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What is the essential different between a quantum 
theory and a theory based on determinism?
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Entanglement: the more we know about the parts, 
the less we know about the whole system!

EPR and the Bell inequality 115

Similarly, suppose that Bob is capable of measuring one of two properties, PS or PT ,
once again revealing an objectively existing value S or T for the property, each taking
value +1 or −1. Bob does not decide beforehand which property he will measure, but
waits until he has received the particle and then chooses randomly. The timing of the
experiment is arranged so that Alice and Bob do their measurements at the same time
(or, to use the more precise language of relativity, in a causally disconnected manner).
Therefore, the measurement which Alice performs cannot disturb the result of Bob’s
measurement (or vice versa), since physical influences cannot propagate faster than light.
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Figure 2.4. Schematic experimental setup for the Bell inequalities. Alice can choose to measure either Q or R, and
Bob chooses to measure either S or T . They perform their measurements simultaneously. Alice and Bob are
assumed to be far enough apart that performing a measurement on one system can not have any effect on the result
of measurements on the other.

We are going to do some simple algebra with the quantity QS + RS + RT − QT .
Notice that

QS +RS + RT − QT = (Q + R)S + (R − Q)T. (2.219)

Because R, Q = ±1 it follows that either (Q + R)S = 0 or (R − Q)T = 0. In either
case, it is easy to see from (2.219) that QS +RS +RT − QT = ±2. Suppose next that
p(q, r, s, t) is the probability that, before the measurements are performed, the system is
in a state where Q = q, R = r, S = s, and T = t. These probabilities may depend on
how Charlie performs his preparation, and on experimental noise. Letting E(·) denote
the mean value of a quantity, we have

E(QS + RS +RT − QT ) =
∑

qrst

p(q, r, s, t)(qs + rs + rt − qt) (2.220)

≤
∑

qrst

p(q, r, s, t)× 2 (2.221)

= 2. (2.222)

Also,

E(QS +RS + RT − QT ) =
∑

qrst

p(q, r, s, t)qs +
∑

qrst

p(q, r, s, t)rs

+
∑

qrst

p(q, r, s, t)rt −
∑

qrst

p(q, r, s, t)qt (2.223)

= E(QS) + E(RS) + E(RT )− E(QT ). (2.224)

Comparing (2.222) and (2.224) we obtain the Bell inequality,

E(QS) + E(RS) + E(RT )− E(QT ) ≤ 2. (2.225)
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CHSH (John Clauser, Michael Horne, Abner Shimony, Richard Holt) inequality
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Entanglement entropy: a description of the degree 
of the entanglement between subsystems.

SE = Sv ≡ − tr( ̂ρA log ̂ρA)
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The Verification in particle physics

• Neutral pion system 

• Neutral Kaon system 

• Other hadron systems 

• … 

• Testing with higher energy?

Many references…
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The Verification in EW scale

• The most popular topic:  production at the LHC. 

• Why?

tt̄
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The Verification in EW scale

• It is not easy, why?
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The Verification in EW scale

A quantitatively characterization of the degree 
of the entanglement between the subsystems of 
a system in a mixed state, is not unique!

Chapter 1
Introduction

Abstract Entanglement measures quantify the amount of entanglement between
parts of a system, but a considerable part of the literature in Quantum Information
Theory has focussed on quantum systems with finitely many degrees of freedom. In
this volume, we will focus on the question whether qualitatively new features can
arise due to the presence of infinitely many degrees of freedom.

While correlations between different parts of a system can exist both in classical
and quantum physics, there can exist in quantum systems certain more subtle cor-
relations that are absent in classical ones. Such correlations are nowadays referred
to as the “entanglement” between the subsystems. Historically, the first quantitative
measure of entanglement were the Bell-inequalities [1, 2]—or rather, their violation.

Motivated not least by technological advances in controlling and manipulating
quantum systems, there has by now emerged an understanding of certain types of
operations that one can think of, in a definite way, as not increasing the entanglement
originally present in a bi-partite quantum system (see e.g. [3] for a review). The set of
these operations, often called “LOCC-operations”1—aswell as various “asymptotic”
generalizations thereof, where one is allowed to access and manipulate arbitrarily
many copies of the given bipartite system—give the set of states on a bipartite
quantum system an ordering: A state σ1 is not more entangled than a state σ2, if
σ1 can be obtained from σ2 by LOCCs.

On the one extreme, one has states that are not entangled at all. These are called
“separable” and are described by statistical operators σ of the form

σ = p1ρA1 ⊗ ρB1 + p2ρA2 ⊗ ρB2 + . . . , (1.1)

1This stands for “local operations and classical communications”. In this volume, we will
actually use an even broader class.

© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2018
S. Hollands and K. Sanders, Entanglement Measures and Their Properties
in Quantum Field Theory, SpringerBriefs in Mathematical Physics 34,
https://doi.org/10.1007/978-3-319-94902-4_1

1

?
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The Verification in EW scale

A quantitatively characterization of the degree 
of the entanglement between the subsystems of 
a system in a mixed state, is not unique!

★ That is the reason why people introduce some extremely complicate quantity such as CONCURRENCE.
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Introduction
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        “Finally , we prove that the weak 
membership problem for the convex set 
of separable bipartite density matrices is 
NP-HARD. ” 

——Leonid Gurvits
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WW production at Higgs factory

• The initial state is a mixed state 

➡ (Generalized) Bell inequality

2

values in {�1, 0, 1}, where the index i = 1, 2 is used to
denote di↵erent measurements on the same system. The
optimal [29] generalized Bell inequality for 3-dimensional
systems, also referred as Collins-Gisin-Linden-Massar-
Popescu (CGLMP) inequality [28], states that the upper
limit of the following expression,

I3 ⌘+
⇥
P (A1 = B1) + P (B1 = A2 + 1)

+ P (A2 = B2) + P (B2 = A1)
⇤

�
⇥
P (A1 = B1 � 1) + P (B1 = A2)

+ P (A2 = B2 � 1) + P (B2 = A1 � 1)
⇤
, (1)

is 2 for any local theory, i.e., I3  2. Here, P (Ai =
Bj + k) denotes the probability that the measurement
outcomes Ai and Bj di↵er by k modulo 3.

For a non-local theory, the inequality I3  2 no longer
holds, and the upper limit of I3 is 4 instead. In other
words, as long as there exists a set of measurements such
that the corresponding CGLMP inequality is violated,
i.e.,

max
Â1,Â2,B̂1,B̂2

I3(Â1, Â2; B̂1, B̂2) > 2, (2)

the non-locality of the system is confirmed.
A direct way to evaluate I3 is to project the density

matrix ⇢̂WW to the eigenstates of the operators Âi and
B̂i, e.g., the first term in Eq. (1) is

P (A1 = B1) =
1X

�=�1

Tr
h
⇢̂WW ⇧̂|A1=�,B1=�i

i
, (3)

where ⇧̂| i ⌘ | i h | is the projection operator. At
lepton colliders, ⇢̂WW could be theoretically calculated
with the transition amplitudes MWW of the e

+
e
�

!

W
+
W

� process in the electroweak standard model (SM)
to

⇢̂WW / MWW ⇢̂eeM
†
WW , (4)

whereMWW is a 9⇥4 matrix in spin space, and ⇢̂ee is the
4⇥ 4 spin density matrix of the initial state e

+
e
� which

is Î4/4 for unpolarized beam. Here, Îd is the identity
operator in d-dimensional Hilbert space. Unfortunately,
the spin state of the W bosons could not be directly
measured at colliders. Therefore, we next introduce how
to obtain ⇢WW from the decay products of W± pairs.

As a preliminary, we start with the spin density matrix
of one W boson, which could be generally parameterized
as

⇢̂W =
Î3

3
+

3X

i=1

diŜi +
3X

i,j=1

qijŜ{ij}, (5)

where Ŝi is the i-th component of the 3-dimensional
angular momentum operator, Ŝ{ij} ⌘ ŜiŜj + ŜjŜi,
and the coe�cients qij is symmetric traceless. Note
that the two sets of operators Si and S{ij} are

orthogonal, i.e., Tr(SiS{jk}) = 0.1 The parametrization
separates the information of angular momentum and
linear polarization of the W -boson explicitly. On the one
hand, the expectation value of the angular momentum

of the W -boson along direction ~a yields Tr( ~̂S · ~a ⇢̂W ) =

2~d · ~a, which only depends on di. On the other hand,
a (partly) linear polarized W -boson has zero angular
momentum with di = 0, and its polarization information
only depends on qij .
With the polarization information of each term of ⇢̂W

in mind, we continue to reconstruct the density matrix
of a W boson from its decay products. In its rest
frame, ignoring the tiny mass of the final state fermion
and anti-fermion, the W boson always decays into a
negative helicity fermion and a positive helicity anti-
fermion since the weak interaction only couples to left-
handed fermions, and we denote the normalized direction
of outgoing anti-fermion in the rest frame of the W boson
as ~n, which is just the direction of the (experimentally
measured) total angular momentum. In additional to ni,
we define a symmetric and traceless tensor of rank-2 (the
quadrupole)

qij ⌘ ninj �
1

3
�ij (6)

to describe the high-order information on the distribution
of decay products. The probability of finding an anti-
fermion in an infinitesimal solid angle d⌦ of direction
~n(✓,�) from the W -boson decay products is [20]

p(~n; ⇢̂W ) =
3

4⇡
Tr

h
⇢̂W ⇧̂~n

i
, (7)

where the projection operator ⇧̂~n selects the positive
helicity anti-fermion in the direction ~n. The explicit
expression of p(~n; ⇢W ) is shown in Appendix B.
By integrating the probability with the kinetic

observables ni and qij , it is found that the parameters di
and qij in Eq. (5) are directly determined by the averages
of these kinetic observables,

di = hnii, qij =
5

2
hqiji, (8)

which are defined as

hnii ⌘

Z
ni p(~n; ⇢̂W ) d⌦, (9)

hqiji ⌘

Z
qij p(~n; ⇢̂W ) d⌦ . (10)

Therefore, the parameters di’s, which are related to the
angular momentum of the W boson, are determined
by hnii, the dipole distributions of the anti-fermion,

1 For more properties of this parametrization and the relations of
the operators Ŝi’s and Ŝ{ij}’s, see Appendix A for details.
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Collins-Gisin-Linden-Massar-Popescu (CGLMP) inequality 

D. Collins, N. Gisin, N. Linden, S. Massar, S. Popescu, Phys. Rev. Lett. 88, 040404 (2002).
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WW production at Higgs factory

• The initial state is a mixed state 

➡ (Generalized) Bell inequality 

• 9-dim but not 4-dim Hilbert space. 

• QuNit vs. qubit? 

➡ “the results for large N are shown to be more resistant to noise 
with a suitable choice of the observables”

3x3>2x2

D. Kaszlikowski, P. Gnaciński, M. Żukowski, W. Miklaszewski, A. Zeilinger, Phys. Rev. Lett. 85, 4418 (2000); 
T. Durt, D. Kaszlikowski, M. Żukowski, Phys. Rev. A 64, 024101 (2001); 
J.-L. Chen, D. Kaszlikowski, L. C. Kwek, C. H. Oh, M. Żukowski, Phys. Rev. A 64, 052109 (2001); 
D. Collins, N. Gisin, N. Linden, S. Massar, S. Popescu, Phys. Rev. Lett. 88, 040404 (2002).
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WW production at Higgs factory

• The density matrix (some technical details…)

A note of the calculation of Bell-inequalities in e+e� ! W+W�

Hao Zhang
1, 2, 3, ⇤

1
Theoretical Physics Division, Institute of High Energy Physics,

Chinese Academy of Sciences, Beijing 100049, China
2
School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

3
Center for High Energy Physics, Peking University, Beijing 100871, China

In this note, we show the details of the calculation of Bell-inequalities in e+e� ! W+W�
.

PACS numbers:

INTRODUCTION

The principle of the calculation has been shown in our

work [1]. We just summarize it here. The density matrix

of the final state W+W�
is

⇢̂WW /M(e+e� !W+W�
)⇢̂e+e�M(e+e� !W+W�

)
†,

(1)

where M(e+e� ! W+W�
) is the helicity amplitude of

the scattering process. Since the observables we used

are the polarization information of the W±
bosons, it is

convenience to fix the momentum of the W±
bosons in

the final state in our calculation. In the rest frame of the

W boson, the density matrix operator (as a normalized

positive linear operator in the dual space of the von

Neumann algebra of the observables) of the polarization

degree of freedoms could be written as

⇢̂W =
1

3
Î3 + diŜi + qijŜ{ij}, i, j = 1, 2, 3 (2)

where Ŝi is the spin operator of the W boson, Ŝ{ij} ⌘
{Ŝi, Ŝj} = ŜiŜj + ŜjŜi, qij = qji,

P3
i=1 q

ii
= 0 and the

Einstein summation convention is adapted in this note. It

is easy to see that Î3, Ŝi and Ŝij (with the symmetric and

traceless constraint of qij) form a basis of the real Hilbert

space A3 of the self-adjoint operators on 3-dimensional

real Hilbert space. The inner product of this Hilbert

space is defined as (Â, B̂) = Tr(A†B). Because the set of

the self-adjoint operators is not closed under the operator

product but closed under the symmetric product Â�B̂ ⌘
ÂB̂ + B̂Â, A3 is not an associate algebra but a Jordan

algebra.

We summarize some useful results proved in the

appendix in [1] as following:

Tr(Ŝi) = 0, (3)

Tr(Ŝ{ij}) = 4�ij , (4)

Tr(ŜiŜ{jk}) = 0, (5)

Tr(Ŝ{ij}Ŝ{k`}) = 2(�ik�j` + �i`�jk) + 4�ij�k`, (6)

Tr[(Ŝ{ij}Ŝ{k`} + Ŝ{k`}Ŝ{ij})Ŝm] = 0, (7)

Tr[(Ŝ{ab}Ŝ{cd} + Ŝ{cd}Ŝ{ab})Ŝ{ij}] = 8�ij(�ad�bc + �ac�bd)

+ 8(�ia�jb�cd + �ib�ja�cd + �ic�jd�ab + �id�jc�ab)

� 2(�ia�jc�bd + �ib�jc�ad + �ia�jd�bc + �ib�jd�ac

+ �ic�ja�bd + �ic�jb�ad + �id�ja�bc + �id�jb�ac). (8)
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+
i ⌦ Î3 +
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where the spin operators Ŝ±
i , Ŝ±

{ij} are defined in the rest

frame of the W±
boson. We will define the direction of

the ith axis later.

THE HELICITY AMPLITUDE OF e+e� ! W+W�

In this section, we review the calculation of helicity

amplitude of the W pair production in the standard

model (SM) and new physics (NP) beyond the SM. We

follow the calculation in [2]. The Lagrangian density of
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where V = �, Z and Wµ⌫ = @µW⌫ � @⌫Wµ. The

interaction between the W boson and the SM fermions

is assumed to be the same to the purely left-handed

interaction as in the SM. In the SM (to the leading order),

one has

gWW� = �e, gWWZ = �e cos ✓W
sin ✓W

, gV1 = 1, V = 1,
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space is defined as (Â, B̂) = Tr(A†B). Because the set of

the self-adjoint operators is not closed under the operator

product but closed under the symmetric product Â�B̂ ⌘
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di�Î3 ⌦ Ŝ�
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that is ✓-independent.

High energy behavior

In the high energy limit, the initial state is no longer

pure state but a mixed state because the photon and Z

boson interact with both left-handed and right-handed

fermion. The amplitude is

M† ! � e2 sin ✓

2 sin
2 ✓W

0

BBBBBBBBBBBBBBB@

0 0 0 0

0 0 0 0

0 cot
✓

2
0 0

0 0 0 0

0 � 1

2 cos2 ✓W
� sin

2 ✓W
cos2 ✓W

0

0 0 0 0

0 �1 0 0

0 0 0 0

0 0 0 0

1

CCCCCCCCCCCCCCCA

, (44)

Full result

Generically, one could write down the joint density

matrix ⇢̂WW . It is convenience to present it by giving the

coe�cients. To calculate the coe�cients, a orthonormal

basis of the 9⇥9 Hermitian matrix is helpful. By replace

Ŝ{ii} (i = 1, 2, 3) with

Ŝ{aa} =
1p
6

✓
1

2
Ŝ{11} +

1

2
Ŝ{22} � Ŝ{33}

◆
,

Ŝ{bb} =
1

2
p
2

⇣
Ŝ{11} � Ŝ{22}

⌘
, (45)

the tensor products give an orthonormal basis. and easy

to check that the following 45 coe�cients

d2+ = d2� = q12+ = q23+ = q12� = q23� = C12
d = C21

d

= C23
d = C32

d = C1,12
d,q = C1,23

d,q = C2,31
d,q = C2,11

d,q = C2,22
d,q

= C2,33
d,q = C3,12

d,q = C3,23
d,q = C12,1

q,d = C23,1
q,d = C31,2

q,d

= C11,2
q,d = C22,2

q,d = C33,2
q,d = C12,3

q,d = C23,3
q,d = C12,31

q

= C12,11
q = C12,22

q = C12,33
q = C23,31

q = C23,11
q = C23,22

q

= C23,33
q = C31,12

q = C31,23
q = C11,12

q = C11,23
q = C11,22

q

= C22,12
q = C22,23

q = C22,11
q = C33,12

q = C33,23
q = C33,31

q

= 0. (46)

Beyond this, one has

d1+ = d1�, d3+ = �d3�, q31+ = �q31� , q11+ = q11� , q22+ = q22� ,

q33+ = q33� , C13
d = �C31

d , C1,31
d,q = �C31,1

q,d ,

C1,11
d,q = C11,1

q,d , C1,22
d,q = C22,1

q,d , C1,33
d,q = C33,1

q,d ,

C2,12
d,q = C12,2

q,d , C2,23
d,q = �C23,2

q,d , C3,31
d,q = C31,3

q,d ,

C3,11
d,q = �C11,3

q,d , C3,22
d,q = �C22,3

q,d , C3,33
d,q = �C33,3

q,d ,

C12,23
q = �C23,12

q , C31,11
q = �C11,31

q , C31,22
q = �C22,31

q ,

C11,33
q = C33,11

q = �C22,33
q = �C33,22

q . (47)

Finally, there are only 27 independent coe�cients (one of

which is fixed by the normalization condition Tr⇢̂WW =

1). The full formulas of these coe�cients are relatively

easy to understand if we only keep to the 1/� order.

However, this approximation is too rough to be useful

for the next generation electron positron colliders such

as FCC-ee and CEPC, whose collision energy is less than

1TeV.

ACKNOWLEDGEMENT

HZ is supported in part by the National Science

Foundation of China under Grant No. 12075257 and No.

12235001.

⇤
Electronic address: zhanghao@ihep.ac.cn

[1] Q. Bi, Q.-H. Cao, K. Cheng, and H. Zhang (2023).

[2] K. Hagiwara, R. D. Peccei, D. Zeppenfeld, and K. Hikasa,

Nucl. Phys. B 282, 253 (1987).



中国科学院⾼能物理研究所理论物理室
Theoretical Physics Division,  

Institute of High Energy Physics, CAS

WW production at Higgs factory

• The density matrix (some technical details…) is easy to calculate

5

that is ✓-independent.

High energy behavior

In the high energy limit, the initial state is no longer

pure state but a mixed state because the photon and Z

boson interact with both left-handed and right-handed

fermion. The amplitude is

M† ! � e2 sin ✓

2 sin
2 ✓W

0

BBBBBBBBBBBBBBB@

0 0 0 0

0 0 0 0

0 cot
✓

2
0 0

0 0 0 0

0 � 1

2 cos2 ✓W
� sin

2 ✓W
cos2 ✓W

0

0 0 0 0

0 �1 0 0

0 0 0 0

0 0 0 0

1

CCCCCCCCCCCCCCCA

, (44)

Full result

Generically, one could write down the joint density

matrix ⇢̂WW . It is convenience to present it by giving the

coe�cients. To calculate the coe�cients, a orthonormal

basis of the 9⇥9 Hermitian matrix is helpful. By replace
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Ŝ{11} +

1

2
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⌘
, (45)

the tensor products give an orthonormal basis. and easy

to check that the following 45 coe�cients

d2+ = d2� = q12+ = q23+ = q12� = q23� = C12
d = C21

d

= C23
d = C32

d = C1,12
d,q = C1,23

d,q = C2,31
d,q = C2,11

d,q = C2,22
d,q

= C2,33
d,q = C3,12

d,q = C3,23
d,q = C12,1

q,d = C23,1
q,d = C31,2

q,d

= C11,2
q,d = C22,2

q,d = C33,2
q,d = C12,3

q,d = C23,3
q,d = C12,31

q

= C12,11
q = C12,22

q = C12,33
q = C23,31

q = C23,11
q = C23,22

q

= C23,33
q = C31,12

q = C31,23
q = C11,12

q = C11,23
q = C11,22

q

= C22,12
q = C22,23

q = C22,11
q = C33,12

q = C33,23
q = C33,31

q

= 0. (46)

Beyond this, one has

d1+ = d1�, d3+ = �d3�, q31+ = �q31� , q11+ = q11� , q22+ = q22� ,

q33+ = q33� , C13
d = �C31

d , C1,31
d,q = �C31,1

q,d ,

C1,11
d,q = C11,1

q,d , C1,22
d,q = C22,1

q,d , C1,33
d,q = C33,1

q,d ,

C2,12
d,q = C12,2

q,d , C2,23
d,q = �C23,2

q,d , C3,31
d,q = C31,3

q,d ,

C3,11
d,q = �C11,3

q,d , C3,22
d,q = �C22,3

q,d , C3,33
d,q = �C33,3

q,d ,

C12,23
q = �C23,12

q , C31,11
q = �C11,31

q , C31,22
q = �C22,31

q ,

C11,33
q = C33,11

q = �C22,33
q = �C33,22

q . (47)

Finally, there are only 27 independent coe�cients (one of

which is fixed by the normalization condition Tr⇢̂WW =

1). The full formulas of these coe�cients are relatively

easy to understand if we only keep to the 1/� order.

However, this approximation is too rough to be useful

for the next generation electron positron colliders such

as FCC-ee and CEPC, whose collision energy is less than

1TeV.
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•  are not very good approximations.β → 0,∞

q31
+ s = 161GeV

s = 180GeV
s = 201GeV
s = 243GeV
s = 353GeV
s = 515GeV
s → ∞
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• How to measure it at Higgs factory??? 

• “Measuring” the polarization direction of the W boson. 

• Projection operators of the spin eigenstates:

Π̂n = 1
2 ( ̂Sn + ̂S2

n)
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FIG. 1. The maximum value of I(S)
3 calculated with

true neutrino momentum (solid line) or solved neutrino
momentum (dashed lines) at

p
s = 200GeV electron-positron

collider. Here, ✓ is the scattering angle between W+ and
incoming e+ beam, ⌫1 or ⌫2 denotes the neutrino solution
with larger or smaller transverse momentum respectively.

upper limit, indicating a fake signal of entanglement.
Considering momentum smearing e↵ect and kinetic cuts
further obscure the test of Bell inequalities.

Therefore, it is shown that the experimentally observed

I
(S)
3 cannot directly represent the entanglements between

the W
± pair. In addition, other entanglement criteria

that can only be measured at full leptonic decay channel
of W

± pair, such as the concurrence and partial
trace, also su↵er from the two-fold solutions of neutrino
momentum.2

IV. NEW OBSERVABLES IN SEMI-LEPTONIC
DECAY MODE

In the semi-leptonic decay modes of W± pair produced
at lepton colliders, all momenta can be determined
without any ambiguity. Despite the convenience
in kinetical reconstruction in the semi-leptonic decay
modes, a complete density matrix ⇢WW cannot be
reconstructed in these modes, because the angular
momentum of the W -boson decaying to hadrons cannot
be measured without jet flavor tagging. Consequently,

the Bell observable I
(S)
3 is not valid in these decay

channels. However, the linear polarization of the
W -boson decaying to hadrons can still be measured
correctly, because the linear polarization of a W -boson is
determined from the quadrupole distribution hqiji of its
decay products, which does not depend on the overall
sign of ~n. To construct a Bell observable that can
be measured in the semi-leptonic decay mode of W

±,
we choose operator Ŝ{xy} ⌘ {Ŝx, Ŝy} to measure the
linear polarization of the W -boson decaying to hadrons.

2 In some similar processes, the unfolding is often used to
reconstruct the parton level distribution [18, 34, 35], but there
are still debates on some technique details [36].

FIG. 2. Distributions of the decay products of W bosons
in di↵erent eigenstates of S{xy}, viewed from the z-direction.
The color stands for the density of distribution. The decay
products of the W boson in the state |S{xy} = ±1i have
positive or negative quadrupole distribution respectively.

Note that the eigenstates |S{xy} = ±1i are purely linear
polarized states with di↵erent polarization directions on
the xy-plane,

~✏|S{xy}=�1i =
1
p
2
(1, 1, 0),

~✏|S{xy}=1i =
1
p
2
(1,�1, 0),

~✏|S{xy}=0i = (0, 0, 1), (19)

and the expectation value of Ŝ{xy}, E(Ŝ{xy}), is directly
determined by the quadrupole distribution of the decay
products with E(Ŝ{xy}) = 10 hqxyi, as shown in Fig. 2.
We first consider the decay channel W

+(!
`
+
⌫`)W�(! jj). In this channel, both the angular

momentum of W
+ and the linear polarization of W

�

can be determined correctly. Therefore, we choose to
measure the correlation between the angular momentum
of W+ and the linear polarization of W� to test the Bell
inequalities in this channel, and the new Bell observable
is defined as

I
(S,L)
3 ⌘ I3(Ŝ~a1 , Ŝ~a2 ; Ŝ{x3y3}, Ŝ{x4y4}), (20)

where (xi, yi) are the coordinates in the rest frame of
W

�, and ~ai are the directions in the rest frame of W+.
We perform a Monte-Carlo simulation of e

+
e
�

!

W
+(! `

+
⌫`)W�(! jj) processes with

p
s =

200GeV. The parton level events are generated
by MadGraph5 aMC@NLO [32] and then passed
to Pythia8 [37] for showering and hadronization.
The showered events are clustered to two jets using
Fastjet [38] with the Durham algorithm. We require
the transverse momentum of lepton and jets to be larger
than 5GeV, and the invariant mass of the two jets
satisfy |mjj � mW | < 20GeV. The main backgrounds,
jjW

+ and W
�
`
+
⌫` from non-resonant production, are

small after the selection cut on the W -boson mass. As
shown in Fig. 3, we find that the showering and selection
cuts slightly dilute the signal of entanglements, but the



中国科学院⾼能物理研究所理论物理室
Theoretical Physics Division,  

Institute of High Energy Physics, CAS

WW production at Higgs factory

• Collider phenomenology: from dilepton channel to semi-leptonic 
channel. 

• Circular polarization → linear polarization.

Π̂n = ̂I3 − ̂S2
n 4

FIG. 1. The maximum value of I(S)
3 calculated with

true neutrino momentum (solid line) or solved neutrino
momentum (dashed lines) at

p
s = 200GeV electron-positron

collider. Here, ✓ is the scattering angle between W+ and
incoming e+ beam, ⌫1 or ⌫2 denotes the neutrino solution
with larger or smaller transverse momentum respectively.

upper limit, indicating a fake signal of entanglement.
Considering momentum smearing e↵ect and kinetic cuts
further obscure the test of Bell inequalities.

Therefore, it is shown that the experimentally observed

I
(S)
3 cannot directly represent the entanglements between

the W
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trace, also su↵er from the two-fold solutions of neutrino
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In the semi-leptonic decay modes of W± pair produced
at lepton colliders, all momenta can be determined
without any ambiguity. Despite the convenience
in kinetical reconstruction in the semi-leptonic decay
modes, a complete density matrix ⇢WW cannot be
reconstructed in these modes, because the angular
momentum of the W -boson decaying to hadrons cannot
be measured without jet flavor tagging. Consequently,
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3 is not valid in these decay
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determined from the quadrupole distribution hqiji of its
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linear polarization of the W -boson decaying to hadrons.

2 In some similar processes, the unfolding is often used to
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are still debates on some technique details [36].

FIG. 2. Distributions of the decay products of W bosons
in di↵erent eigenstates of S{xy}, viewed from the z-direction.
The color stands for the density of distribution. The decay
products of the W boson in the state |S{xy} = ±1i have
positive or negative quadrupole distribution respectively.

Note that the eigenstates |S{xy} = ±1i are purely linear
polarized states with di↵erent polarization directions on
the xy-plane,

~✏|S{xy}=�1i =
1
p
2
(1, 1, 0),

~✏|S{xy}=1i =
1
p
2
(1,�1, 0),

~✏|S{xy}=0i = (0, 0, 1), (19)

and the expectation value of Ŝ{xy}, E(Ŝ{xy}), is directly
determined by the quadrupole distribution of the decay
products with E(Ŝ{xy}) = 10 hqxyi, as shown in Fig. 2.
We first consider the decay channel W

+(!
`
+
⌫`)W�(! jj). In this channel, both the angular

momentum of W
+ and the linear polarization of W

�

can be determined correctly. Therefore, we choose to
measure the correlation between the angular momentum
of W+ and the linear polarization of W� to test the Bell
inequalities in this channel, and the new Bell observable
is defined as

I
(S,L)
3 ⌘ I3(Ŝ~a1 , Ŝ~a2 ; Ŝ{x3y3}, Ŝ{x4y4}), (20)

where (xi, yi) are the coordinates in the rest frame of
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�, and ~ai are the directions in the rest frame of W+.
We perform a Monte-Carlo simulation of e
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⌫`)W�(! jj) processes with
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s =

200GeV. The parton level events are generated
by MadGraph5 aMC@NLO [32] and then passed
to Pythia8 [37] for showering and hadronization.
The showered events are clustered to two jets using
Fastjet [38] with the Durham algorithm. We require
the transverse momentum of lepton and jets to be larger
than 5GeV, and the invariant mass of the two jets
satisfy |mjj � mW | < 20GeV. The main backgrounds,
jjW

+ and W
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⌫` from non-resonant production, are

small after the selection cut on the W -boson mass. As
shown in Fig. 3, we find that the showering and selection
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FIG. 3. The value of I(L,S)
3 for W± pair produced from

e+e� ! W+W� with
p
s = 200GeV.

observed I
(S,L)
3 is still in good consistency with the

parton level results, making I
(S,L)
3 a good observable

to test Bell inequalities in W
± pair system. The

statistical significance of observing the violation of the
Bell inequalities can be calculated with the standard �

2

statistical test,

�
2 =

X

i

 
I
(S,L)
3 � 2

�i

!2

, (21)

where the sum runs over the bins with I3 > 2, and the
statistical uncertainty �i are calculated from the standard
error of mean in Eqs. (12)-(17). At 200GeV e

+
e
�

collider, the violation of the Bell inequality I
(S,L)
3  2 can

be tested at 3.6� significance with 150 fb�1 integrated
luminosity.

Likewise, another semi-leptonic decay mode, W
+(!

jj)W�(! `
�
⌫̄`), can also be used to test the Bell

inequalities. In this decay mode, we choose to measure
the linear polarization of the W

+ and the angular
momentum of W�, and the Bell inequalities I3  2 are
tested by another observable,

I
(L,S)
3 ⌘ I3(Ŝ{x1y1}, Ŝ{x2y2}; Ŝ~b1 , Ŝ~b2). (22)

Combining the two semi-leptonic decay modes of W
±

pair produced at 200GeV e
+
e
� collider, one can verify

the violation of the Bell inequality at 5.0� significance
with 150 fb�1 integrated luminosity.

V. CONCLUSION

The commonly used criteria of entanglement rely on
the di-lepton decay mode of W±, because the di-lepton
decay mode is the only decay mode that can be used to
reconstruct the complete density matrix. However, we
show that due to the irreducible ambiguity of neutrino
momentum solutions in the di-lepton decay mode, testing
entanglement in the di-lepton decay mode of W

± pair
may yield fake signals.

We provide a realistic approach to test Bell inequalities
in W

± pair systems using a new set of Bell observables

based on measuring the linear polarization of W bosons.
Our observables depend on only part of the density
matrix that can be correctly measured in the semi-
leptonic decay mode of W

±. With these new Bell
observables, it is found that the violation of Bell
inequalities in W

± pair produced at 200GeV electro-
positron colliders can be tested at 5� significance with
an integrated luminosity of 150 fb�1.
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Appendix A: Spin operators and their matrix
representations

In this appendix, we give some general properties of
the spin operators and their matrix representation in the
basis of the eigenstates of the angular momentum of the
3rd axis (z-axis).
The general spin operators Ŝi (i = 1, 2, 3 or x, y, z)

satisfy the angular commutation relation

[Ŝj , Ŝk] = i"jk`Ŝ`, (A1)

where "jk` is the 3-dimensional Levi-Civita symbol. In
the 3-dimensional representation, the Casimir operator

Ŝ
2 = Ŝ

2
1 + Ŝ

2
2 + Ŝ

2
3 = L(L+ 1)Î2L+1 = 2Î3, (A2)

where L is the total angular momentum quantum
number, and L = 1 for vector boson spin operators.

With Eq (A1), we have

Tr(Ŝ`) = �
i

2
"jk` Tr([Ŝj , Ŝk]) = 0, (A3)

and

Tr(ŜaŜb) = �iTr(ŜaŜjŜk)"jkb. (A4)

When a = b, we have Tr(Ŝ2
a) = �iTr(Ŝ1Ŝ2Ŝ3) +

iTr(Ŝ1Ŝ3Ŝ2) = 2 for any a, so Tr(Ŝ{11}) = Tr(Ŝ{22}) =

Tr(Ŝ{33}) = 4Tr(Î3)/3 = 4. When a 6= b,

Tr(ŜaŜb) = �i{Tr(ŜaŜaŜc)� Tr(ŜaŜcŜa)} = 0. (A5)

So Tr(Ŝ{12}) = Tr(Ŝ{23}) = Tr(Ŝ{31}) = 0. With these
results, we have

Tr(⇢̂W ) = 1 (A6)

so that it is a normalized density matrix operator.
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3 a good observable
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± pair system. The
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+
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±

pair produced at 200GeV e
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V. CONCLUSION

The commonly used criteria of entanglement rely on
the di-lepton decay mode of W±, because the di-lepton
decay mode is the only decay mode that can be used to
reconstruct the complete density matrix. However, we
show that due to the irreducible ambiguity of neutrino
momentum solutions in the di-lepton decay mode, testing
entanglement in the di-lepton decay mode of W

± pair
may yield fake signals.

We provide a realistic approach to test Bell inequalities
in W

± pair systems using a new set of Bell observables

based on measuring the linear polarization of W bosons.
Our observables depend on only part of the density
matrix that can be correctly measured in the semi-
leptonic decay mode of W

±. With these new Bell
observables, it is found that the violation of Bell
inequalities in W

± pair produced at 200GeV electro-
positron colliders can be tested at 5� significance with
an integrated luminosity of 150 fb�1.

ACKNOWLEDGMENTS

We thank Yandong Liu and Changlong Xu for their
useful discussions. The work is supported in part by
the National Science Foundation of China under Grants
No. 11725520, No. 11675002, No. 12075257 and No.
12235001.

Appendix A: Spin operators and their matrix
representations

In this appendix, we give some general properties of
the spin operators and their matrix representation in the
basis of the eigenstates of the angular momentum of the
3rd axis (z-axis).
The general spin operators Ŝi (i = 1, 2, 3 or x, y, z)

satisfy the angular commutation relation

[Ŝj , Ŝk] = i"jk`Ŝ`, (A1)

where "jk` is the 3-dimensional Levi-Civita symbol. In
the 3-dimensional representation, the Casimir operator

Ŝ
2 = Ŝ

2
1 + Ŝ

2
2 + Ŝ

2
3 = L(L+ 1)Î2L+1 = 2Î3, (A2)

where L is the total angular momentum quantum
number, and L = 1 for vector boson spin operators.

With Eq (A1), we have

Tr(Ŝ`) = �
i

2
"jk` Tr([Ŝj , Ŝk]) = 0, (A3)

and

Tr(ŜaŜb) = �iTr(ŜaŜjŜk)"jkb. (A4)

When a = b, we have Tr(Ŝ2
a) = �iTr(Ŝ1Ŝ2Ŝ3) +

iTr(Ŝ1Ŝ3Ŝ2) = 2 for any a, so Tr(Ŝ{11}) = Tr(Ŝ{22}) =

Tr(Ŝ{33}) = 4Tr(Î3)/3 = 4. When a 6= b,

Tr(ŜaŜb) = �i{Tr(ŜaŜaŜc)� Tr(ŜaŜcŜa)} = 0. (A5)

So Tr(Ŝ{12}) = Tr(Ŝ{23}) = Tr(Ŝ{31}) = 0. With these
results, we have

Tr(⇢̂W ) = 1 (A6)

so that it is a normalized density matrix operator.

At 200GeV e+e− collider, one can verify the 
violation of the Bell inequality at 5.0σ significance 
with 150 fb-1 integrated luminosity. 
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Conclusion and Discussion

• We provide a realistic approach to test Bell inequalities in W pair 
systems using a new set of Bell observables based on measuring 
the linear polarization of W bosons. 

• Our observables depend on only part of the density matrix that can 
be correctly measured in the semi-leptonic decay mode of W.  

• To our best knowledge, this is the first attempt of testing Bell 
inequality in a basic qu3it system (beyond qubit). 

*                    *                    *                    *                    * 

• At the threshold, because the s-channel contribution of the WW 
production is higher suppressed, the initial state is nearly pure. In 
this limit, the final state W is still a mixed state and the 
entanglement entropy is SE=log2.
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Conclusion and Discussion

• Though one could argue that all of the information has been 
included in the spin correlations, it is the Bell inequalities which 
can show the quantum property of system clearly.  

• It would be an quite interesting question that whether some 
specific new physics effect can change the violation of the Bell 
inequalities or increase or decrease the entanglement entropy 
(e.g., increase the entanglement entropy from log2 to log3). 

• Since the origin of the entanglement between the final state 
particles is the high energy scattering process itself, one could 
probably classify the interactions (both SM and NP) by their ability 
of generating entanglement between the final state particles. 

• It is still an open question to testing the entanglement in an 
essential QFT system (beyond quantum mechanism).



Thank you!


