
Extending Precision Perturbative 
QCD with Track Functions

李依蓓(Yibei Li) 
浙江⼤学(Zhejiang University)

2023.08.14 1量⼦场论及其应⽤研讨会

Supervisor: 朱华星(Hua Xing Zhu)



2

FCC-hh: ~ 100 TeV

SPPC: ~ 75 TeV

Future colliders 

Jet substructure observables 
• Jet mass

• Jet angularity, thrust, broadening

• Energy correlation function observable

• N-subjettiness

• Electric charge of a jet

…

Techniques: 

Jet grooming, jet tagging, …

LHC: ~ 14 TeV

Why track functions?

Use track-based 
observables! 
(experimentally cleaner 
to measure)

[ATLAS Collaboration]



• Track-based measurements offer: 

- superior angular resolution

- pileup mitigation. 
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Why track functions? calorimeter-based

(all-particle)

track-based

(charged-particle)

[ATLAS Collaboration, 1912.09837]



Why track functions?
• Phenomenological applications 

[Komiske, Moult, Thaler, Zhu, arXiv:2201.07800]
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‣ Universal scaling behavior

From Ian Moult’s talk in BOOST2023

‣ “Imaging” of confinement transition



• Track-based measurements offer: 

- superior angular resolution

- pileup mitigation. 

Track Functions
‣ IR divergences are absorbed into these 

universal non-perturbative functions. 
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Why track functions?

(like the case of parton distribution 
functions and fragmentation functions)

• One problem: Track-based calculations 
are not IR safe in perturbation theory. 

calorimeter-based

(all-particle)

track-based

(charged-particle)

[ATLAS Collaboration, 1912.09837]
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✓ Track functions introduced and studied at . 𝒪(αs)
[H. Chang, M. Procura, J. Thaler, W. Waalewijn, arXiv:1303.6637, arXiv:1306.6630]

• Implementing track functions complicates perturbative calculations, which hinders people to 
apply that to higher order, while experimentalists urge predictions on tracks. 

[ATLAS Collaboration, 1912.09837]

[ALICE Collaboration, 2107.11303]

• The complication due to the RGE: The track function 
evolution encodes correlations between collinear partons. 

𝒪(α2
s )

q → ggq

Eg. NNNLL+NNLO for all-particle thrusts but NLL+NLO for track thrusts. 

collinear evolution beyond 
the linear DGLAP paradigm



✦ Correspondence between the evolution of 
track functions and that of single- or multi-
hadron fragmentation functions.  
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✓ Our work: Track function formalism beyond leading order. 

✦ Results for the NLO non-linear -space 
evolution enabling the use of tracks for 
generic substructure observables! 

x
✦ Evolution of track functions in moment 

space and track EEC at . 𝒪(α2
s )

[Y. Li, I. Moult, S. S. van Velzen, W. Waalewijn, H. X. Zhu, arXiv:2108.01674;

 M. Jaarsma, Y. Li, I. Moult, W. Waalewijn, H. X. Zhu, arXiv:2201.05166]

[H. Chen, M. Jaarsma, Y. Li, I. Moult, W. Waalewijn, H. X. Zhu, 
arXiv:2210.10058, arXiv:2210.10061]

[M. Jaarsma, Y. Li, I. Moult, W. Waalewijn, H. X. Zhu, arXiv:2307.15739 ]
✦ NLL resummation for up to 6-point 

projected energy correlators on tracks.  
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Outline
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• Introduction to track functions


• Calculation & Results for the NLO evolution


• Incorporating tracks

i
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Introduction to Track Functions 
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Track Functions  Ti(x, μ)
Definition

p̄μ
i = xpμ

i + O(ΛQCD) , (0 ≤ x ≤ 1) .
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[H. Chang, M. Procura, J. Thaler, W. Waalewijn, 
arXiv:1303.6637, arXiv:1306.6630]

Sum rule: ∫
1

0
dx Ti(x, μ) = 1 .

•  describes the total momentum 
fraction  of all charged particles (tracks) 
in a jet initiated by a hard parton .

Ti(x, μ)
x

i
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Track Functions  Ti(x, μ)
Definition

p̄μ
i = xpμ

i + O(ΛQCD) , (0 ≤ x ≤ 1) .
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[H. Chang, M. Procura, J. Thaler, W. Waalewijn, 
arXiv:1303.6637, arXiv:1306.6630]

•  describes the total momentum 
fraction  of all charged particles (tracks) 
in a jet initiated by a hard parton .

Ti(x, μ)
x

i

• This formalism applies to other subsets of 
hadrons (positively-charged, strange, etc).  



Track Functions
Features

• A generalization of fragmentation functions (FFs).


Independent of hard process.


Fundamentally non-perturbative, with a perturbatively calculable scale ( ) 
dependence. 

μ

[H. Chang, M. Procura, J. Thaler, W. Waalewijn, 1303.6637, 1306.6630]
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• The single-hadron fragmentation function: 


The probability of a parton to produce a 
single-hadron state considered. 


The momentum sum rule: 

∑
h

∫
1

0
dz z Di→h(z, μ) = 1 .

Incorporating correlations 
between final-state hadrons, 
like multi-hadron FFs. 



Track Function Evolution

• Nonlinear, involving contributions 
from all branches of splittings.
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• E.g., LO evolution: 


Involving contributions from both the branches of the splitting. 

• For single-hadron FFs: Only one 
branch observed  Linearity→

( )i, if = g, u, ū, d, ⋯

d
d ln μ2

Ti(x, μ) = as(μ)∑
{jk}

∫ dz1dz2 K(0)
i→jk(z1, z2)δ(1 − z1 − z2)

× ∫ dx1dx2Tj(x1, μ)Tk(x2, μ)δ[x − z1x1−z2x2] .

Parton  branches 

in perturbative QCDi

q
<latexit sha1_base64="QYeV+agkNHu3YOM5cWQ2OhdBD/A=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUL9gHtUDLpnTY0kxmTjFiGfoFb/QJ34taP8QP8D9PHwrYeCBzOuZd7coJEcG1c99tZW9/Y3NrO7eR39/YPDgtHxw0dp4phncUiVq2AahRcYt1wI7CVKKRRILAZDO8mfvMJleaxfDCjBP2I9iUPOaPGSrXHbqHoltwpyCrx5qQIc1S7hZ9OL2ZphNIwQbVue25i/Iwqw5nAcb6TakwoG9I+ti2VNELtZ9OgY3JulR4JY2WfNGSq/t3IaKT1KArsZETNQC97E/E/r52a8MbPuExSg5LNDoWpICYmk1+THlfIjBhZQpniNithA6ooM7abhSvPs6i2F2+5hVXSKJe8y1K5dlWs3M4bysEpnMEFeHANFbiHKtSBAcILvMKbM3benQ/ncza65sx3TmABztcvd62Vbw==</latexit>

z1
<latexit sha1_base64="IChubdjACYwtudTqIM9BvM25Bkg=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4xyiOBCemUDjR02knbMeKE+AVu9QvcGbd+ix/gf1hgFgKepMnJOffmnp4g5kwb1/12ciura+sb+c3C1vbO7l5x/6ChZaIIrRPJpWoFWFPOBK0bZjhtxYriKOC0GQyvJ37zgSrNpLg3o5j6Ee4LFjKCjZXunrpet1hyy+4UaJl4GSlBhlq3+NPpSZJEVBjCsdZtz42Nn2JlGOF0XOgkmsaYDHGfti0VOKLaT6dRx+jEKj0USmWfMGiq/t1IcaT1KArsZITNQC96E/E/r52Y8NJPmYgTQwWZHQoTjoxEk3+jHlOUGD6yBBPFbFZEBlhhYmw7c1ceZ1FtL95iC8ukUSl7Z+XK7XmpepU1lIcjOIZT8OACqnADNagDgT68wCu8Oc/Ou/PhfM5Gc062cwhzcL5+AbY+lhw=</latexit>

z2
<latexit sha1_base64="aNG3xhv2eB7cSiOzNMwg57JGqrw=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4xyiOBCemUDjR02knbMeKE+AVu9QvcGbd+ix/gf1hgFgKepMnJOffmnp4g5kwb1/12ciura+sb+c3C1vbO7l5x/6ChZaIIrRPJpWoFWFPOBK0bZjhtxYriKOC0GQyvJ37zgSrNpLg3o5j6Ee4LFjKCjZXunrqVbrHklt0p0DLxMlKCDLVu8afTkySJqDCEY63bnhsbP8XKMMLpuNBJNI0xGeI+bVsqcES1n06jjtGJVXoolMo+YdBU/buR4kjrURTYyQibgV70JuJ/Xjsx4aWfMhEnhgoyOxQmHBmJJv9GPaYoMXxkCSaK2ayIDLDCxNh25q48zqLaXrzFFpZJo1L2zsqV2/NS9SprKA9HcAyn4MEFVOEGalAHAn14gVd4c56dd+fD+ZyN5pxs5xDm4Hz9ArfVlh0=</latexit>

Tq(x1)
<latexit sha1_base64="MM/kxqJ8CLUM4DwuZkqpnbDWgvI=">AAACEXicbVBLTsMwFHTKr5RfALFiY1EhlU2VFCRYVrBhWaT+pDaKHMdprTpOsB3UKuopOAFbOAE7xJYTcADugZtmQVtGsjSaec/zNF7MqFSW9W0U1tY3NreK26Wd3b39A/PwqC2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdb3Q38ztPREga8aaaxMQJ0YDTgGKktOSaJ2k/+yQVxJ823cfK2LUvpq5ZtqpWBrhK7JyUQY6Ga/70/QgnIeEKMyRlz7Zi5aRIKIoZmZb6iSQxwiM0ID1NOQqJdNIseQrPteLDIBL6cQUz9e9GikIpJ6GnJ0OkhnLZm4n/eb1EBTdOSnmcKMLxPChIGFQRnHUBfSoIVmyiCcKC6lshHiKBsNKNLaSM56fqXuzlFlZJu1a1L6u1h6ty/TZvqAhOwRmoABtcgzq4Bw3QAhik4AW8gjfj2Xg3PozP+WjByHeOwQKMr19qy54a</latexit>

Tg(x2)
<latexit sha1_base64="ae3/pVS6/GtCSeuHQljsl8llDXo=">AAACEXicbVDNSsNAGNzUv1r/ouLJy2IR6qUkVdBj0YvHCm0ttCFsNpt26WYTdjfSEvIUPoFXfQJv4tUn8AF8D7dpDrZ1YGGY+b6dj/FiRqWyrG+jtLa+sblV3q7s7O7tH5iHR10ZJQKTDo5YJHoekoRRTjqKKkZ6sSAo9Bh59MZ3M//xiQhJI95W05g4IRpyGlCMlJZc8yQd5J+kgvhZ2x3WJm7jInPNqlW3csBVYhekCgq0XPNn4Ec4CQlXmCEp+7YVKydFQlHMSFYZJJLECI/RkPQ15Sgk0knz5Ayea8WHQST04wrm6t+NFIVSTkNPT4ZIjeSyNxP/8/qJCm6clPI4UYTjeVCQMKgiOOsC+lQQrNhUE4QF1bdCPEICYaUbW0iZzE/VvdjLLaySbqNuX9YbD1fV5m3RUBmcgjNQAza4Bk1wD1qgAzBIwQt4BW/Gs/FufBif89GSUewcgwUYX79cQp4R</latexit>

i
<latexit sha1_base64="wVqNk9Mt++XFf0QikZQLqKr4YWk=">AAAB+3icbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4hkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+d3Mbm1vZOfrewt39weFQ8PmnqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ/81tPqDSP5aMZJ+hHdCB5yBk1VqrzXrHklt05yDrxMlKCDLVe8afbj1kaoTRMUK07npsYf0KV4UzgtNBNNSaUjegAO5ZKGqH2J/OgU3JhlT4JY2WfNGSu/t2Y0EjrcRTYyYiaoV71ZuJ/Xic14a0/4TJJDUq2OBSmgpiYzH5N+lwhM2JsCWWK26yEDamizNhulq48L6LaXrzVFtZJs1L2rsqV+nWpepc1lIczOIdL8OAGqvAANWgAA4QXeIU3Z+q8Ox/O52I052Q7p7AE5+sXavWVZw==</latexit>

i1
<latexit sha1_base64="YLwIcEe6eNnGgkou1jmRq0p1x4k=">AAAB/XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmVF+4B2KJk004ZmMkNyRyyl+AVu9QvciVu/xQ/wP0zbWdjWA4HDOfdyT06QSGHQdb+dldW19Y3N3FZ+e2d3b79wcFg3caoZr7FYxroZUMOlULyGAiVvJprTKJC8EQxuJn7jkWsjYvWAw4T7Ee0pEQpG0Ur3ouN1CkW35E5BlomXkSJkqHYKP+1uzNKIK2SSGtPy3AT9EdUomOTjfDs1PKFsQHu8ZamiETf+aBp1TE6t0iVhrO1TSKbq340RjYwZRoGdjCj2zaI3Ef/zWimGV/5IqCRFrtjsUJhKgjGZ/Jt0heYM5dASyrSwWQnrU00Z2nbmrjzNotpevMUWlkm9XPLOS+W7i2LlOmsoB8dwAmfgwSVU4BaqUAMGPXiBV3hznp1358P5nI2uONnOEczB+foFmxWWCw==</latexit>

i2
<latexit sha1_base64="/x2mAXhMvkbql69DakaNsf6h184=">AAAB/XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmVF+4B2KJk0bUMzmSG5I5ah+AVu9QvciVu/xQ/wP0zbWdjWA4HDOfdyT04QS2HQdb+dldW19Y3N3FZ+e2d3b79wcFg3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQxvJn7jkWsjIvWAo5j7Ie0r0ROMopXuRafcKRTdkjsFWSZeRoqQodop/LS7EUtCrpBJakzLc2P0U6pRMMnH+XZieEzZkPZ5y1JFQ278dBp1TE6t0iW9SNunkEzVvxspDY0ZhYGdDCkOzKI3Ef/zWgn2rvxUqDhBrtjsUC+RBCMy+TfpCs0ZypEllGlhsxI2oJoytO3MXXmaRbW9eIstLJN6ueSdl8p3F8XKddZQDo7hBM7Ag0uowC1UoQYM+vACr/DmPDvvzofzORtdcbKdI5iD8/ULnKyWDA==</latexit>

im�1
<latexit sha1_base64="ofaVq6CkBfPx9Ub9wY8Z14zTJXo=">AAACAXicbVDLTgIxFL2DL8QX6tJNIzFxI5kBE10S3bjERB4JTEindKCh7UzajpFMWPkFbvUL3Bm3fokf4H9YYBYCnqTJyTn35p6eIOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup36rUeqNIvkgxnH1Bd4IFnICDZWarFeKi68Sa9YcsvuDGiVeBkpQYZ6r/jT7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aezuBN0ZpU+CiNlnzRopv7dSLHQeiwCOymwGeplbyr+53USE177KZNxYqgk80NhwpGJ0PTvqM8UJYaPLcFEMZsVkSFWmBjb0MKVp3lU24u33MIqaVbKXrVcub8s1W6yhvJwAqdwDh5cQQ3uoA4NIDCCF3iFN+fZeXc+nM/5aM7Jdo5hAc7XL7U2l8U=</latexit>

im
<latexit sha1_base64="Q9SC/LbxT1rltKNyneHM8j0+T2k=">AAAB/3icbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4xcYAEJqRTOtDQdiZtx0gmLPwCt/oF7oxbP8UP8D8sMAsBT9Lk5Jx7c09PmHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqCPVJzGPVDrGmnEnqG2Y4bSeKYhFy2gpHt1O/9UiVZrF8MOOEBgIPJIsYwcZKPutlYtIrV9yqOwNaJV5OKpCj0Sv/dPsxSQWVhnCsdcdzExNkWBlGOJ2UuqmmCSYjPKAdSyUWVAfZLOwEnVmlj6JY2ScNmql/NzIstB6L0E4KbIZ62ZuK/3md1ETXQcZkkhoqyfxQlHJkYjT9OeozRYnhY0swUcxmRWSIFSbG9rNw5Wke1fbiLbewSpq1qndRrd1fVuo3eUNFOIFTOAcPrqAOd9AAHwgweIFXeHOenXfnw/mcjxacfOcYFuB8/QLRypdT</latexit>

··
·

<latexit sha1_base64="8tRIflu+DAsXHTsjD+OW+CySdc8=">AAACAHicbVDLSgMxFM34rPVVdekmWARXZaYKuiy6cVnBPqAdSiaTaWMzyZDcEcvQjV/gVr/Anbj1T/wA/8O0nYVtPRA4nHMv9+QEieAGXPfbWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7IIYJLlkDOAjWTjQjcSBYKxjeTPzWI9OGK3kPo4T5MelLHnFKwErNLg0VmF6p7FbcKfAy8XJSRjnqvdJPN1Q0jZkEKogxHc9NwM+IBk4FGxe7qWEJoUPSZx1LJYmZ8bNp2jE+tUqII6Xtk4Cn6t+NjMTGjOLATsYEBmbRm4j/eZ0Uois/4zJJgUk6OxSlAoPCk6/jkGtGQYwsIVRzmxXTAdGEgi1o7srTLKrtxVtsYZk0qxXvvFK9uyjXrvOGCugYnaAz5KFLVEO3qI4aiKIH9IJe0Zvz7Lw7H87nbHTFyXeO0Bycr19xXpep</latexit>

Ti1(x1)
<latexit sha1_base64="AacKIGiofQwkxqPeF+nQyAFz+ME=">AAACFnicbVDLSsNAFJ3UV62vqDvdDBahbkpSBV0W3bis0Be0IUwm03boZBJmJtISAn6GX+BWv8CduHXrB/gfTtMsbOuBgcM59865HC9iVCrL+jYKa+sbm1vF7dLO7t7+gXl41JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76b+Z1HIiQNeVNNI+IEaMjpgGKktOSaJ0k/+yQRxE9h002oa6eViWtfpK5ZtqpWBrhK7JyUQY6Ga/70/RDHAeEKMyRlz7Yi5SRIKIoZSUv9WJII4TEakp6mHAVEOkkWn8JzrfhwEAr9uIKZ+ncjQYGU08DTkwFSI7nszcT/vF6sBjdOQnkUK8LxPGgQM6hCOCsE+lQQrNhUE4QF1bdCPEICYaVrW0iZzE/VvdjLLaySdq1qX1ZrD1fl+m3eUBGcgjNQATa4BnVwDxqgBTB4Ai/gFbwZz8a78WF8zkcLRr5zDBZgfP0C5fGf7A==</latexit>

Ti2(x2)
<latexit sha1_base64="4DnwMR1BbneP+O0jUas1o+y3WTg=">AAACFnicbVDLSsNAFJ3UV62vqDvdDBahbkoSBV0W3bis0Be0IUwmk3bo5MHMRFpCwM/wC9zqF7gTt279AP/DaZqFbT0wcDjn3jmX48aMCmkY31ppbX1jc6u8XdnZ3ds/0A+POiJKOCZtHLGI91wkCKMhaUsqGenFnKDAZaTrju9mfveRcEGjsCWnMbEDNAypTzGSSnL0k3SQf5Jy4mWw5aTUsbLaxLEuMkevGnUjB1wlZkGqoEDT0X8GXoSTgIQSMyRE3zRiaaeIS4oZySqDRJAY4TEakr6iIQqIsNM8PoPnSvGgH3H1Qglz9e9GigIhpoGrJgMkR2LZm4n/ef1E+jd2SsM4kSTE8yA/YVBGcFYI9CgnWLKpIghzqm6FeIQ4wlLVtpAymZ+qejGXW1glHatuXtath6tq47ZoqAxOwRmoARNcgwa4B03QBhg8gRfwCt60Z+1d+9A+56Mlrdg5BgvQvn4B6Sif7g==</latexit>

Tim�1(xm�1)
<latexit sha1_base64="5KeHT8qLs+yaQqW5+wIF/wA9LkQ=">AAACHnicbVDLSsNAFJ3UV62vqEs3Q4tQF5akCrosunFZoa2FNoTJZNIOnTyYmUhLyN7P8Avc6he4E7f6Af6H0yQL23pg4HDOvXMPx4kYFdIwvrXS2vrG5lZ5u7Kzu7d/oB8e9UQYc0y6OGQh7ztIEEYD0pVUMtKPOEG+w8iDM7md+w+PhAsaBh05i4jlo1FAPYqRVJKtV5Nh9knCiZvCjp1QO/HPzTStT3Nyltp6zWgYGeAqMQtSAwXatv4zdEMc+ySQmCEhBqYRSStBXFLMSFoZxoJECE/QiAwUDZBPhJVkMVJ4qhQXeiFXL5AwU/9uJMgXYuY7atJHciyWvbn4nzeIpXdtJTSIYkkCnB/yYgZlCOfFQJdygiWbKYIwpyorxGPEEZaqvoUr0zyq6sVcbmGV9JoN86LRvL+stW6KhsrgBFRBHZjgCrTAHWiDLsDgCbyAV/CmPWvv2of2mY+WtGLnGCxA+/oFa6CjYA==</latexit>

Tim(xm)
<latexit sha1_base64="3M3Z6svd69VGMMzx9Xn6Zo0lKNo=">AAACGnicbVDLSsNAFJ3UV62vqEtBBotQNyWpgi6LblxW6AvaECaTSTt08mBmIi0hOz/DL3CrX+BO3LrxA/wPJ2kWtvXAMIdz7ovjRIwKaRjfWmltfWNzq7xd2dnd2z/QD4+6Iow5Jh0cspD3HSQIowHpSCoZ6UecIN9hpOdM7jK/90i4oGHQlrOIWD4aBdSjGEkl2fppMsyHJJy4KWzbCbUTP01r0+y7SG29atSNHHCVmAWpggItW/8ZuiGOfRJIzJAQA9OIpJUgLilmJK0MY0EihCdoRAaKBsgnwkryE1J4rhQXeiFXL5AwV/92JMgXYuY7qtJHciyWvUz8zxvE0ruxEhpEsSQBni/yYgZlCLNQoEs5wZLNFEGYU3UrxGPEEZYquoUt0/mpKhdzOYVV0m3Uzct64+Gq2rwtEiqDE3AGasAE16AJ7kELdAAGT+AFvII37Vl71z60z3lpSSt6jsECtK9ffxiifA==</latexit>

Ki!i1i2...im
<latexit sha1_base64="T5PDj1QKubYfiBZGUIoGlalS07o=">AAACF3icbVDLSsNAFL2pr1pfUZfdDBbBVUmqoMuiG8FNBdsKbQiT6aQdOpOEmYlYQhd+hl/gVr/Anbh16Qf4H07bLGzrhQuHc+7h3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxakktEliHsv7ACvKWUSbmmlO7xNJsQg4bQfDq4nefqBSsTi606OEegL3IxYygrWhfLt842esq2PEfNd0rduLtTIgE+Oxb1ecqjMttAzcHFQgr4Zv/xg7SQWNNOFYqY7rJNrLsNSMcDoudVNFE0yGuE87BkZYUOVl0yfG6NgwPRTG0nSk0ZT968iwUGokAjMpsB6oRW1C/qd1Uh1eeBmLklTTiMwWhSlH5ulJIqjHJCWajwzARDJzKyIDLDHRJre5LY+zU00u7mIKy6BVq7qn1drtWaV+mSdUhDIcwQm4cA51uIYGNIHAE7zAK7xZz9a79WF9zkYLVu45hLmyvn4BMt+gEw==</latexit>
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LO track jet function: 
 J(0)

i = δ(s)T(0)
i

In DR:  T(0)
i = Tbare

i

• The definition for the jet function on tracks is 

• After integration over angular variables, 

Jbare
tr,i (s, x) ⊃ ∫ dx1dx2dx3 ∫

1

0
dz1dz2dz3δ(1 − z1 − z2 − z3)Pi→i1i2i3(z1, z2, z3)

× T(0)
i1

(x1)T(0)
i2

(x2)T(0)
i3

(x3)δ(x − z1x1 − z2x2 − z3x3)
have not been expanded in ϵ

• For  ( ), do the coordinate transformation zi1 < zi2 < zi3 i1, i2, i3 = 1,2,3
[Sector decomposition (Heinrich, arXiv:0803.4177)]

t =
zi1

zi2
, z =

zi2

zi3
, i.e., 

O
<latexit sha1_base64="A3mkLbBy2dUJuR5xpe/xDEC0HTo=">AAAB+3icbVDLTgIxFL3jE/GFunTTSExckRk00SXRjTshkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+dtfWNza3t3E5+d2//4LBwdNzQcaoY1lksYtUKqEbBJdYNNwJbiUIaBQKbwfBu6jefUGkey0czStCPaF/ykDNqrFR76BaKbsmdgawSLyNFyFDtFn46vZilEUrDBNW67bmJ8cdUGc4ETvKdVGNC2ZD2sW2ppBFqfzwLOiHnVumRMFb2SUNm6t+NMY20HkWBnYyoGehlbyr+57VTE974Yy6T1KBk80NhKoiJyfTXpMcVMiNGllCmuM1K2IAqyoztZuHK8zyq7cVbbmGVNMol77JUrl0VK7dZQzk4hTO4AA+uoQL3UIU6MEB4gVd4cybOu/PhfM5H15xs5wQW4Hz9AkGflU0=</latexit>

1
<latexit sha1_base64="3iRSa4aesXPwojT3gfW7IIlIM9s=">AAAB+3icbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4hkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+d3Mbm1vZOfrewt39weFQ8PmnqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ/81tPqDSP5aMZJ+hHdCB5yBk1Vqp7vWLJLbtzkHXiZaQEGWq94k+3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+ZBp+TCKn0Sxso+achc/bsxoZHW4yiwkxE1Q73qzcT/vE5qwlt/wmWSGpRscShMBTExmf2a9LlCZsTYEsoUt1kJG1JFmbHdLF15XkS1vXirLayTZqXsXZUr9etS9S5rKA9ncA6X4MENVOEBatAABggv8ApvztR5dz6cz8Vozsl2TmEJztcvEe2VLw==</latexit>

1
<latexit sha1_base64="3iRSa4aesXPwojT3gfW7IIlIM9s=">AAAB+3icbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4hkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+d3Mbm1vZOfrewt39weFQ8PmnqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ/81tPqDSP5aMZJ+hHdCB5yBk1Vqp7vWLJLbtzkHXiZaQEGWq94k+3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+ZBp+TCKn0Sxso+achc/bsxoZHW4yiwkxE1Q73qzcT/vE5qwlt/wmWSGpRscShMBTExmf2a9LlCZsTYEsoUt1kJG1JFmbHdLF15XkS1vXirLayTZqXsXZUr9etS9S5rKA9ncA6X4MENVOEBatAABggv8ApvztR5dz6cz8Vozsl2TmEJztcvEe2VLw==</latexit>

z2

z1

O
<latexit sha1_base64="A3mkLbBy2dUJuR5xpe/xDEC0HTo=">AAAB+3icbVDLTgIxFL3jE/GFunTTSExckRk00SXRjTshkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+dtfWNza3t3E5+d2//4LBwdNzQcaoY1lksYtUKqEbBJdYNNwJbiUIaBQKbwfBu6jefUGkey0czStCPaF/ykDNqrFR76BaKbsmdgawSLyNFyFDtFn46vZilEUrDBNW67bmJ8cdUGc4ETvKdVGNC2ZD2sW2ppBFqfzwLOiHnVumRMFb2SUNm6t+NMY20HkWBnYyoGehlbyr+57VTE974Yy6T1KBk80NhKoiJyfTXpMcVMiNGllCmuM1K2IAqyoztZuHK8zyq7cVbbmGVNMol77JUrl0VK7dZQzk4hTO4AA+uoQL3UIU6MEB4gVd4cybOu/PhfM5H15xs5wQW4Hz9AkGflU0=</latexit>

1
<latexit sha1_base64="3iRSa4aesXPwojT3gfW7IIlIM9s=">AAAB+3icbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4hkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+d3Mbm1vZOfrewt39weFQ8PmnqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ/81tPqDSP5aMZJ+hHdCB5yBk1Vqp7vWLJLbtzkHXiZaQEGWq94k+3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+ZBp+TCKn0Sxso+achc/bsxoZHW4yiwkxE1Q73qzcT/vE5qwlt/wmWSGpRscShMBTExmf2a9LlCZsTYEsoUt1kJG1JFmbHdLF15XkS1vXirLayTZqXsXZUr9etS9S5rKA9ncA6X4MENVOEBatAABggv8ApvztR5dz6cz8Vozsl2TmEJztcvEe2VLw==</latexit>

1
<latexit sha1_base64="3iRSa4aesXPwojT3gfW7IIlIM9s=">AAAB+3icbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4hkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+d3Mbm1vZOfrewt39weFQ8PmnqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ/81tPqDSP5aMZJ+hHdCB5yBk1Vqp7vWLJLbtzkHXiZaQEGWq94k+3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+ZBp+TCKn0Sxso+achc/bsxoZHW4yiwkxE1Q73qzcT/vE5qwlt/wmWSGpRscShMBTExmf2a9LlCZsTYEsoUt1kJG1JFmbHdLF15XkS1vXirLayTZqXsXZUr9etS9S5rKA9ncA6X4MENVOEBatAABggv8ApvztR5dz6cz8Vozsl2TmEJztcvEe2VLw==</latexit>

z2

z1

O
<latexit sha1_base64="A3mkLbBy2dUJuR5xpe/xDEC0HTo=">AAAB+3icbVDLTgIxFL3jE/GFunTTSExckRk00SXRjTshkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+dtfWNza3t3E5+d2//4LBwdNzQcaoY1lksYtUKqEbBJdYNNwJbiUIaBQKbwfBu6jefUGkey0czStCPaF/ykDNqrFR76BaKbsmdgawSLyNFyFDtFn46vZilEUrDBNW67bmJ8cdUGc4ETvKdVGNC2ZD2sW2ppBFqfzwLOiHnVumRMFb2SUNm6t+NMY20HkWBnYyoGehlbyr+57VTE974Yy6T1KBk80NhKoiJyfTXpMcVMiNGllCmuM1K2IAqyoztZuHK8zyq7cVbbmGVNMol77JUrl0VK7dZQzk4hTO4AA+uoQL3UIU6MEB4gVd4cybOu/PhfM5H15xs5wQW4Hz9AkGflU0=</latexit>

1
<latexit sha1_base64="3iRSa4aesXPwojT3gfW7IIlIM9s=">AAAB+3icbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4hkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+d3Mbm1vZOfrewt39weFQ8PmnqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ/81tPqDSP5aMZJ+hHdCB5yBk1Vqp7vWLJLbtzkHXiZaQEGWq94k+3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+ZBp+TCKn0Sxso+achc/bsxoZHW4yiwkxE1Q73qzcT/vE5qwlt/wmWSGpRscShMBTExmf2a9LlCZsTYEsoUt1kJG1JFmbHdLF15XkS1vXirLayTZqXsXZUr9etS9S5rKA9ncA6X4MENVOEBatAABggv8ApvztR5dz6cz8Vozsl2TmEJztcvEe2VLw==</latexit>

1
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z

• We use the jet function to extract the track function evolution. 



Results in  SYM𝒩 = 4
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: t’ Hooft coupling constanta

where



Results in QCD
E.g. Gluon case: 

17

For brevity,  is suppressed. a2
s = [αs(μ)/(4π)]2



Results in QCD, Pictorially

18

the 1 3 Kernels→
q → qgg q → qqq̄ q → qQQ̄

g → ggg g → gqq̄ q → qQQ̄



‣ Initial condition: The NLO track functions extracted from Pythia. 

19
Ready for phenomenology! 

• Numerical methods developed: The moment method, Fourier series, … 
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Fraction of Charged Hadrons
• Significant reduction in scale 

uncertainties with the NLO evolution 
of track functions included.
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Incorporating Tracks 
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VS



Two Types of Observables
• For a -function type observable  

measured using partons: 
δ e

dσ
de

= ∑
N

∫ dΠN
dσN

dΠN
δ [e − ̂e(pμ

i )]

dσ
dē

= ∑
N

∫ dΠN
dσ̄N

dΠN ∫
N

∏
i=1

dxiTi(xi)δ [ē − ̂e(xip
μ
i )]

[1303.6637]

full functional 
form of T

22

tra
ck

s
• For correlations of energy flow: -point 

correlation functions 
k

• The energy flow operator that measures 
energy flow on a restricted set  of final 
states: 


• Then, the -point correlator on  is  

R

k R
e.g. charged hadrons here

‣ This can be related to the partonic-level 
correlation functions by a factorization formula: 

with dependence on higher moments of T

‣ Energy correlators: tracking easily 
included, and modern fixed-order 
techniques applied.



Energy Correlators Within Jets
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Ti(1)Ei

Tj(1)Ej Ti(1)Ei

Tj(1)Ej
Hard Collinear

• The energy correlator is a jet substructure observable: . Σ = ⃗J ⊗ ⃗H

In the collinear limit: 2-point energy correlator

χ → 0

3-point energy correlator

[H. Chen, M.X. Luo, I. Moult, T.Z. Yang, X. Zhang, H.X. Zhu, 1912.11050]
[K. Yan, X. Zhang, 2203.04349]
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• Jet functions for projected energy correlators on tracks,                                        : 
Integer moments  appear as the coefficients.Ti(n, μ)

‣ The jet function constants (the jet functions with the logarithmic dependence 
excluded): e.g. for track EECs, up to 𝒪(α2

s )

jg =
1
4

Tg(2)+as Tg(1)Tg(1)CA (−
449
150 )+ ∑

q

Tq(1)Tq̄(1)TF (−
7
25 )

+a2
s Tg(1)Tg(1) C2

A (−
527ζ3

10
+

133639871
3240000

−
2159π2

1800
+

19π4

90 ) + CAnfTF
139
270

+ ∑
q

Tq(1)Tq̄(1)⋯

Resummation convenient! 

Energy Correlators Within Jets
• Projected energy correlators are soft insensitive observables, like the groomed 

jet mass. 

⃗Jtr(ln
xLQ2

μ2
, Ti(n, μ), as(μ))

The longest 
side definition

‣ Matches the state-of-the-art calculation for jet substructure, but now on tracks.



•NLL for up to 6 point energy correlators computed on tracks!

• Ratio of projected energy correlator on tracks to that on all particles: 

25
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NLL

Pythia
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• Ratio of -point to 2-point projected energy correlators:N
•NLL for up to 6 point energy correlators computed on tracks!



Summary
• Track functions offer a QFT approach to calculating 

track-based observables and extend the class of 
systematically computable jet substructure observables  


• Full results of the nonlinear -space evolution at . 


• Track energy correlators involve the integer moments  for 
which the track function evolution simplifies. 


‣ NLL resummation for the up to 6-point projected 
energy correlators achieved!    

x 𝒪(α2
s )
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Collinear Parton Dynamics 
Beyond DGLAP

Thanks! 

Others & Outlook
• Extracting track function from jet measurements; a formalism developed!  


• The joint track function formalism to study the energy correlators involving 
mixed quantum numbers.


• A benchmark for triple collinear evolution in parton showers. 


• Precision phenomenology with tracks.


• Applications of multi-hadron fragmentation functions.  

[K. Lee, I. Moult, F. Ringer, W. Waalewijn, arXiv:2308.00028]


 a much broader class of calculable observables. →
[K. Lee, I. Moult, arXiv:2308.00746, 2308.01332]



Backup
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Calculational Techniques
 in -series: Ti(x, μ) as

30

LO track 
function

UV-renormalized 
NLO track function

UV-renormalized 
NNLO track function

T(0)
i (x) = Tbare

i (x)



Track Jet Functions
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LO evolution kernels

NLO evolution kernels
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