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Soft Theorem

Soft theorem (QED)
The amplitude for the emission of soft photons takes the factorized form:
(Weinberg, QFTt Vol I)

M(ql,qz,w;pl,pz,..»:l‘[[ZmQjW}M<m,pz,...>. M
i j v

q; - momenta of soft photons,  p, : momenta of hard-scattering particles

N@ .

Figure: Soft factorization for the soft-photon emission.

Soft theorem holds to all orders in perturbation theory in massive QED.
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Soft Factorization in QCD

M e ea om (@1, G2, - Am3 D1, P2, - ) 2
:(gs//l/) J(q1,q2,-..,Qm)| M (p15p27"')>'
soft current  hard-scattering amplitude

The soft current J(q) is process independent and can be calculated
perturbatively.

One-loop soft current for a single gluon emission: Catani&Grazzini(2000)
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Motivations
Soft current with two hard-scattering partons

Phenomenological side: necessary ingredients for both the fixed-order
calculation and the resummation of large logarithms

Higgs production in hadron colliders, Drell-Yan, diject production in e~e™*
collision, ...

Theoretical side: reveals some structures of the full amplitude
principle of leading transcendentality, Bern-Dixon-Smirnov (BDS) ansatz

PRI

Previous results:

® One loop:
Bern and Chalmers (1995), Bern et al. (1998), Bern et al. (1999),
Catani & Grazzini (2000)

® Two loops:
Badger & Glover (2004), Li & Zhu (2013), Duhr & Gehrmann (2013)
Dixon et al. (2020)
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Soft Currents in SCET
soft collinear effective theory (SCET):
A effective theory for the soft can collinear modes.

QCD integrate out the hard mod> SCET

single-gluon soft current in SCET:

J(q) = (g(q)|Y, Y5 Q) . (4)
Soft Wilson line:

Y, (z) = exp (igSTa /00 dsn-A%(x + sn)) (5)
0

Feynman rules of the Wilson line:

— .

T 2 pHlph2 (Tal Ta2 Tazal )
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The soft function can be calculated perturbatively in SCET:

J(@)=gsY [(Me_m)e %;]ig(Q) T (). (6)

=0

Figure: Representative diagrams for the three-loop soft current.
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Methods to Calculate Feynman Integrals

Mellin-Barnes method
® Sector decomposition

® Dimensional-recurrence-and-analyticity method Tarasov (1996),
Laporta (2000), Lee (2010)

Differential-equation method Kotikov (1991), Remiddi (1997),
Henn (2013)

Introduce auxiliary scales for single-scale integrals
Drinfeld-associator method Henn et al. (2014)

Auxiliary mass flow Liu, Ma, Wang (2018), Liu&Ma (2022),
Liu&Ma (2023)
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Parametric Representation

Schwinger alpha parametrization
X+l
1 67 2 v > . D >\
— dx; e il Im{D;} > 0.
DY*t T\ +1) /0 (D4

parametrization

1
d d d
/d 11d%ly - -d lLDi‘1+1D§‘2+1-"D7>{"L+1
n+1
s IO e 2 [
[ T +1) i=1

Homogeneous polynomial: F = F 4+ Uzp+1

integration measure: dIlI" Y = dz das - - - dz,d(1 = EW)

/

E®™): a positive definite homogeneous function of z; of degree n.
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parametric IBP Chen (2020a,2021,2020b)

oz/dn‘"“)aiz“”)+6Ai0/dn(") 76
Tq

x; =0 ’
differential equations
0 0
I H(n-‘rl) I( n—1) _ M.
= -3
introduce an auxiliary scale
I(A0, A1y oy An) = / dydi ™™ §(y — B (). 9)

EO)(z) = %t is equivalent the method of combining two propagators
J
with a Feynman parameter Hidding&Usovitsch (2022).

The boundary integrals are again parametric integrals. Thus this method
allows us to calculate Feynman integrals recursively.
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Result in QCD

“w

a 9s ny US>
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fa) =& (m,q 2
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IR Singularities

IR singularities of massless gauge theories Catani (1998),
Becher&Neubert (2009a,2009b)

(Mo ({p}, 1)) = lim Z7" (e, {p}, 1) M (e, {p})), (12)

2(c. ) =Pesp | [~ Wr (o)) (13)

T({p},p) = L. fj%“p(as)ln _“5__ +) () + As +0(AL) (14)
(4,9) * i

soft factorization:

lim [Ms(p1,p2, ps, 1)) = J(ps, 1) Ma(p1,p2, 1)) (15
p3—>

IR singularities of the soft current:

Zs_1(67p37/~L) = pl‘gigo Zii_l(evplap27p37M)ZQ(€7p17p27.u) (16)
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Resultin N/ = 4 SYM

1 3 2 1487
S \r_a(g) = % (g)S? {Cia{ _ 136, 2 1487

66 4et 33 288¢2

+1<284C5 13<2<3>+LC§+%+...}

e\ 15 18 36 6912

n gcA{M — 192¢2 — 940¢ +}

)

Bern-Dixon-Smirnov (BDS) ansatz Bern et al. (2005)

SYQ) vea(@) = 2'8%(9) S CY ) (€) + sub-leading color contribution,,

190 = -1 (@) +r PP + 1D P39 + 00, (7)

O = To 4 (5t + 665 )e + ac* + O(),

1909¢s
8

a=31¢ + ~ 85.25374611, i & Zhu (2013)
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Summary

We calculated the single-gluon soft current with two hard-scattering
partons to three loops.

We developed a systematic method to calculate Feynman integrals
recursively based on the parametric representation.

We confirmed the prediction on the three-loop soft current in SYM
based on the BDS ansatz.

Our results provide an indispensable ingredient for the N*LO QCD
corrections.

Thanks for your patience!
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