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:
QCD Lagrangian :

SU C 3 ) gauge group ,

or SO CNc )

Lao,
= - ±TrG"

"

Gnu t Eta E. Cir .D - m ;) 8 .

.
,

8 ; C × ) , quark field ,

Gthcx) , faust field ,
Ne × Ne matrix

,

GM = Ga '
" Th

,
a=i ,

- . Wi . i
,

TrTaTb=Isab
.

D
"

÷ 2
"

+ ifs G "

,

covariant derivative

GM = 2nG° - 206
"

+ i8s[ Gu
,

Go ] = Gain Th
,

Gciw = 2k£10 - 20 fain - ggfabcgbikge ,U

#
Gauge transformation : ucxl

,
element of such )

fcx ) → Ucx ) fcx )
,

Gncx) → ucx ) G "C×) ntcxl - hgzucx) 2
" atul

,

Loop is invariant under the transformation .



l . 2 .

quantization :

Left  = Loop + LGE + LEP
,

+

al
,

LGE : gauge fixing term
.

covariant gauge : Lg ,
= - zlg ( 2µGc '

" )2
,

on
-

Lqp ,
Fadden - Popov term

, ghost field
.

Feynman rule
, Fiynman diagrams

G =L : Feynman gauge

other useful gauge : light come gause

N . G = O
,

n2=o or ft o )

Physical gauge ,
no ghost needed

.



1. 3

Parameters in QCD :

Mi : Mass of quark
.

Mm ~ Md ~ 0 ( i ) MW
, Ms ~ too Me V

Me ~ 1.4GW
, Ms ~ FGW

, M& =  2 HGEV
.

8s : coupling constant

si
Def {

- 2s =

qq
= 2s ( k )

,

µ : renormalization scale

µ2 {µ
" )

=p Ks ) = - ( bo 25 + bias + bz2s4+ - - )
,

bo =  Fla ( 11 - -23 Nf )
,

bi = galz ( El - t Nf )
,

bz =

,
!ga3 ( 2857 - # Nf + ¥ NI )

,

⇒ B < 0
,

µ2 → as
, 2s(µ ) → o

Asymptotic freedom
,

( zocy yef sdg th )
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.

Perturbative theory :

V.V . divergences ,

d - dim
. regularization ,

⇐- at ln 4h )
,

( Bures
,

Bardeen )
.

its schema of renown ligation :

substrate on of there pole combinations
.

o . term
.

Massless act : high energy scattering + light hadrons

We

can
neglect mass of light quarks and

heavy quarks .

Loog = - I Tr G
" "

Guv t E I is . D f

f =  u , d , S

Only one dimensionless parameter .
. f s or as

energy scale
. Naep ~ too Met

.
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2
. Divergences in QCD

&

Light - cone coordinate system :

A  momentum P I or vector I in Cartesian coordinate

system : pie = ( Po
,

p
'

,
p ? p 3)

,

metric few

In light - cone coordinate system :

pH = ( pt
,

p
-

,
p

'

,

p2 )
,

PF = to ,
o

,
P

"

,
P2 )

,

p
'

= rt ( po + p 3)
,

P
-

= je ( po - p 3)
.

Dot - product of two vectors :

A - B = At B- t  
'

A- Bt - A
'
B

'
- AZBZ = Ao Bo - A

' B
'

- A
' 132 - A 3133

.

metric Suu

Lorentz boost along the a - direction :

pie → pie
,

pit =  apt
,

pi  =
'

g
p

-

,
Pia =p !

*
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.

The advantage : large momentum in the 8 - direction
:

p3 → as
,

P
"

= ( Pt
,

P
'

,
Pi

,
P ! ) = ( Pt

,
o

,
o

, of

Two light - conevectors :

Lk = ( i
,

0
,

o
,

o 1
,

Nk = ( 0,1 ,
o

,
o )

,

l2 = n2 = o

l . n= 1
, few = go . nheu - ethno

,

AT = 8.im A°
.

ptrapidity :
 Y =  Ibn

p
.

±,

n . A  = At
,

l . A  = A-
,
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.

Divergences in QCD :

U
. V

. divergences Regularization + renormalization

Collinear divergences

I. R . divergences

Glauherdiuagaas
} ? ?

Consider a mass less quark in final state
:

p

ILCPIP
( P ) ph = ( pt ,o , o.O )

p :

The quark can emit gluons .

P

P Iup ) figsg.TT '

) it lptk )
bthyvk

,a .
( p+hp+ :{

T ( Ptkl
,

Collinear divergence : k
"

~ ( i ,n2
, d. x ) ,

A → °

ii. lpthl in 8- l Pt# ( , + on ) ) ~ ÷p
,

divergent . !( p+hj2tiE
=

zptfitiq
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.

2. R
. divergence :

k "
~( i. X.  X.  a )

, soft gluon

ii. ( ptk )

( p.iht.ie
=

"

zph¥f++ijt( i + OCH ) ~ !q
,

divergent I
.

In QED : such divergences are
"

eliminated
"

with physical requirement .

in QCD : We have no quarksand gluons as

observable states
. ? ?

A loop - example : quark form factor

Tree - level :

Pak -
. ( Pat

,
0,0 ,

° )
,

PB + y&

mm JCPB ) gnucpa ) .PT't
, Pri ,o ,° )

.

:
A

Corrections from high orders of as
.

8. PAMPA ) = 5 Patucpa )=o
,

JCPB )&PB= JCPB )FPij=o
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PB

+ ,
r - - icp.IS#htissrp79ipI!jljIeh!g

hbqe mm
.

yn.is
.CPA - k ) tigsjfth ) UCPA )µ

^ ( Pa . hp tie

PA
- i

:

•

jp @ rp - j Oxjt
k2 tie

1
+ 8+0×8-1

Collinear to A ;
h

"
~ ( 1. i.  d. x )

,
X a 1

Expand the integrand in a
,

the leaking order :

ra = SEE iii. an litstniiiyo " infield
. ( - ifs JP Th ) UCPA )

~ site . on
.

hittin
divergent ! ! d4k - at

.

Power counting
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.

Colliver a to B : h
"

- ( x2
, i.  a. a )

the SEE aiiaocprsitissretal iii.IYER "

(
- Ssep , a

h
-

- iq ) UCPA )
,

divergent !
•

I. R
. divergence :

h
"

~ ( As
,

As
, Xs

,
Xs ) As it .

ns..SE#aiiiani #
JCPB ) ( - fsnp Th) 8

" ( - fslfth ) U ( Pa )
,

divergent .

Subtraction :

17 = ( p - Ta - PB + Ps ) + ( Pat TB - Ps )

& Pa
, TB also

¥
free from collinear - have 2. R . ! !

and I. R
. divergences ! !

c. ,

But
: light . one singularity .  . . .
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=

Glauher - gluon : h
"

~ CE.d. x. x )ra=S⇐F. II.Fine
JCPB ) ( - fsnptn) 8

" ( - 8sefTh ) UCPA )
,

it gives a divergent absorptive part , it is similar

to Coulomb singularity .

=

⇒ Perturbation theory of QCD contains

I. R
. singularity and collinear singularity ! !

Perturbation theory of QCD is meaningless ? ?

There are no S . matrix elements with quarks or gluons

as physical states
.

Unlike QGD !

But
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K CN theorem .

.
( Kinoshita

,
be

,

N

state a
,

h ; a → b

The probability .

. I snap = Icb Is la > 12
.

Tn general ,
it contains divergences from degenerate

States of la > and lb >
,

like 2. R
.  - and collinear

divergences . Suppose :
these divergences are regularized

by a set of parameters Tle )
,

e. g. ,
quark mass .  - -

µ → o
, divergences appear .

If we sum those energy degenerate states of

la ) an lb )
,

then the sum :

Ffa
,

Ias
,

I S bat is free from then

divergences ! !

Note :
a and b do not to have the same

energy ,
or in the same state

.



R - value
2. f .

. d

For et e
-

→ hadrons
, special case of Ken

,

because of that hadrons or QQ States only appear

in final state
.

Block - Nord sie eh theorem
.

OPE :

Juul Ju lo ) = Cowan I + dik ) : I I :

1-  - -
-

We have only take the leading order here
.

The remaining terms are power - suppressed
, ay,

.

s V8 - sum - rule
.

R - ratio

Renoir -matron. ⇒ power
correction at A/s

.
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.

3. DIS and QCD Factorization ! !

D Is : Deeply Inelastic Scattering

A classical example of QCD

applications

D Is : ( unpolarized case )

e ( k ) +

hcp
) → eck

'

) + X
,

h : hadron
, usually it is a proton .

At leading order of QED :

:
f = k - h

'

,

" Yiy×
q2 = ( h . h 'T = - Q

?
< 0

, p
8. p

Y =
-

hip
,

×B = fg?p
,

Bjorken variable
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.

The cross . section :

k " ⇒ = at (f)
2

Lau Ww
,

(
a

= henkv + hnhi - k . h
' 8W

,
the lepton:c tensor

The hadronie tensor :

Who =  ÷ fdltxei
"

Ex chlpll Jncx ) I x )

( x 1 Jolo ) 1h ( P ) >
q

J
"

=  QQ -88 "
8

, ( take QQ =L for brevity )
.

The decomposition :

Ww ( p , g) = C- gau +  ¥8
"

) E. c × ,d21 + BIN Fzcx , ay
,

8µW
"

= fu Who =o

Fh =p
"

- ⇒ qte
,

em . gauge invariance
.

×=×B
.

Need to know Fi
,

Fa ! !
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.

kinematical region of DIS : Bjorhen limit

Q2 → as
,

28 . P → as xp =
-02 fixed

I zf - P

O C XB < I
.

Bjorhen scaling : E, ,z
( x

, 02 ) = E. 2
( × 1

,
a2→•

,

Pre - QCD :

( Naive ) Partonmodel :

1=24,021 = x fp ( × )
,

zx E C × ,a2 ) = Ezcx ,
a

'

)

Automatic al scaling .

"

P
"

for parton ,

The initial hadron HCP ) consists of many partons.fpcxl : the
probability

to find a Parton
with The momentum xp

,
× % .

�1� IS :

8 ( f ) + P ( xp ) → P + X
.
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With QCD : Improved Parton model

QCD factorization theorem for �1� Is :

F. ( x. d) = × Eafxdgls Cal ×g it .li ) fqatii ) + . .

= x Ea Ca @ fan ( l + 01*1 )
,

a = 8 ,
-8

, G
,

fyalls ,
Ii ) , Parton distribution function C PDF )

.

defined with QCD operators ,
G .

. % .

It is a distribution ,
not a probability .

C ! 1

Calxg ,

a ?µ2) : perturb ative coefficient function ,

free from collinear - and I. r . divergences .

At leading order = egg ,
it

,
ni ) = Sci - 8) + Olds )

,

it reproduces the l naive ) Parton model
,

and " Partons
' '

= quarks , §
.
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.

Question .

.

We don't know the inner - structure

of hadrons
,

how we male predictions ?

Traditional way : Operator Product Expansion
( OPEL

.

Modern way to discuss DIS
: ( Diagram expansion)

Breit frame for Bjorhen limit
:

h : moving in the 8 - direction .
.

P
"

-
- (Pt

,
¥7,0,

o )
,

je .

. moving in the -8 - direction .

. 8
"

-
- ( ft

,
f-

,
o

,

o )

fit C O
.

Bj or hen limit is realized 8- 20

hey f
-

→ as
,

⇒ Q2 = - 28+8
-

→ as
,

ZP - f = apt f
-

+  zp
-

ft → as

x = -2% = - y¥
,

fixed .

If Pt is large ,
P

"
= ( Pt

, 0,0 ,
o )

.
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To derive the factorization :

Def :  T
'woo

, p , =  ÷ faux e
't "

( PIT ( 3kcal Juco ) IP >
,

> who ( 8. P ) = 2 Im T
"

( 8 , p )
A

We know
: A hadron consists of portions .

portions : f
,

I
,

G
.

h '

: a n - parton component

pie ! 18,8
,

G I

µ
!

like a vertex

Suppose : We know these vertices
,

and use

per turpative theory of a to calculate Tw
,

TN is a Green 's funct ,
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A 4 - point Green 's fun et 
:

I

both
} In so

.

'

t
- - - - - I- - - -

.#HAH't
,
"*

p I

f y

ft p

complicated
'

Feynman diagrams ,
8. I

,
G

.

Classification of diagrams :

Dividing a given diagram into two parts , .

( green line )

Upper part : containing the two photon external lines
.

lower - part :
" the two hadron enteral lines

.

two parts are connected with internal
-

lines

of quarks and gluons
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The diagrams are chess fuel as 2 -particle redueakle: ,

3. PR - - . NPR - diagrams .
 I one . PR ? )

Structure of diagrams : L npr )

my
i !

exchanges
-

k I l I I

(
' ii A

÷:
I

p
I between
'

Y two parts .

- - - -

 .

.

lines for quarts or gluons .

The lower - part is the matrix element of hadron\ sandwiched with operates represented try those lines
.

~

The
upper

- part can he classified into tree - bevel

:one - loop -
-

. . n - loop diagrams .
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Tree - level of upper - part :

- 2 - PR
: only one diagram ,

✓
I

Ffg
' § ' ' hand - bag
I

H

who = diagram
"

k a I u kmix:*. .
I Tv
I cut

The black box

I ;

i
Iih a y V

a

get fourth
"

41144411%
p!

i

= Tj :Ch.to/--fd4xe-ihXChCpI/IixIfjlo1/hCPI )

i.
'

g : Indices of spinor .  and color
.
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.

Expanding around h
"

= I "

( it oui )
,

I "
= ( ht

,
0,0 ,

o )The hand - bag diagram : f
Who =  If ÷hµ ( 8

"
8. ch -1818

" Shh -1851) , ; Pg ; Chip )
,

For Mh , P ) : Tn the case of p → es
,

P
"

= Cpt
,

o
,

o
,

o )
,

the dominant contribute comes from tho region ?

h
"

- R ( I
,

12
, X

,
A )

,

A = a I
.

Power counting for pants momentum
.

,
A - deep

, Mf ,

- -

HV

W - = 's fdht( 8
"

o . ( E +818
" ) ;;

8 I Chat 812)

.fdj e
- th " -

They I,
ex

-

nil 8; lol 1h44 )

+ O ( Al e
- - .

The quark field : is . D f = ( ID -18-+258+-2875+1841=0

T T IT
in the hadron

o Cpt )
,

OUR )
,

O Cill )
,
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Not all components of fcx ) are important .

ft '
( x ) = 's 8-8+841

,

8 ( x ) = 8←"C × ) + 8
← '

( × 1
,

qeyx , =  ÷ ytg
-

fcxl
.

8- j+ + 8+8
-

= 2
,

8- 8- = 8+8 +
= 0

.

Using 80 M : f '
~ 0 ( ¥ ) 8←' '

,

Power - counting for 8 .

ftkx ) is the large component •

if Ej e-
 ' h+× '

ghcpyficx '

a ) 8;
Io ) 1h CPI )

=  ⇒ ( 5 )
; ; fqp ( s ) + 0 ( ^ )

,

color diagonal .

PDE :

fsyp ( z ) = 's f # e-
'

' * ^
( HCPY 8-Canlot 8101 IHCPD

,

4'

dimensionless
, depends only on h%t = Z

.

momentum conservation =
- Pt < kt < Pt

,

ht < 0
=

anti quark .

we take ht > °



( hat 812 = 2 Chi + 85
'

f
-

-

- o

⇒ h 't ft =  o
,

( Itf)
"

= to , 8-
,

o
,

o )
? ?

'

3
.
 12

- WHO = ÷ J!
"

dat fgy.cz ) SHE -185) Tr -18
"

8. Chat f) 88 - ]
,

⇒ f ,
Cx , a

'

) =  If !d8 Six - a ) ftp.t/---ff/pLxl ,

Ez C x ,
02) = 2X E,

Cx
, a

' I =  * f% Cx )
*

But :

f gyp
Cz ) =  If e-

'

' ht d
shell I Cant 8+8101 Ihop )>

It is not gauge invariant !

Tn fact ,
at tree - level there are many

diagrams at the leading order of A or a =  ! !

8. f .  .

.

.

hi hz  
- -

•

i
&

ko a EE be -y.  - .
. v

41/4*1114
p



Z
- 13 a : 3 - PR diagram

. hiThe case of one gluon : .

i
*

ko a BE -y v

4114K¥
, p

Power courting : i

FT : shell I exo ) G
"

C xn ) f lol I hcp ) )

~ Pt ( I
,ftp.t ,

-hot,

H -

- t .
.

The largest component .

✓

Ffg
I htt

.

}The contribution s I > H

to WHO
,hoaKgb,

I
v k

After expansion in 1

a i 4/11/49 p

Wig
"

=  ifdhtdhi [ gu g. chat f) C - iggy
-

j
to

.ch?8
-

E
. I

(Etf -E.) 2
tie

. ou
sick

-1814)
;

¥ to
- I

, ;

if e
- idk ' tidbit

c ht f- can ) ft Gtldin ) flo ) th )
,
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h^ = (ht
,

o.O ,
o )

,
£ = ( hit

,
°

,
°

,
° )

,

p = -

yeEhl 88
-

= 85
. a !+,

n
'

( ha + f- Ei, j4E

Note : U =L and ht +8-1=0
,

on . shell
.

⇒ .

Wigw = #

Sdhtfrlonoehtslror
) scant )]

. ifdhi '

. a. In,
tissnp ) Ski e-

idhttiaihi '

Ehl I can )

8tG4hn
) 80 ) 1h >

,

NPGP = Gt
, the factor in [ . - ' ] is the same as before.

One can work out the result for exchanges of m - gluons .

the ! §
, K

1

ho a } .-33g } vh
^

1

.

y

M 2 I
.

\

hm -  '  '

kyhi



The same [ -
- ] ! !

3. 15

The contribution with m - gluons :

Wtmwg = # f.dht.fr/8ko.ch+E18o-)sccEi-851 )
f s 8 s  -  -  n  . fs

- if idk: c . hi tie , c . Eine) - - - . C- Iii tie )

- I # e-
'

' ' ' h '

II
.

etidihi
'

- shall I Cant 8
' Gt can ) Gt C dah ) - - Gtcdmn) fol h GI )

,

↳ orderedI! -
- hi

'
t hit-

- hit
.

"

statist eatfactor
"

The contributions are at the same order of a ! !

need to he summed .

Gauge link :

,
path -

ordered along n - direction

Vcx, est =p exp { - ifsfodd G-
 '

( annex ) }
= it ? ,

I - ifs )
" f

,

da ; G-
 '

l dint x ) G-
 '

C dirt x )

Gt ( dzhtx ) - . . Gt (Aight x ) - O ( ti - dz ) O ( Az - As )

O ( Az - du ) - .
. Old ; - i

- d ;) Old ;)
,



3.
sing on ) = ifdgwenwi

'

W tie

Vcx ,
as ) = 1 + I

,

tifsj Sgt
,

dhit

-

c- hiieie) c. elite:c ) thistie ) .  . . c-Ettie )

ftp.#eih5'YGtCnnex1G+Cazuex1 - - Gtdintxl
,

⇒ ⇐
.

Wmhgt can he summed with V
.

the left part .

Doing the same for the right part . .

After the sum : the leading order of a as tree - level :

W
"°

= # fdht Trfgnoiht 8) 808
' ] s ( ch^+8j2)

. if ? e-
 '

'  ' h+
( hl Ilan ) Vtcxnis ) t

'
V G. a) funk >

.

The gauge invariant definite of PDE :

f% 18 ,
H ) =

. if ? e-
 '

'  ' h+
( hl Ilan ) V

+

Canis ) t
'

✓ G. a) funk >

h+= zpt
,



3. M .

µ : renormalization scale
,

introduced by V.v
.

subtraction
.

Because of the subtraction
,

one can

not show that PDE is positive as a probability . !

Gauge transformation :

8 ( × ) → Ucx ) fcxl
,

✓ ( ×
,

as ) → rules ) Vcx ,
as ) veal

.

The defined PDF is gauge invariant !

Is The obtained Who gauge invariant ? ?

We need to cheek the factor Tr[8
"

8. chat 8) got ]
. with (h^ + f) 2=0

.

1- Tr[ on g. chat 8) guy ] = jz E
' ICE ) on  uih

'

+ so )
2N e

Nih + 8) 80 n (E)

truth
+ 8) 80 nai ) :

the scattering amplitude for

8*+86 ) → f (% + f)

Therefore
,

The obtained Ww is gang invariant .
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& For gauge invariance it is crucial that the initial

quark is on - shell ! It is also important

for summing of collinear gluons by Ward identity

beyond tree - level to prove the factorization .

To include anti quark contributors : To co .

fgyp ( al = - fqpl . z )
.

Fzcx ,
02 ) = x(f%( x ) + fqyp C× ))

*

To discuss the factorisation beyond tree - level
,

we modify the notation of the " black box
"

.

After summing all gluons ,
our result can be given as :

1

Nagao
,•§µ - Top part

- - - - .t - - - - .  . - .  - .

i

 
.

3.35331
, 333 ... - bottom pares

\ PDF
, 5-piojeih .

1

1
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Feynman rule for Vcx .es )
,

Vertex : •

By

( '  ' 8sT
' na )

,

ld , a
,

Propagator :

:  '
tie

.

k

At one -

Beyond tree - level
:

l

•
1

u
1

* 3 ; Ma 1 §
µ

a 1
.

P 1

Cal 1 k

•
:

-33,33beer \ 1

pm
i HMM p
'

i ( loops )
1

\

a 1 the top bubble can be at any order of as
.

the . of ia
, We have studied the ease at order 2s°

.
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.

we need to sum all contributions of
gluon exchanges .

After the collinear expansion : All Parton lines

carries
"

t
' '

momentum % = At
,

0,0 ,
o )

,

the quark lines are for on . shell quarks .

The gluon lines are for Gt gluons !

In covariant gauge , one can derive

Ward identity :
CBRST )

( f 12
"

'Gµ
,

( × . ) 2h Gmail - - 2
"

"Gµn(xnlli > = 0

N = i ,
2

,
3 .  - matrix relation !

1

in >
,

if >
,

Physical States
,

on . shell ! !
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Illustration
: one gluon attachment

,
one quark

in the initial state

PK = ( Pt
,

0,0
,

° )

PCP) C f 18 (P ) ) = PCP ) UCP )

One - gluon insertion :

.

( f 1 2µ Ga ' kcx ) li > = o
.

h
" +

= 0 !

33mA 3
µ

,
a

k k

Ca ) ( b 1 ( b 1 : All possible

insertions except Cal
.

}•
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We decompose

Ga '
"

( k ) = fd4x ethixga '
"

< × )

= NY n . Gach) + (Gank ) - Ehn . backs)
4'

scalar gluon ,
longitudinal polarized .

All possible attachment
=

Attachment to the

of scalar gluon in c b ) external leg .

e-

* in
,1

\
1

\

l

C b ) ( a 1

Fig .
(a) = C- ) # Pcpth ) they?

,

C- issohiajucp )

= - ntearlpth)Th[ i . www.bt.P ] ucpl

4

8. Pulp )=o
~ 0



3. 23
.

E.g. (a) = - ↳ Plptk ) Th MP )
for on . shell quark .

In our case : h
"

- ( i
,

it
,

X
,

X )
,

G
"

~ ( i
,

it
,

a
,

A )
.

⇒ G
"

( k ) = # Gt ( 1+0 calf
,

e-

-
.

x=•• .

3+

(
3*

.

( a )" '
to ¥→¥±ie

This can he generalised to insertion of any number

of gluons .

The sum gives gauge links
.

t.ie irrelevant here
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With Ward . Identity ,
the leading contribute

from the sum of
V

My l §
µ

.

-3}:3,
} k

" " "HM " p

is given by : \

The
.

'

, .§ top . part

1/1/41%11
any order of as !

.  - . - .

t
- - .  - .  . . - .  -

.  - .

i.
3.35331333

"

hotton part
\

PDE
,

5- project.

I

I

Note : crucial that the quark lines stand for

on . shell quarks .
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At one . loop level
,

the top part :

1 1 1

•
1

• •
1

• •
1

•

\ \ \

it

} ,

i3mmmm
a 1 1 I

P I 1 1

( e )
Cal Lb )

l \

•
'

• •
1

•keen \ dop
^

1 1
th . C. of 1 a ,b ,

c )

l 1

1 ,

( c ) (d)

With the projection from the bottom :

* ( 8- ) ; ; f% ( 81
,

Ft = 8 Pt
.

After The projection and taking F #
= ( It

, o.O ,
o ) ,

the initial quark linesstand for on - shell quarks .

• We will use the subtractive approach ( Collins 's )
,

it has a similarity to BHZP for U . V.
.
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Consider fig .la ) :

' What =

-lfdF+8(
( Ftfp )

•
1

• 4Nc

* 35ktv F.fm#fjze.aTrf8h8.lFt8 )
- ag-

÷
- -

f- c. igsyp , a)
islets - h1 go

\
1

I ( § tf - hpeiz

a
!

(a) ipfffie.hdtissretajoif.fq.cn
,

The black box + gauge
links It = apt

.

Consider the momenta region k
"

~ ( i ,a2
, x. a )

,

collinear to F or P
. Expanding in  a

,

the leading order is :

MV 1

SdpWa
,e

=

qµ ,

"
8 ( CF -1812 ) Tr[ 8ns . ( F -1 f) out ]

Fatherlessness
.gr )

. edu
,

C- issnpth ) The f%( a ) }
.

The integration over k is divergent ,

Note is tree . level result
. | collinear divergence !
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This collinear divergent contribution is

represented by the diagram :

• .

'

'
•

. \

¥ 1 v §Wwa
, e

= Ho,

l
,"

In the tree - level
,

there is

'

the same contribution :

• .

'

'
• • .

'

'
•

.
1

.
1

- It, -

II.
contains . tt-

'

t.IEti 1 Fi
1

l

11111111114

1 1

& Including WAY at one - loop results in a

double counting .

To avoid it
,

WAY

must he subtracted .

( subtractive approach)
.
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⇒ The contribution from Eig . (a) at one - loop
is given by :

win - WAY

It is free from the collinear singularity
from the region where the gluon is collinear

to P ! !

Fig . ( e) :

•
i

•

WE"
= alnefdP4fd@lahp8lcFtf.e5)

*

mrlmmuae
'

' Trflissreta) ¥8.LY?ihl
- ag- ÷- -

f- yn g. ( g + q . a) go into "hl
1

1

( I - h )
2

- is

:
( - ifsje Th ) 8- ]y

'

( . za 81k
'

) ) fffp ( 8)

Consider An contribution from the collinear

region with k
"

~ ( i
,

it
. d. N

,



3
.

2 f
the collinear by divergent contribute of E g. ( e ) :

WY.ee#fdEt8(ckt8i9Tr(ses.Cke81Noif
{ ¥,

tzasceii ) Tr[otiFiWhjE÷e tissrpty
. riptejlpiiiehtcissoeraifatifqptd ,

ka "
= ( It . ht

,
o

,
°

,

° )
.

Again ,
there is a double counting .

For the collinear

gluon ,
there is the same contribution in  tree

level result :

• .

'

'
• • .

'

'
•

.
1

.
1

- ¥ -

l

;
-

II.
contains . tt.

-

'y -

ItsI
,

i
I #1

11111111114

1 I

Subtractionis needed
.



3 . 30

⇒ The contribution from Fig. le ) at one - loop

WE - Wen!

Tt is free from The collinear divergence !

Only Fig. la ) ,
( b ) an (e) contain the divergences

when the exchanged gluon is collinear to P
.

Doing the same for f. g. ( b ) • .  •  .  . .

⇒ The contribution to Ww hasn't the

collinear divergences .

There are I. R
. divergences in each diagram .

They are cancelled in the sum ,
because we

sum all final states
,

as disscueed in Sect .
a

.

There are collinear divergences when the exchanged

gluon is collinear to the final quark .

They are cancelled as I. R
. one 's



3.

3.1
.

Conclusion :
The perturbative officiant function .

Cq in WW at one - loop is finite !

At one . loop ,
there are gluonie contribution

• .

'

'
•

• .

'

'
•

i
. .

if
- .

'
-

f-| ,

es i3 ; { -

of}.

i
.

.

i.I I

, I

\ l

' collinear contribution

Gluon PDF :
is already included

in tree - level#fsyp ( z ) = - zlp, f # e-
ii. 8

diagram

< hcpll ( Gthcnnlvtlxnis ))h( vlois ) GTYOITIHCPD
,

V : in adjoint representation .

One can show Cg is finite at one - loop.
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One can go iteratively beyond one - loop ,

and show the factorization :

F. ( x. d) = × Ea Stxdgs Cal ×g
,

d. ii ) fakes ,
my + . .

= x Ea Ca @ fqa ( 1 + 01*1 )
,

The operators used to define PDF are twist . z operators .

Theoretical predictions ? µ → a
,

as →  ° .

Evolution :
DG (

Api
B's orhen scaling .

in Emi"d÷i .EE?::mEiIM
.

8 =±g
,

Pablo ) : splitting kneral
.

Pas can he calculate with perturbative theory ,

known at three - loop level
.
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'

Fi ( x
, a

'

) = Za Ca ( ti
,

02 ) 0 fqp ( m2)
,

Ca depend on ln I
,

cabin , a
'

) = Calf )
,

Taking m2=Q2
, F. ( ×

,
02 ) = Za Caci ) a f% (04

,

a2 . dependence is determined by DGLAP
.

Bjortaen scaling : Fnlx , 02 ) = f. ( x )
,

Scaling violation is predicted .

The prediction agrees with experiment .

=)

Experiment of unpolarized DIS has

told as :

@ .
Partons are fuarks and gluons

�2�
. Scaling violation from experiment

is predicted correctly .

�3� Extract PDE 's for other usages .

"

Classical test of acts
"
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Theory VS
. Experiment
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polarized DIS with proton :

The proton is polarized ,
a spin vector s

The decomposition :

WW ( p , g) = tgau +  HE) f. ( x ,a2 ) + PIT fzcx ,
a2 )

+ i Ent 82 [ sp 8. ( x
, d )

p . f

+ ( P . f Sp - f. s Pp ) fz ( ×
,

02 ) ]
,

Two - additional structure functions .

g. ,
can he measured with longitudinally
polarized proton .

Its factorization

is similar to that of F;
with

.

twist - 2 operators .

experimental study of 8. :

"

spin crises
"



3
.

3

6
82 : can he measured with transversely

polarized proton .

Its factorization

is with twist . 3 operators , complicated.

*

Momentum sum rule

Spin sum rule

:
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Universality of PDF 's :(very important )
�1� red - Yan process : ( DY )

halpa ) this ( PB ) . 8& + X

ett
,

Plan = ( Pat ,o , 0,0 )
,

PB
"

= ( 0,135,0 ,
o )

One can do the analysis as done before .

his I

11111111111
^

\
v

hi
, ⇒ gives a factor

•°n%sy: .ph
. ,

tissnhtal
141111%1111

1 msha 1

•• •

^

By
1 v

. a
'f*

,
tissnhta )

←
' -

l

a

14111111114

atpal
1
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t.ie has a physical meaning ,

+ is : final state interacts

This leads to that PDE defined in DIS

is with the gauge link Vcx ,
as )

pointing to the future
. .

- is
:

Initial state interaction

This leads to that PDE defined in DY

is with the gauge link Vcx ,
. al

pointing to the past .

PDF in DY :

vcx ,
. est =P exp { - i8sf°adx Gtlxnexl }

,

f%col|py = 's B.e-
ixpatz

( half an ) Vlxh ,

- a) 5
'

V
+

( o
,

- as ) 8101 |hA )
±,
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symmetry of Parity + Time - reversal

⇒ fsypttl
py

= f4p↳l
pzs

or non . Abelian

Stoke
theorem

<

>

••a.
<

>

• •

- as axn ×
.

+ a

The area inside the close contour is zero ! !
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Physical picture of �1� IS =

space - time structure if DIS :

rewrite :

Who =  zj In [fd4xei£× <h( PHT ( Juan J %) ) IHCPD)
Forward scattering :

,
hteradion

. point .

>

'

runo.gl
, I,< > ,

x
"

X = 0 X

Typical × -

range ,
interact range ,

or observation range

is given 8. X ~ d
.

We take the frame : The initial proton is in  rest ,

P° = M
,

§ = 0
.

The virtual photon moves in The -8 - direct
:

fm = ( 80
, 0,0 ,

83 ) = ( 890,0
,

-1831 )
,

ft =  jlg ( f
°

- 1831 )
,

f- =  ft ( 80+1831 )
.
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02 → as
,

or Q
?

> > M2
,

ZP . f =zmf° =  ¥32 ⇒

f°=
&

a s > Q
,ZMXB

A 2=-82 = - ((892-18312)>0 ⇒ 1831 > 80
.

For 8h
,

80 ~ 1831 > > Q
•

f- ~

. nff°
,

ft = ¥ ~ - Hoo = - r÷mXB
,

The typical rank :

x.~qt~ .hn FTT
.li+1xtnl

= ¥2 a ,÷
,f. AZ

A : Aaep
,

or M
, soft scale

,

proton size R ~ ±
.

×
'

=  Fla teoffe

Ioffe time
.

Transverse range :

X2 > °

⇒ × ? < zxtx
-

~ ¥ < < Th
.causality
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7- z

← g&
mum

D= axe
~ Ya

.

ax± small
,

dominant contribution

is from the case of finding one - Parton,

The pro babbity to find two partons
is power suppressed my Ya

,
part of high . twist

effect .

Interaction time : partons inside a hack on in  rest
,

The interaction time between partons : ( soft ) .

top ~  In ~ R
.

The time range between two interaction points :

tins - for =  Rm a ÷,
.

⇒ The potion interacts with a free Parton ,
.

Physical reason why the factorization can be done
.
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An interesting observation :

x.~ ¥~  an II. nr

If XB is small enough
,

X
'

> R or ×
-

⇒ R
.

At least
, one interaction point is not located

insider the hadron
.

How can the interaction

happens outside the hadron ?

Hot topic ! ! Small . x physics

Section end
.
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.

4.
TMD Factorization for SIDES

Semi - Inclusive DIS ( SIDIS ) :

echl + ha Cpl → e Ch
'

) t his CPh ) + X
.

kinematics :
One - photon , exchange

f = h - h
'

,
8 's - as

848 ) tha Cp I → hrs C Pelt X

}X
'

Y

{ A

ummm
'

,

haµwwwm}8- I get

HB I

Current fragmentation I

, Target fragmentation
region region

. P .

"

= I Pat
,

o
,

o
,

o )
,

"

fracture functions
"

fu = ( ft
,

8
-

so ,
o )

,
8

"
so

. We don't consider

Pii #I:}
,

Pei
,

pai.pe)
.

this region .
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. A - Koep

, Mh - -

Three kinematical regions . soft scale
.

a
.

Pei
.

- Q2 → IT
,

Collinear factorization

do - H ④ f ④ D { It 01¥ ) )
d X

PDF EE

H : perturbative coefficient function ,
finite

.

b. Q2 → Pete → 112
,

Collinear factorization ,
still

.

But : large log 's he j in It
,

re summation is needed
.

C
.

Of → Pei
,

~ IT
,

no collinear factorization .

small The
:

sensitive to transverse momenta

of Parton
. neglected in collinear

factorizat .

Trans e - Momentum - Dependent factorization
TMD for C .

and b
.
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. 8 - diretiou

h
" 0481

.

,
c-

HIP ) • annum

P
"

= ( Pt
,

o
,

o
,

o )
,

L f
"

= ( ft
, f- ,

o
,

o )
hi

"

The parton inside h has the momentum

h
"

= ( ht
,

h
-

,
I ) - ( i .li

, A. A )
,

The outgoing parton has also the transverse

momenta Iii  -
- lie

if we don't oherseve Ii
, i.e ,

I
.

'

is

integrated ,
we can make the approximation

by setting the = o
.

This brings an error at

the order hiya  ~ % . a I
.

like DIS
.

it we do observe Ii
,

it implies that we

detect I , of the parton inside the hadron
.

⇒ Here we can not set hi-
-

o
.

! !
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.

Difficulty for defining IMD PDF
.

h ( P I
,

P
"

= ( Pt
,

o
,

o
,

o )

We re - write the collinear PDF

fffplxl
=f¥

,
e

-  '

'  ' ' ht Chl I can ) V
-'

Canis ) rt VG , a) fool 1h>

ht -
- xp

+

= fdzh.is#a,
e

- i I ' h

Chl III ) V
-' II

,

as ) it vco.es ) fool 1h ?

§ "
= ( o

, f-
,

I
. )

,

E -

- A
,

h
"

= C ht
,

o
,

I )
.

Define TMD PDF

fgpcx.tt/--fde-iE
. k

Chl Ties ) V
-' II

,

as ) it vco.es ) fool 1h >

But .
.

The definition is inconsistent ! !

?
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The gauge link : .

✓ Ces
,

as ) =P exp f - ifsfodd Gt Can test }
Under gang transformation :

V
-' CI

,

es IV lo,
as ) ⇒

ULI ) VYI.es ) WE
,

G
-

-

-
es ) U ( o

,
Ees ) Vco,

as ) Nt lol
-

w * a ! !

⇒ No gauge invariance ! !

Tn fact ,
in non single er gauge ,

like Feynman
gauge ,

UCE
,

es
-

=  of = I
.

In other gauge ,
transverse gauge links at es

-

es

need to be added
.

Singular gauge : n . G = o .
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Light - come singularity .

it we calculate fgfgcx ,
I

. ) at one - loop
,

I I

3g I
I

P I v -1£
'

,

I

( at Cb )

fqgcx.IM- sci - xi steel So
'

F'
y

,

a

*
° A divergent

feofqlx , hilly - Cx ,
I ) -1I - X

,

X → I

collinear PDF

foihe-fqgla-f.gg/bJ--
"

finite
"

The divergence .
. Light - cone singularity .

related to gauge links
.
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=}
⇒ make =

a .ie.
⇒ #

ht → o
,

divergent .

One possible way to regularize the divergence :

Gauge link off light - come :

U
"

= ( Ut
,

U
-

,
o

,
o ) instead of MY Co

,
I ,

o
,

o )

beef :

Vales
.es/--pexpf-i8sf?dau-GldueesIf

,

f- ex
,

h . ) =f÷¥,
e-

' B . h

Shl Ties ) VII.as ) 8
" Valois) fol 1h >

,

n' -

→ o
,

but finite .

f- depends on u ,
fi -

- IT
' PI

 = Cpt 5

f- depends on the energy of the hadron ! !
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Evolution of TMD PDF
,

H ÷ fcx.hx.ie , fu ) = 28
,

f- Cx , he
,

u , But

tf : Anomalous dimension of the quark

field in the axial gauge u . G -

- o
.

Tq = &! Cp t 0125 )
.

It is much more simple than DG LAP
.

The reason :

Seth , fix , he ) has more V.V
.

divergences ,
more V.V

.
subtraction

.

⇒

fake fix , he ) =L f Yp
C × ) ! !
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The evolution of fu :
Collins 's - Soper Gf . ! !

It takes simple form in b - space ,
b

"
-
- Cb

'

,
51

.

f- cx.b.ie , fu ) -
- fd-h.ie?bi%fcx, here , guy

T.nf-gufcx.b.lu , fu ) = ( Klm , b) t Glu , ful) fcx.b.ie , ful

ktthblt Gluteal = - ⇒ q.

en
hi b

'

e
'

4
I

test K = - 8k = - H at G
,

Jk : Cusp anomalous dimension

Jk =  ¥2 Cq

Cs equation ⇒ Css reanimation

very important !
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similarly ,
we can define TMD EE 's

.

h C Pa)
,

Pau = lo ,
Pei

,

o
,

o )
,

Def :

Vv leg
,

- a) = pexpf-issfa.de u - Glau test )
,

V
"

= ( ut
,

v
-

, 0,001
,

V' -

a > V
-

.

C kinematics )
.

IMD EE :

Fez , he ) = ÷ f T e-
" I . h

out ? Tr

Colt' Vi
'Col Gcollhx ) chxl ICE ) Vries) 107

,

here .
. Gu = I est

,
o

,
Ii I

,

k
"

-

- ( o
, tape

,

- E' Ia±)
,

T

& depends on te , Gf =

4 Peel expand . .
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Factorization :

Breit frame

ha Cpl t 848 ) → hrs C Ph ) + X

f
Z

= - Q2 → - as
, Pe%2 a I

Det :

× =  jpg = = - Epi
,

× B .

Z =  iii. =

.

Pei -

- few Pau

The hadronic tensor :

W
" °

CP,
so

, Pa ) = -If÷hµ e' ft

¥

ha I J
" this x > C x host Juco ) 1ha >

= - I 8.90 F C x
,

8
, Pee

,
a )

+
"

Power suppressed
"

glib = gate - n 're "
- We

"

, can he defined covariant G .
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Factorization . at tree - level :

his I i

,

?B I .

I I . .

I n I v of n I v

iv.

,
• new

t.moobzggh.it.  .

• new

a V a V

I I

I I

ha I HA I .

I 1

Summing all Gt genoa
A factor :

from the bottom
. hi !

. ,g
I - i Ssn

" Th)

⇒ gauge link Vu
. replace hit → n . h ! !

his
n

in

" ha
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.

I
. . summed

^ I v with the gaugemmhg.  .y . • new

link Vv
a

-  -

v

I

I

\ .

Important : to calculate the middle paves
his

^ I v

Tn the middle
in . • new

part : a

I
v

hat -

- that
,

0,0 ,
o )

HA I

his -
- to , hrs , ,

o )
.

on - shell amplitudes
⇒ gauge

invent

has
,

hrs , only included in the momentum

conservation
.
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1.4
⇒ Tree - level factorization :

F ( x
,

z
,

Phi
,

d) = fdihA.dk Be 82 ( stirs
,
the

,

- Ia
, )

f Cx , ha . I £18 ,
hose )

But this is not correct beyond tree - level
.

At one - loop .

.

I . I

, . . ,

'

. .

n I v 8& ?I v

in . } ,
• new.m•gfT• new

a V a V

I I

I I

.

I 1
.

( L)
C b I

Because Are sum of final States is incomplete ,

K LN theorem does not apply ! !
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.

following the analysis of DIS
,

one finds .
.

*

The
gluon collinear to ha or ha

,

with the momentum h
"

~ Ci
,

he
,

X
, a )

is factorized into TMD PDF of ha
.

*

The
gluon collinear to hrs or his

,

with the momentum h
"

-Ca '

,
a

,
a

, a )

is factorized into TMD FF of his
.

The contribution from the soft gluon

with h "
- la , X. x. x ) is still there and

divergent ,
because no KLN

.

The soft gluon Fig . Cal and Cb ) can he factorized
as

, I

I I =

um . } ,

- um

Pg
-

I
,

I I

(a) Cbl
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There are also extra soft - gluon - contributions

in TMD PDF and TMD FF
.

p
2

=

a CU . v )
2

The soft factor ,

n' v2

sleet .ie , p ) -

- a' Trot Vices
.

- a) Voices
,

I. I

Valois ) Vv to
,

- as ) I o )
,

Diagram representation :

v
I

V
I

S i
I

• •
I

gluons exchanged I u
U

between double I

,

lines
.

" Tisch
.

. ,p , .es#ieEih-Lsies...u.esj '

c -ah ! !
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The correct factorization beyond tree - level
.
.

F I x
, 8 ,

Phi
,

a ) = H ( Q
,

H
, fu

,
Eu)

-foihaedhrsedhesyzh.it HI
,
the - Tae )

f C x
, has .ie , fu ) I Go , has .ie , fu ) Ichi

,
H

, f)

Perturbative coefficient ,
finite .

H = I t O Hs )
.

Tu b - space :

I l x
,

8,5
,

a ) -

- H ( a
,

H
, fu

,
Eu) S

- t
( b

,
H

, f )

fu , b
, It , fu ) & l 8

,
b

,
H

, Br )
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."  

-

Collinear PDF 's
vs T MD PDF 's

Collinear PDF

's
: longitudinal motion of parlous ,

one - dimension
.

TMD PDE 's i
.

Three - dimensional motion of parton
,

more about inner structure
.

At leading twist
, only 3 PDF 's of spin - Ya

f # e
-

'

' ^ "
+

×ship , IT can ) 810 ) 1h Cpl >

=  ÷ [ 8- f Cx ) + rs -

o
-

a fix ) -

'

e 8- t.is?u8gcxD

e

"

- - -

'  '

A : helicity of h high twist

Is : transverse spin of h
, JI-

-Eliseo
.
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At leading power or twist - z
,

there are

8 TMD PDF 's
.

! ! T MD EE 's

"

T MD Physics
"

Strong experimental programs at ILab
, compass

and Belle
,

even Bess It

↳ Collin 's effect
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£ . ACD Factorization in et e
-

→ h + x

et e
-

→ Ice ) → h CPI t X

f
2

a o
,

82 a > AZ
,

.

A ~ hours

Similarly to DIS
,

we define the hadronic

tensor :

who = fake
" Ex

-2×013%1 1h
,

x )

( h
,

x 15%110 )
,

Taking a frame :

p
"

= ( Pt
,

o
,

o
,

o )
,

8
"

= ( ft
,

8-
,

o
,

0 )

The analysis is very similar to that of DIS
,

with the difference of jet functions or

"

black box
"

.The same power counting ( No OP 8 )
.

At leading order :
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h '
h h '

h
I I

l I

I t I

• a
i

u
. . }. .

.

it? -

→ I
→

I

www.c I armor mn•c I www

I I

A Fator : I! we
tiesn)

The sum of exchanges of gluons can be done with

gauge links V C x
,

as )
.

This leads to the definition

of parton Fragmentation Functions ( EE 's I
.

Quark EE :

D % Cat =

a ! fade
" " "

sale I Tr ( rt

Lol Vt co ,
as I fall help )

.
X >

( x. hcm I Ican ) V Can
,

as I to ) )
,

pt
ht = -

Z ,
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it describe that a quark with the momentum ht

fragments into a hadron with the momentum ah
- '

=P !

18 IE I
,

Z a o for frrarh EE
,

Z co for anti fnarh Ff
.

The gluon EE ;

Dhlg l 's ) =
-

a a cafe. , ,h+ fold e
- " ht

( of Gt
"

co ) T -' lo ,
as ) 1h CP)

,
x >

L x. hell T Canis ) G
' alan ) to )

.

The EE
' also depend on H

.
Their evolutions

are in the form of DG LAP
.

The leading order

of  evolutions are the same as those of PDE
.

The differences appear at two - loop .
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Statement of OCD factorization :

do ( et e
-

→ hex )

da
= Z fdtg Half ,

d. Ii I Defaces,

ai)

. { it ol I

= Eg once
-'

e
-

→ 881 (Deygts ) t Deff HI)

8 : Energy fraction
.

- { I t Oks I t o ( ⇒ }
.

Z = Yeh
,

Q2 = 82
.

Ha .

.
perturbative coefficient functions . finite !!

Universality of EE 's ?

p I - symmetry does not apply ,

PT 1h ,
x )

out
= th , Men I 1h .

x ) ones
.
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