachons of heavy quarks With soft moden ave dunceibed by heavy quark effective thaory.
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Heavy Quark Effective Theory

@ Effective Lagrangians and currents:

7 1
“g = [h(v-D)hy+NLP|+ Y ghq— -G,
light quarks 4
alb = alh,+0(05A).
@ Scaling rules:
= tl-yy ¢ ) 3
h&vw ~ SJ‘;k e L V‘_k ~ N = ossign Stabing hy~ X72
» % Obect l Staling
hesy N
Segs = Y 4% = 00 + onechions
w = § % Ty o .
1/w (DM ngp\r >\ X~ */x YD

In HRET  power countuiq ts Simple , beawns e  only o med (Sof).
N oGn ooty ocuf o N/ S0 - expamsion m Yy expannion
~ dimevsional analysis
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Case II: QCD — SCET

@ What happens for the energetic pion (u-quark) with E = &/(m) ?
@ Fail to reproduce the QCD result by adding the hard and soft contributions.

EvehSlmp?nf E = Epax T I(i*)- . e =~ A ([ gay z) o0
)= tesmtitss = - 3 (6P + 00

Hard condnbution
k~m

"

2 (ny? 1
I, m 2 gm

0 T 2pk7 [ kB 2pk)
annot be dropped nowr
— %

= tpt A iy - K 2
: in Np s Iy 00

Soft contribution

Lo= m @ZS [ —
ka L : [k [2p] [2pk])
®
= - e S 9;’5 (Yt
[}
(Q-defined dim. g ., S0 T # LI,
A velwant momentam tegron s missuig |
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Case II: QCD — SCET

@ External kinematics:

External kinematics addilonal vector  p'= En_ = E(400,-4)  n*

n
o

—> uikodace Ny = (4004) Subthat nF=0  ngn=2
and. werite q= M “f-y q, + N:q "Z* ( Right- cone. ducomposiAton )
™ nep'aomo forge

pre ongpnplept =0 small
@ Collinear contribution:
2 1

. T, = m? (-“1‘—) dk R
COLINEAR egion ‘ T T ey
Coop mormentum
Nyk mm »  alse - defured i g
skl nead addidional inkemadcade veglaxtakoon ( analugtic -
o gprenal k< ngk $o that scalhs ikgral Stifd vanish )

To+Io s wdl- defined o duri.veg.

IJIS = 441

tapt s o2yl
PR

SEPCCI &
i ;6\)\ M*rO’(\)

@ [, + I + I reproduces the expanded exact result. This works to all orders in A.
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Case II: QCD — SCET

@ Key observation:

When there are energetic, nearly on-shell, nearly massless external lines, one must introduce
collinear loop momentum configurations. The infrared structure is different from the case

E~A.

@ An important difference is the non-locality.

n{-‘P: o m
* tflingar momntan

= hord subgraphs cannct be expanded w npe of exkernal

cfineas momanta
= non- plynomiad v non- focal i positon Space
Ny-Pe expect A
3

This is indeed true for the collinear Lagrangian in SCET.
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Case II: QCD — SCET

@ Next lessons:

the expansion.

> For a given process (external kinematics) find the relevant momentum regions to construct

> Introduce effective fields and vertices which reproduce this = effective Lagrangian.

@ Relevant field modes in SCET].

1 assume !
t%{( 3 ]ét with

E~nmy
ivanant mass
P i)

Can add a soft line to a jet (ppc -i-ps)2 ~ A, but not a line with p ~ A
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Refovant modes (et my=4)

hard- flinear nep~ 4 nopa) pyw NG
soft P
Cater add
ctluinear Nep~ 4 nope ¥ opa)
Note -

N L

12,
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Soft-collinear effective theory: power counting
@ Light quarks:

cotlunear quark Ye= ¢ ]

z"_:!% Carge B {‘;_"’-‘Y small

e ey = 0
- N Uidegrated out (st below)

- =px e
g:)-l)}(yl ~ SA"‘p e ? i ‘l;;? ~\ = Fied § wh #8=0
).'\7_ 47 and ]~ )\1/7'

S

soft quark Ciebey)
9 qody SJ‘;keLWﬁ ‘{1 ¥ q uith qu )%

4 1
N N

@ Heavy quarks:

@n nover be cotlinear sice always nep~4 and nopad

soft heavy quark —Umex
(:é w HQ\FI-_TC‘) ' Q= (he* l-!\,) = hy~ Y2 (as befove)
>hy = hy m"kgmk out
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Soft-collinear effective theory: power counting
@ Gluons:

(fnear gluon MW’ . g I :-l‘P(x-y) %; (~9%+ to) Pn’Ttv)

= RpAen 4, Ay~ )\1/1

, Mohe N ( same ap Ccelinear

momatam )
soft gtusn Agn N
@ Derivatives on fields:
soft fuekds vary over distances x~

> 3“)5 ~ X¢s
clinear fields vary diffeently i diffient ducckions

>os oA
N /n_'P,_ N Xy~ 4/PuN "/)\4,z
I
= 3 @c ™ (bc hox /"Q:PL ~ A
)Lq)c o \}Vzbc
h_‘?(b( ~ 3

( same ap momentumn )
=2 Power counting for operators  ( §uekd products)
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Constructing the soft-collinear Lagrangian
@ Here we aim at deriving the SCET| Lagrangian and first neglect the soft quark field.
@ Step I: Integrate out small components of the collinear quark field.

o= Yy = '§?m,-bg+71‘%ln¢bq+-Siﬂ*ﬁ‘%%

Gousstan poth wikaval over n can be done evacty and Sebs

QULSSU Pl s rl R‘i 'l= ~ 5 __1— iD'lg
Funchional determinant  det [ingD) = dat[en,d]) z in,-b/ﬂ't

is o fubd- idpndnt (tndivant constant ) definidion’!

= £

=§(m_—b+cp& A l-,y;l\)l%ﬁg

tin, D
4 This is exact !
non- Rocall
> No degrees of freedom have been integrated out! % is simply the QCD Lagrangian in a
frame where all particles are boosted to large momentum.

> Non-locality can be made explicit in terms of Wilson lines.

1 1 .

=W wh.

iﬂ+ -D in+ -d

Loops and EFT
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Constructing the soft-collinear Lagrangian

@ Step II: Expansion of the exact Lagrangian in A2,

(D = i+ gnAcs gn:hg
A b Y

D, = iy rgA gl = uD.+gRg
Yoo\ bY

AL A LA anAc A L

tnyD D D R gD
N A

Mubbipste expansien
Hence , wi produds of coblinear and so%i

g P geon:Rseo T e fetds, Expond te seff Jils
~ "

. ¥ NC
) ‘ ® ¢(x)=¢(x_)+ %190y tx_
i;ﬁmxnﬂm of Stoufy varywng ’ ’ T bdo
. ) x~a'y Al n: 1
(R fiétds . conp ks + _1’.‘ [n30 )y + 1 ) TR0
nexwd, xs Yy \ \
nexe Y F Toybr o
N eXpaRbiOn th DX, Xy
around u
*sonx l‘f
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Constructing the soft-collinear Lagrangian

@ Remarks on the multipole expansion.

jnkrp\th\hm: ¢ .
craseansad Ky nek ae expanded becawnt ky «p,
P " % P = pt ".‘k%’ nek<«<nep diagrammaic i der pretadron )
S
2
of. atomic (non- velotiwestic ) physics - e ® @ (kX +eeee
H g siae of atomn
phase of frght wave \ Wawebangth of bight
Hee % plays the v of " digy approxcmation”
time t , whidh s not expanded
@ The expanded collinear Lagrangian:
AR AL T R A EE A1
ingDe 2

+ 7§(xﬂgn_¢\5ﬁ [ Py VW .[:7)(1'?“}‘;‘3 *ooos

tngDe

» ol soft fietds av faken at x_
a  trangbadion ivanane not mancfest (o mowmeum (onservakion ot vesticen )

» tgm contams  only Ha n:Ag wmpount (etx) = key property for facterizadion proofs

n qouge - wvanana ot manifest
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Constructing the soft-collinear Lagrangian
@ Step III: Include soft quarks.

e S YKY 2 T‘}.(cg o s QAL -
PANSAA i
Ac \ q '\-‘Ac';(i‘-rku.‘f“_"\c‘-'{
N PN
but AR =0
but this s not all :
®) =\t
§/q @7 INCEE e quugp -
n “F wa Yo W2 wivanont
neA b
3 % L,-\(_XSI:_;

b soft qumk vikraddions v powes - supproved G(x"l)

highs - ordee dems coe. kenoton (‘ -
“y i ; E—
n Teq s very wripotant for exclwnive B dacays ?
Soft spectador quark munt b conwecled  urito Cflinear. sof 1;:1\ linear

@ More discussions can be found in the review article [arXiv: 1410.1892] and references therein.
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