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Backgrounds

YM and GR

Interactions in nature

Gravity <+—  Strong, Weak, EM
1

General relativity <+—  Gauge theory



Backgrounds  y\j and GR

paring Feynman rules of GR and YM
y of YM

Comparing Feynman rules of GR and YM

GR: Infinite number of vertices; Color singlets

YM: Three-point and four-point vertices; Color decomposition

formulas
MYs = > Te(ToT%@ .. T%0)A(1,0)
O'ESn—l
tree . . alao'(Q)el . 6130(2)62 . en73aa(n—1)an
MYM — if if if A(].,O', n)
Uesn—Z



Backgrounds
of GR and YM

GR as double copy of YM

GR as double-copy of YM:
e Kawai-Lewellen-Tye (1986)
e Bern-Carrasco-Johansson (2008)

GR ~ YMxYM
e Cachazo-He-Yuan (2013)



Backgrounds v\ and GR

nman rules of GR and YM
opy of YM

c decomposition

>roblems

Kawai-Lewellen-Tye double copy

KLT relation:

Closed string tree amplitudes ~ (Open string tree amplitudes)
4
GR tree amplitudes

I
~ (YM tree amplitudes)?
KLT in field theory:

( Bern, De Freitas,Wong (1999); Bjerrum-Bohr,Damgaard,Feng,Sondergaard (2010) )

v An(0)S A M, - GR color-dressed YM
n= Z )S[plo1An(0) A YM 3 scalar
A: YM

YM
=8l (YiJian Du) ok |



Backgrounds

BCJ form of YM amplitudes: MYM _ Z cgng

G: diagrams with cubic vertices

Dé: propagators cg: color factors
ng: BCJ numerators satisfying Gtgta=0 = nitn+n=0

ngng
BCJ form of GR amplitudes MOR = Z [1. D:
g Ty




Backgrounds v\ 5nd GR
g Feynman rules of GR and YM
GR as double-copy of YM
Ki ic decomposition
Several Problems

Jacobi identity in the BCJ form
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Backgrounds
of GR and YM

Cachazo-He-Yuan double copy

M = /d/LILIR
GR I, =Pt'(V), Igr=Pf'(V)
Color-ordered YM 1, = ﬁ Tr = Pt'(V)
Color-ordered BS I =—L Tp=-— 1
olor-ordere 712203 Zp1 ' Zo1 0920903 Zopoy

__ perm(ij) ij
(PF/[W] = 2D pfwi])



Backgrounds  y\; and GR
Comparin, ynman rules of GR and YM
GR as do copy of YM
atic decomposition
Problems

Cachazo-He-Yuan double copy

WV is a 2n x 2n skew-symmetric matrix:
A —-CT
(e %)

The n x n submatrices A, B and C are

Sab 2€5-€p 2€5-kp
Zab Zab Zab
_ 2¢ea-ke
0 0 257&3 Zac




Backgrounds YM and GR

Kinematic decomposition

KLT MCR — Z nonA™(1,0, n)

BCJ

CHY o€S,_2

Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove (2010); Bern and Dennen (2011);
Du Feng Fu (2012); Cachazo, He, Yuan (2013)

Expansion coefficients ny 4 , — BCJ numerator in DDM basis
(Del Duca, Dixon, Maltoni (1999))



Backgrounds
of GR and YM
le-copy
atic decomposition
Several Problems

Several Problems

Can we construct local BCJ (polynomial) numerators? —
On-shell graphic rule

Constructing BCJ numerators in an off-shell way? — Off-shell
graphic rule

More applications of the graphic rules: inducing new identities,
calculations in four dimensions, implications on one-loop



Einstein-Yang-Mills recursive expansion i ngle-trace and multi-trace
single-tra e
multi-tra

Expand

EYM amplitudes: single-trace and multi-trace

(a) (b)
EYM=YM+GR+Dilaton+B Fields

Typical Feyman diagrams in EYM




and multi-trace
n: single-trace case
n: multi-trace case

Einstein-Yang-Mills recursive expansion

EYM recursive expansion: single-trace case

EYM recursive expansion for single-trace amplitudes
(Stieberger and T. R. Taylor(2016),Nandan, Plefka, Schlotterer, Wen (2016),de la Cruz, Kniss,Weinzierl
(2016),Schlotterer (2016),Du, Feng, Fu, Huang (2017); Chiodaroli,Gunaydin,Johansson (2017); Teng, Feng (2017))

AL2,..rlH) = > enFpoFy Y,
H\{h;}—hlh

X AL, {2, ... r =1} W {pr ..., p1, s}, rlh)

e H\ {hs} — h|h: splittings of elements in H\ {h.}; Permutations p are
summed over
e h,: fiducial graviton; Y, = > ki; FI'' = kl'el — ki€l
JE{1,...,r—1}s.tj<h

e AU B: permutations with keeping the relative orders in each set



Einstein-Yang-Mills recursive expansion

EYM recursive expansi multi-trace case
Expanding GR into EYM

EYM recursive expansion: multi-trace case

EYM recursive expansion of multi-trace amplitudes (pu, Feng, Teng, (17))

Gravitons— Gluon traces

Single-trace EYM Multi-trace EYM

Type-l: Fiducial graviton —

Type-ll: Fiducial graviton —



Einstein-Yang-Mills recursive expansion

Expanding GR into EYM

Graviton amplitude can be expanded in terms of single-trace EYM
amplitudes (Du, Fu, Feng, Huang 2017)

MR = N ()M, Fp o Fy - €nAR™M(hy, p, hyl)
H\{h],hz}*}hlh

Here

% Sum over splittings of graviton set H\ {h1, ho} and sum over
permutations p of elements in h

* (Fi)"V = ki'e? — k¢!, gauge invariance conditions for gravitons
( ) are encoded in F;

% In each term we turn gravitons in {hy, h,} Uh to gluons



Graphic expansions of amplitudes
Lir
Graphic expansions of amplitudes G o

Graphic expansions of amplitudes

e Expanding amplitudes recursively: GR—-EYM —YM
=-Graphic expansions=- local numerators

e Properties of graphs = Properties of amplitudes



>f amplitudes

Graphic expansions of amplitudes

Lines and chains

Line styles
€a " €p €a * kp ko - Ky

*—+o *——e o—>0 o---o —— = —— — —e—
a b a b a b a b
172 7 S Vs Y v _H
I:i — k,- € — k,' €;
(a) (b) (c) (d)
Chains
Ga'Fil...El'Gb ea'FL"l---FL';'kb
———1—o ———1>e o--0--0---0-0
1i1i2 iln az’17’2 l;b CL’Lll?IQ 1;[)
(e) (f) (2)



Graphic expansions of amplitudes

Single-trace EYM

trees planted at roots

g oo the master
gravitions Lo chain
| f/ ) |
gluon trace | o - - —F - 4_—_—.'0; |
fedd ! the last
particle particle
EYM
ASingIeTrace Z CronA

eReference order:
R={ho@): - hos)}
e Root set:
R=A1....,r—1}

e Permutations:
Shuffling the branches
e Cig,n: Summing all
graphs contributing o

M(1,q,n)



Grap! xpansions of amplitudes
| N ) Lines and cha
Graphic expansions of amplitudes Si -

YM and GR

Multi-trace EYM

graviton —» gluontrace —p» o - eo--o----o

ﬁ‘a7a?b (_1)1\[3 a7a|—L’ﬁT7b

tracel

EYM YM
AMuItiTrace - Z Cio,nA (1,0,n)
(o3



ns of amplitudes

Graphic expansions of amplitudes

G
L
S
I

YM and GR

YM and GR

r——°ar — — — — 1

I 11391

:14271():

oc{1,4,{8,6} W {2,{5 {3} w{9}} w {7}},10}
Z moenAM(1,0,n) A™M = Z m.e.nA(1,...,n|1,0,n)

0€ES,_> 0ES, 2




Graphic expansions of amplitudes

M = Z m e nA(l,0,n)
oceS,_»
——

summing over permutations

eM = > cr > A(1,67, n)

F or
=~ ~~~
summing over graphs permutations

| corresponding to a graph



or B

Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

Graphic expansions of Berends-Giele currents

Off-shell level: Berends-Giele currents
e A recursive approach to summing Feynman diagrams

e Solution to classical equation of motion
(Lee, Mafra,Schlotterer 2015;E. Bridges, Mafra 2019)

e B-G recursion for YM and BS



B-G currents for YM
B-G nts for BS

Graphic expansions of Berends-Giele currents Ad osition formula for B-G currents

B-G currents for YM

Berends-Giele (1987) currents for YM

JP(1,...,n—1)

_ ! [ > VPR (i + 1, n = 1)

Sl
Lon=llyicha

+ ) VTP L+ ) G+ L = 1)

1<i<j<n—1

Starting point: J#(a) = ¢,



B-G currents for YM
B-G ts for BS

Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

B-G currents for BS

B-G currents for BS (Mafra, 2016)

(,25(17 ey N — 1‘0’1, ceny 0',7_1)
1 n—2

_ 3 [¢(1, ri|01 0y 0) (i 1,y n = 10711, 000y 0n1)

S _
1...n—1 i—1

— (1, i

On_i, ...,U,,_l)qb(i +1,...,n— 1!01, s a,,_,-)}
Starting point ¢(ala) =1, ¢(a|b) (a # b)



Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

From on-shell to off-shell

AM - Z M.enABS(1, ..., n[1,0,n)
o€S,_2
37
= Z Nf7a’n¢Bs(1,...,n|1,a,n)
O'GSn—2

In a proper choice of gauge, the second line holds.



BS

3
Graphic expansions of Berends-Giele currents ecomposition formula for B-G currents

A decomposition formula for B-G currents

BG current in Feynman gauge

JP(1,2,..,n—1) = JP(1,2,..,n—1)
Feynman gauge BCJ;uge
+KP(1,2,.,n—1)+L"(1,2,....,n— 1)

/

~
Vanish in the on-shell limit



Graphic expansions of Berends-Giele currents

K, L terms

Terms vanishing in the on-shell limit

KP(1,2,.,n—1) = ko IZJ Ji+1,..,n—1)

S12...n—1

Lp(1723~.~,n_ 1) = Z (_1)I+1JP<51,S1*1’K(al,b1)7
{ai,bi}C{1,...,n—1}

5b1+1,ag—17 K(ag,bz)v EEES) K(a;,b;)v Sb/+1,n—1>
e [K(1,2,n—1) + L(1,2,...,n—1)] =0
=8l (YiJian Du) ok |



Graphic expansions of Berends-Giele currents

J? term

Effective current:

F(12,..n—=1)= Y Ni(1,0)¢(1,2,....n—1[1,0)
ocP(2,n—1)

e N4(1,0): numerators with 1 off-shell line, constructed by graphs

e On-shell limit: €, - Na(1,0) = na(1,0,n)



Graphic expansions of Berends-Giele currents

Generalized Strength tensor Fre

Generalized strength tensor: F“P(A) = 2kZJ~p(A) - 2kf‘J~”(A)

Filnyy = > NE©L,....n—1o)
ocP(1,n—1)
+ Z [ 1,i) (I+1 n—1) J(l+1 n— l)J(l i) :|
1<i<n—1

e NZ%(1,0): numerators with 2 off-shell lines, constructed by graphs



BS

3
Graphic expansions of Berends-Giele currents ecomposition formula for B-G currents

Three types of off-shell numerators

}':,(1 e
the last
the first s
element
element

o= {0'2, ...,O’n_l} S P(2, n— 1), o = {0'27 ...,J;_l}, OR = {J,’, ...,O’,,_l}

NZ(LG’) = [NA(].,O’L) . Nc(O’R) — NA(].,O’L)NB(O'R) . 2/(1’,',1]p




A decomposition formula for B-G currents

Graphic expansions of Berends-Giele currents

Inducing new relation

0 --0sssgrsse -0
0
.

L4
.'1

S

b
.
by



BS

3
Graphic expansions of Berends-Giele currents ecomposition formula for B-G currents

Inducing new relations

e Graph-based relations for BG currents in BS:
(Du, Wu, 2022)

SORY Y Y| Y sedeln]

acTa ccTp aeﬁla ﬂ€773\b 7GQUJ/3‘C<5

= Z Z [¢(01,i|,3)¢(0i+1,/|a)—¢(01,H|a)¢(017;+1,/|ﬁ)}

a€Talx BETa|b

o J= >~ N¢ — Graph-based relations for BG currents YM
(Du, Wu, 2022)

e On shell graph-based BCJ relation (Hou, Du, 2018)



Auxiliary lines, new expansion formula

Auxiliary lines

Properties of a part of the graphs/amplitude

Auxiliary lines

A full formula with expected property
(Xie, Du, to appear)

A simple example: Amplitude with two gravitons p and g
A symmetric form of the MHV sector (the part with no € - €)

hnv(L,....rllp,q) = Z (ep - Xp(W)) (€q - Xg(W))
xA(L,{2,---,r=1}w{ptw{q},r)
Xp (L): sum of momenta on the left of p



Auxiliary lines, new expansion formula

Auxiliary lines

Graphs for IMHV:




Auxiliary lines, new expansion formula

Auxiliary lines

Gauge invariance condition € — kb, €5 — ki = kFe” — —kVe!

= Graphs for Iymnv: A symmetric expression for Iymnv




Auxiliary lines, new expansion formula

Auxiliary lines

=
P q
__fptq
bp-kg
=
€p - €
Invnv (L, rllpg) = — Z kp ) kq (Kkp - Xp(W))(kq - Xq(WW))
o Kb Kq



Auxiliary lines, new expansion formula

A new expansion formula at tree level

= A new symmetric expression for single-trace EYM

v €p - € v
AL, ..., rllp,q) = Z {Ggﬁq—w(kp)u(kq)u X (w)Xg ()
p - Kq

><A(1,{2,~--,r—l}l_l_l{p}l_l_l{q},r)



Auxiliary lines, new expansion formula

Three-graviton case

Amplitude with three gravitons




Auxiliary lines, new expansion formula

Three-graviton case

A symmetric formula for amplitude with three gravitons

AL, ...,n||lp,q,r)

= %: |f§%€g - kz kZ(kp)u(kq)V(Er)p - ko kr(kp)u(eq)V(kr)p

kq kr (GP)u(kq)V(kr)p

XA(L {2+ n =1} w{p} w{q} w{r},n)

X (L)X (W) XP (1)




Auxiliary lines, new expansion formula

One more example

e We cannot find such a formula where all terms have the
form X5 Xy X? XS contracted with ¢ or k/* for amplitudes
with four gravitons.

e In the case with five gravitons, the expansion formula where
terms have the form X,’,‘X(';X,ngXtﬂ contracted with € or k¥
conflicts to gauge invariance.



Application at one-loop

Application at one-loop

EYM — YM & YMS — BS

One loop CHY (Geyer, L. Mason, 15; He, Yuan 15, Cachazo,
He,Yuan,15; EYM and YMS see Porkert,Schlotterer,22; Zhou 22.) :

Ml—loop o dD/ li d tree /1 Ioopll loop
nB®C /2 kili)n:lz Hnt

Scattering equations at one-loop level:

I ki ki ki

g Jr,z aijj =0
Jj=1

J#i




Application at one-loop

Application at one-loop

One-loop CHY integrands for YMS:
/CHOOP — PT(O’l, . O'n) = Z PTtree(—i-, OiyOigly ey Oi—1, —)

i=1
/é-IOOP N Z ZC(—hle_l{l,...,l’},—)

pEperms of gluons LU

XPTtFGE(_{_?p L1 {1’ ceny r}, —) + CyC|iC(1...r)

e 1...r scalar trace
e The coefficients generated by graphic rule

e Multi-trace cases are obtained from single trace cases



Application at one-loop

Application at one-loop

One loop CHY = Linear loop propagators

| Graphic rule (Xie and Du, to appear)

Feynman diagrams = Quadratic loop propagators



Application at one-loop

Approach-1: From symmetric expansion formula

Tensorial PT factors (Feng, He, Zhang, Zhang,22)

n r
PTH2 (1,2, ) =3 PT (4,0 i+ 1,y = 1, =) [J0" = K% 1)
i=1 j=

The tensorial PT factor can produce quardratic propagators

& [ AP (2 m)PT (L 0 (2, )

m

= Do U4k I+ kg)gon(Ar, Ao, ooy An) [ [ 604
(A1, Az, . Am)=(1,p) i=1
(A1,A2,..., Am)=(1,0)

Ai=A;},2<m<n
J J

where gon(A1, Ao, ..., An) = 1/(PI3 3,13, )



Application at one-loop

Approach-1: From symmetric expansion formula

Xp' (L)X (W) X7 (w)
xPT (4, {1, -+, n}w {p} w {q}w{r}, ) + cyclic(1, ..., r)
= I+ Xp) W)+ X'g)" (W) + X7)" ()
XPT(+, {1, -+, n} i {p} wi{q} wi{r}, —) +cyclic(1, ..., r)
= AP X L XX+

+ + . JPTY + cyclic(l, ..., r)
~  PTRP pTH PT*



Application at one-loop

Approach-1: From symmetric expansion formula

Tree-level symmetric expansion for r + 2-scalar, 3-gluon amplitude
implies

IEl;_loop(l7 wnllp,g,r; 1)

- Zleﬁeqd’ e (o ulkalen)y = 2 U )ulea) (),

€q - €r

ek (k) | X

XPTtree(—F, {1’ . ’n} L {P} L {q} L {r}7 —) —+ CyC|iC(17 ey r)

p (L)X (W) XP ()

r

= Quardratic propagators



Application at one-loop

Approach-2: From the graphic expansion with reference
order

graphs for terms with (e - €)°

P q r p

(65 Xp)(ca - Xo)(er - XPT (-, {1, -+, n} 10 {p} w {q} w {r}, ~)
+cyclic(1, ..., n)

= Tensorial PT factors= Quardratic propagators




Application at one-loop

Approach-2: From the graphic expansion with reference

graphs for terms with (e - €)! (A)+(B)+(C1)

\
Double-trace one
gluon with g < r,
Tro ={p,q}

(D)+(C2)

.
Double-trace pure
scalar
Tr2={r,p,q}




Application at one-loop

Approach-2: From the graphic expansion with reference
order

1
5.41,1'“5:\1:\2.1 '“SAlAQ...:hn,l




Application at one-loop

Approach-2: From the graphic expansion with reference
order

e If Try is involved in a full current = Quadratic propagators

e If Try is divided into several parts = Quadratic propagators
or cancel out (by the help of graph-based BCJ relation for BG
currents)

e This approach seems to be straightforwardly generalized to
amplitudes with an arbitrary number of traces and gluons, and
also YM and gravity



Summary and further discussions

Summary and further discussions

Summary

Graphic expansion for on-shell amplitudes

Graphic expansion for B-G currents

Auxiliary lines, new expansion formula

Applications at one-loop level



Summary and further discussions
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