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Dimensional Regularization

Dimensional Regularization (DR) for Feynman integrals i+oott, vetiman 72; Boliini, Giambiagi 72)

P2

gh, =D=4-—2¢ \]me/

@ Invariant under arbitrary loop momentum shifts (— IBP)
@ Complex analytic/meromorphic functions of kinematics and D

@ Lorentz and gauge symmetries manifestly preserved (in non-chiral theory)

@ UV and IR divergences regularized with one (mass-dimensionless) ¢ = %

(“One ring to rule them all’)



The y5-issue in DR: absence of an AC-+;

Assuming {y*,~"} = 2g" and {+*, 5} = 0in g* = D dimenisons:

@ Bring v, through the 4 ~,, and use v, v* = D 1:
Tr [fya Y1 Ve Tus Vea ’7a 75} = (D - 8) Tr |:’yll«1 Yz Vs Vpa '75}
@ Cyclicity of the trace and anticommutativity of vs:

Tr {'Va Viux Voo Vs Ya V™ '75] = —-DTr [7#1 Va2 Vs Vpa ’YS}

e Resulting

(D - 4) Tr [7#1 Yz Vs Vpa 75} =0 J

No fully anticommuting s = f—eﬂ”ﬂ YuYvYpYe IN D#4 dimensions




The ~s-issue in DR: chirality-violation by a non-AC-~;

Yet, v5’s anticommutativity A% = {+* | 7/5} = 0 is crucial
for Chiral Lorentz/Gauge symmetries in 4 dimensions.

o A% ~ O(e) # 0 implies loss of chirality-conservation by the regulator in use!

Uy sy £ Ly s + YRy sYr

@ Chirality of a spinor is not preserved under Lorentz transformation!

[75 ) UMV] # 0 )
['75 ’ A(o)] ?é 0

with o = L [y# "] and A(6) = exp (0, o).

Axial-current conservation and chiral Ward identities are thus expected to be affected at O(¢)



~s-issue in DR: the Axial Anomaly

A naive use of a formally anticommuting s in DR (pretending not vanishing),

i
Tr[% Yuq v WN] = —56“”"”%[%%%% LTI WN]

does not (always) work, most prominently, signified in the failure to reproduce the following

famous axial anomaly:

aﬂjg ®<[:i + aﬂjg %:x

“vanishes” with translational invariant loop integrals and an anticommuting ~s.

The perturbative pinch identity

(p1+p2)'y5:(‘1—“_—p1—m)—75—“:¥54]—p12—m)_ i + 2mys + A5(D)



The Adler-Bell-Jackiw Anomaly

The anomalous axial-vector divergence equation iader 9; ell, Jackiw 69]

" T / o LV PO
8# w’y“'yg, P = me’w Iys Y — I e F#I,Fpo— .

Diagrammatically,

. T Ky an
Ot = 2mpiysy + oFF

@ [The one-loop VVA-triangle is regularization independant] under vector-current conservation

> Form factor decomposition (Rrosenberg 63]
> Proper shift of linearly-divergant integrals (adier, Bell, Jackiw 69, 5]
» Dispersion relations [polgov, zakharov 71]

@ [ The Adler-Bardeen theorem pader. saseen 691 : “one-loop” exact |

A wonderful recount by Adler [hep-th/0405040]



The intriguing axial anomaly in QFT

e Gauge/internal anomalies must cancel !
» The Standard Model is anomaly free
» Constraints on gauge couplings of New particles
> Anomaly matching 1t Hooft et al. 801, Spontaneous chiral symmetry breaking ...

o Global/external anomalies are allowed and important

> T =y decay [Steinberger 49; Sutherland, Veltman 67; Adler 69; Bell, Jackiw 69]
[ — _ o _pvpo
OuJt g =frmime) — & P FuFps

> U(l)A/n, problem [Weinberg 75; 't Hooft 76]
> Strong CP problem and AXxion [peccei, Quinn 77] ...

e Practical applications of renormalization of anomalous 7" ~51)

» Treatment of the singlet axial-current operator in heavy-top EFT [chetyrkin, kahn 91 g3;
LC, Czakon, Niggetiedt 21]

» Structure of the non-decoupling heavy-quark-mass logarithms (coliins, wiczek, zee 78;
Chetyrkin, Kiihn 93; LC, Czakon 22]

» Polarized structure and splitting functions matiounine, Smith, Neerven; Moch, Vermaseren, Vogt;
Bliimlein, Marquard, Schneider, Schénwald; Tarasov, Venugopalan...]



The SM Lagrangian

The Standard Model is a Quantum Field Theory based on the chiral gauge group
SU:(3) ® SUL(2) ® Uy(1) with spontaneous symmetry breaking by Higgs potential.

F Yy M
> g -V()




The SM Lagrangian at a closer look

The SM Lagrangian

¥ By
: D' -V(f)

-30950,95 - 9:F*>d,959795 - 93 Ff***glgigiat + 392 (aPv'as)g) +
62326 + g, fobed,6°6G0g; - avw-a.w - M2W,W; - 10,290,79 -
L MPZIZ3 - 13,AB,A, - 13,HO,H - fmzHe - 3,0 0,0 - Moo -
‘bw"bw - 3 M99 B».[Z?“‘—'Z—“H~;(Hz~o 90+2¢°97))+ 24" a, -

igCu[AZIW, W; - Wi W;) - ZOAW, 2, W; - W3, W;) + ZO(W; 3, W -
W, W] - igsu[3 AL (WoW; - WiW,) = AW;2.W; - Wi, W) +
AW, - WA Wo)] - SG W Wo WO W, » g2 W WL W W »
G CEZIW,ZOW, - ZOZIW, W,)+ GPSE (AW, AW, - A, AW W)+
GSuCl AZAW, W, - WoW;) - 2A,ZOW; W;] - ga[H? + HgO¢® +
2He 9] - 3g%an[H* + (9°)* + 4(9" 9 )? + 4(9°)%9 9™ + 4H29" ¢ +
2(¢°)°H?] - gMW, W, H - 392 Z0Z0H - igIW;(¢°3,0™ - 073,0°) -
W;(9°2,0" 9" 3,9%)]+ 1gIW; (H3,0™ -9 3, H)- W;(H3,0 - ¢"3,H)]+
192 (Z2(HY,0°- 03, H)-ig = MZI(W; 0 - W;0)+ igsuMA, (W, -
W;0°) - ig' 25 Z0(9° 3,07 - 9°3,0°) + igSuAL(9° 3,0 - 9°3,0°) -
1GW W, IH? + (6007 + 29%97] - 107 S ZOZO(H? + (¢°)° + 2(253 -
12p°97]- %gzézz’o"(w\;w' + W;0%) - Hig? EZOH(W 0™ - W;0) +
39%5u AW 0™ + W;0") + Jig?su A H(W, e - Wie") - g7 2(2¢2 -
DZYA0" 0" - g'sZALAQ 9 - 84(vd + mb)er - Pyavt - Tl(vd +
mup - di(yd + m)d} + igs.AuL-(ehv'e) + §(avu) - (@l +
L ZA@ V(A VoW + (@VH(4sE - 1-v9)eh) + @y (352 - 1-vo)u)) +
@y (1-§s3-v2)d)]* ZH Wy (1+v®)el) + (@vH(1+v°)Cud}) ]+
WLV (v Dl 55 L0 (P(1-v®)et)+
@ (BN (1+v°WN]- § R [H(E ) +ig°(&voe)] + sz [-m(@Cu(1-
VO)dE) + MA@ Cun(1 + ¥2)E] + 2 o [mA(GCE (1 + v2)u) -
my(@ICL (1 - v)ur] - §5H@ W) - $RH@ ) « FRe°@vu) -
20N} + X(22 - M2X" + X (32 - M2)X™ + XO(37 - M)X0 +
VO2Y + ige, Wi(,X0X" - 3,%X°XC) + igs  W;(3,9X" - 3,X°Y) +
IgCW;(3,X X0 = 3,X°X") + igs, W;(3,XY - 3,9X") +
IGCZO(,XX" = 3,% XY + igsu Au(,X"X" - 3,X X") - LgM[X"X"H +
X H+ L XOXOH] + 2L igMIX"X0p" - X-X0p] + 7 igM[XOXp*
XOX“9] + igMs, [XOX 9" - XOX" ] + $igM[X"X 0 - X-X¢°]




The HV-variants based on non-AC 5

The HV/BM (72, 79) prescription of +5 in dimensional regularization:

v5 =iy y%y? = 4,awpw ¥ yP

1 i
vws—>§(vms - vsvu) = _65uupa'\/u’yﬂ’yo
AL = {4", y5} ~ O(e) #0.

“Symmetrizaﬁon" needed to have a hermitian axial-current [akyeampong, Delbourgo 77; Fujii, Ohta, Taniguchi 81]

Disadvantages:

» Loss of 5 anticommutativity — Spurious
Ward-Takahashi identities violation

Advantages:

@ Unambiguous expressions for any
Feynman diagrams

[Bardeen et al 72, Chanowitz et al, Trueman, Kodaira 79]

@ Easy to implement reliably on computer » Additional vs-vertex renormalizations with
. ) a-priori unknown coefficients
@ In principle applicable to all-order (SM) [ Q]R 1 g [, 5] /2 g

. . . (systematically obtainable to any pertubative order;
@ Particularly simple for QCD corrections

(Additional renormalisation needed
currently known to O(ag) in MS Lc, czakon 23))

but more structrues needed for SM)

» Traces with high ~+ powers in case of
multiple s



Operator Renormalization in Larin’s prescription

The all-order axial-anomaly equation (ader 69; Adier, Bardeen 69]

[au]g]R =asn; Tr [FP]R

with FF = —¢*“*F%,F%, in QCD with n; massless quarks.

@ The renormalization of the operators involved: [Adler 69; Espriu, Tarrach 82; Breitenlohner,Maison,Stelle 84;
Bos 92; Larin 93 ... ]

oz () - oo (2 2) (B - (3 ) (%)

("] The SO'Ca”ed Lal’in's prescription [Larin, Vermaseren 91; Larin 93]:
> eHVPY treated outside R-operation formally in D dimensions (Larin, vermaseren 91; Zijstra, Neerven 92]

> Take Z,; and Zgy in MS then determine Z; = ZJ; Z by ABJ eq. with e-independent Z’;
@ 7.z = Zq, verified to 4-loop in QCD (anmed, Le. czakon 21) later proved exactly (oscner, weisz 21]

o 7y = 7L I with ZI* at O(a3) and ZL at O(a?) currently known ic, czaon 21 221



No ~5-odd Dirac-trace, No problem

@ If v5 is on open fermion lines, shift v5 anticommutatively into the external spinor or
projector. [Bardeen 72]

@ If v5 appear on closed fermion chain in even numbers, anticommute and

2
Y5 = 1 (Chanowitz et.al 79; Gotlieb et.al 79].




~s-odd Dirac-trace has no overall UV divergence
What to do with a closed fermion chain with odd number of ~5?

@ ~5-0dd Dirac-trace has no overall UV divergence in SM!

O

(No gauge-boson self-interaction vertices with ¢#¥?? in Feynman Rules for SM)
e The guiding principles [Kreimer 94]:

» anticommute 5 outside of the vertex loop correction with
sub-UV-divergences.

» Sub-UV-divergences must be computed unambiguously for all

diagrams with (Charge-conjugation and Bose) symmetry ensured.



Why look at the AC-+; prescription again

@ If a thorough usage of s avoids the additional renormalizations, does
(0.4, 5] 5 = @& ny T [FF], hold automatically?

4 Verification of the Adler Bardeen Theorem in this
Scheme  [Kreimer9)

Here we will give a short proof of the Adler Bardeen Theorem [9]. We can restrict our

@ Is it necessary to use the fancy non-cyclic trace ikreimer 90, 94; Kormer, Kreimer, Schilcher 92)?

@ Although having improper points in ksrmer, kreimer, schicher 92 COrrected, [Kreimer 94] seems
to cover only the configuration:

How to define the fermion chain
unambiguously in an
algorithmic way in general
Feynman diagrams in SM?

@ Does one have to treat ¢#**? in 4 dimensions?

@ Does the IR-divergence in loop amplitudes matter?



() Isolate the target fermion loop

The Question:

Given a closed fermion chain possibly embedded in a big Feynman diagram, what are
its external legs relevant for defining the ~s-trace, and how to identify them

Y X

#
A\



() Isolate the target fermion loop

A\

A\

My Answer:

The minimal cut to isolate the target fermion loop into a minimal 1P| diagram (containing
this fermion loop) with each of its external momenta equal to the difference between
certain pair of fermion propagators, plus a minimal number of complementary diagrams

15



(1) maximal 1Pl open G

Given a diagram G with one external (axial-field) As with momentum insertion Q on a fermion
chain F, identify maximal 1Pl open G5y in the following algorithmic way c 23).

Po

&
@ Find all pairs of propagators of F¢ satisfying Po — P1 = Q, each qualifies as a two-fermion
cut (TFC) of F;

@ Examine each TFC, exclude those leading to prop. with the same momenta (as the cut) in
the cut-subchain with As, effectively ensuring 1PI condition;

@ Pick up the TFC resulting the largest 1PI cut-subchain Gs¢ with As, identified, respectively,
as the 1/0-leg according to fermion-flow direction.

F_. is written out in direction against fermion charge flow, but is otherwise allowed to start from
any (!) vertex or propagator cyclically permuted.



(IlI-1) Symmetrization

Po

Y5

5}
@ The final expression F. for the fermion chain F. is defined as:

E = % (FCA5~>Ih +F€l5~>()t)

F4511 i5 obtained from F. by a.c. shifting s from A5 to the head of the I-leg
propagator Sg(P1), subsequently replaced by

l vpo — A~
—56“ TN YoV = Vs -

Similarly for F457°"  albeit with head replaced by tail.

@ The above symmetrization is necessary to ensure Furry’s theorem, just like
v 3 (M5 = 757 ) in HY,



(Il1-2) Symmetrization

Po

&

@ If an even number of A5 on the same F. in G, ~2 = 1 results in a unique trace
expression free of s for Fe.

@ If an odd number N(> 3) of A5 on F¢, another level of symmetrization is needed to
reach an unambiguous trace for F:

c

1 N
jall
N2 Fe
i=1

Unlike the original Kreimer prescription, we demand the average for each F¢,
irrespective of whether As coupled to identical gauge or scalar bosons.



(IV) Levi-Civita tensors

Multiple e#¥#° appear if several A5 on different (disconnected) F. or from projectors.

@ #v¢7 defined only in 4 dimensions, just like 5, in compatible with 2 = i.

@ Lack of the 4-dimensional Schouten identity — contraction ordering matters
[Breitenlohner, Maison 77; Siegel 80].

ehvpo u'v'o'a! _ pey {g"“’/} , With o € {u,v,p,0} and o’ € {p/,v/,p’,0'},

@ Still possible to manipulate ¢+ with D(# 4)-dim. indices for specific problems
[Larin, Vermaseren 91; Zijlstra, Neerven 92; Moch, Vermaseren, Vogt 15]
> No need to implement dimensional splitting

> Contraction can be done before completing tensor loop integrals in D

In our calculation of vacuum-gg elements: no need v2 = 1 and only one pair of ¢***7.



(IV) Levi-Civita tensors

@ In our 5 prescription, pairs of ¢##° to be contracted must come from two
independent internal fermion chains or external “bosonic” projectors,
hence no compatibility issue with ~2 = 1 (applied always on the same F¢).

@ To eliminate the contraction-order ambiguity in €1 €2 €3 €4 - - -, partition them into
two subsets:

> For external e#¥~7, fix an arbitrary contraction-order adopted consistently in all bare
amplitudes (which can also be left undone to the very end!)

» For internal e#¥?9, take the symmetric average over all possible pairings
(as suggested by Prof. Y.Q. Ma), e.g.

[61 €2 €3 64] = %([61 52} [63 64] + [61 63] [62 64} + [61 64] [52 63])

@ The resulting spacetime-metric tensors g, are set D-dimensional.

No issue is expected in application to SM at least to 3-loop:

a superficially UV-div. 1Pl amplitude with two internal e#**? starts from 3-loop which is UV-finite.

Il
\
]

20



VVA diagrams calculated in Kreimer-variant

T (pr,pa) = [ dixd'y P (O[T [ (9) 45" (0 A5 0)] 0}y

According to Kreimer, seemingly among the common lore, one expects

Mins — Mg Tr Miyps 0= 0

21



An observation on VVA diagrams in Kreimer-variant

T (pr,pa) = [ dixd'y e (O[T [2.9) 45" (0 A5 0)] 0}y

<[

problematic one

AvA
=

To our surprise (!), we find

Mips — 1y Tr Mg o a; 4ny Cr + O(ad)

22



Interpretation and checks of the observation in Kreimer-variant

The discrepancy

Mins — g Tr Myps

= a: 4ny Cr + O(as3)
can be manually compensated by

UX&S]R = Z?B [/l\l;,‘s]B + Z]KK“

1
Z]}( = —§npra§ + (’)(a?)

Kreimer scheme itself does not offer a constructive proof for the Adler-Bardeen
theorem, the ABJ equation does not hold automatically in bare form in this scheme.

@ The same issue appears with massive quarks at on-shell kinematics.

@ No such kind of issue observed if the axial-current vertex is replaced by
pseudo-scalar vertex.

@ The extra pieces cancel in non-anomalous combination of contributions from
isospin doublet ( e.g. top and bottom quarks)

23



AC v.s. non-AC ~;

The HV-scheme variants

Advantages: Disadvantages:
. . » Loss of y5 anticommutativity — Spurious
@ Unambiguous expressions for any WTI violation

Feynman diagrams - o )
» Additional v5-vertex renormalizations with

@ Easy to implement reliably on computer a-priori unknown coefficients
» Traces with high ~ powers in case of
@ In principle applicable/doable to any order multiple s

Our revision of Kreimer scheme

Competitive features: Advantages:
» No spurious violation of non-anomalous
@ Unambiguous expressions for any WTls

(non-anomalous) Feynman amplitude in SM
> No need for additional ~s-vertex
renormalizations for non-anomalous
(*] Easy to implement reliably on computer amplitudes (anomalous diagrams with VVA-type subgraphs
needs manual corrections [LC 23])
@ Applicability to anomaly-free SM (at least
to 3-loop) and to all-order (still a » No traces with exploding v powers
conjecture!) generated by multiple ~5 insertion

24



Summary and Outlook

Despite the known issue of ~s, similarly /77, in D4 dimensions,
practical prescriptions have been formulated that work successfully.

For the anomaly-free Standard Model, our revision of Kreimer scheme
(with few modification and extension) shall work (without ref. to the fancy
non-cyclic trace), at least to 3-loop, albeit still a conjecture.

For quantities with external axial anomalies, and in applications to EFTs
involving axial currents, vs-vertices may need additional renormalization
even if treated using the revised AC-v5 scheme.

If only QCD corrections are studied (e.g. in EFTs), then NAC-+5 seems to
be more convenient (the 4-loop R.C.s known).

It is desirable to have the above conjecture scrutinized more stringently.

25
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Renormalization of 1qy" 514

What is []g,q]R as in I:g]R = 2:11 [ ;JR?

n

USlg = ZJE = (Zns +1Zs) D 9 v*vs 9f

i=1
[}
Ve Jr # Bmtrrgsy Plytasyl

m
= (Zns qu 75 Tpg + Zs Z ¢IB s 71){3)

i=1

The renormalized singlet contribution featuring EW ay:

F?,b(asv m, M) = <0| Ugb]Rle>|S/"g/9f
n
= Zus Za Py (s, 1) + Zs Za(Fis(@s, i) + > Fdi(as, )

i=1

Note: u2 dZ"S = 0 while ,u2 dZ’ =s (Zns +n Zs)-

26



Alternative renormalization prescriptions

@ MS scheme: ZI* [J£],

> The ABJ (AWT]) is not respected

> Fﬁb(as, m) — F4 (as, my) is still anomalous

@ Chetyrkin scheme: Z, ZI™s [J¢],

> The ABJ (AWT]) is not respected

> Fﬁb(as, m) — F4 (as, m;) is non-anomalous (correct)

o Larin scheme: Z, Z 8, [J&'] , = asny Te (Zpp [J4] 5 + 0. T4 5)

> The ABJ (AWT]) is respected and s # 0

> ng(as, me) — F‘S“,[(as, my) is non-anomalous (correct)

@ Renormalization-group invariant (RGl) scheme: Zex(as) = Pexp( [ ‘;(5;;‘) da)

> The ABJ (AWT]) is respected and vs = 0 (no more running!)
RGI
g ZPF #Zas

» No more explicit In(u? /m?) when expressed W.r.t as(p = M) [LC, Czakon 22].



An Amusing Pitfall in Applying non-AC +; to qq — ZH

We observe that for the top-loop-induced (y:-dependant) qq — ZH with a non-AC ~s:
the usual ZL ZIy~*~s1) prescription works for

q . H q

q
but not for their counter-parts using effective Higgs-gluon vertex: (anmed, sernreuther, Lc,Gzakon 20]

VAVAVAVAVAVAV]

One needs additional counterms on top of the usual renormalized axial-current!

28



Vacuum-Quark matrix element and AWTI

Much more efficient to extract Z; by using the off-shell Ward-Takahashi identity
for an axial current with a non-anticommuting s iLc.czakon 21]

The anomalous Ward-Takahashi identity:

quTts(p',p) = —asny Te A(P',p) + S (p) + ST (P)) s,
)

--- + +

av,anp[FI:‘]n \ /
14 \‘1 fl/

e ¢ can not be 0 to have a non-zero anomaly

»
p

e Either p or p’ should be 0 to reduce to the propagator-type integrals
@ 75 on the RHS does not require any renormalization!

29



ZS up to O(a3) from 4-loop calculations

o The anomalous dimension of the [J4]

dlnZs dInZ{® d an};
dlnpg?2  dlnp? d In p?
dinZ,  dnZ

dlna;, ~ “dlnay’

Vs =

=70+

e ZI' at O(ay) using ABJ equation with Z.z = Zg, 1c.cauonz2

dInZ
fyéns:asnfTF’yF]_IBdlnaz‘ J

> IS at O(a3) requires only 4 and Zf; up to 4-loop (from AWTI) (Lc. Czakon 21, 22]

> Z’; at O(ag) not known yet

30



The non-Abelian Adler-Bardeen theorem

The equality verified to 4-loop in QCD (ahmed,Lc,czakon 21]:

ZFf' = Zas

The ABJ equation in QCD in terms of the bare fields:
(2 — 1y Tr as Zey) [0,J4 ] 5 = asny Tr [FF]

@ In an Abelian theory with Pauli-Villar regularization (with an AC ~s),
the coefficient is 1 to all orders [adier 69; Adier, Bardeen 69]

@ The coefficient is not 1 with a NAC ~5 in DR in QCD,
but the LHS current remains RG-invariant (albeit in D=4 limit):

2dlnag
L= =5

Ve = 1 St = =By sle=0 = Ny TE Gs vy -

@ An all-order argument of the non-Abelian extension was sketched [sreitenionner, Maison, Stelle 84];
A proof is completed only recently [Luscher, weisz 21]

@ However, Z; = Zé ZTS needs to be computed order by order ...
Zé at O(a?) from 4-loop VVA-amplitude (ahmed,Lc,Czakon 21]



A Simplified Recipe Valid for SM @ one-loop

Up to one-loop in SM:

@ ~5 open fermion chain:
pulled outside to spinors

@ Even 5 on closed ferm|on chain:
anticommute and 72 = 1.

@ Odd 5 on closed fermion chain:
apply v2 = 1 first and replace the
remaining single ~s-vertex
(pseudo-scalar or axial-current)
as in HV/BM/Larin scheme

Absence of divergent ~5-odd fermion-one-loop in
SM — averaging or not is irrelevant in 4
dimensions

-3.933.95 - 9:F*3,9590g5 - 12 fefodeghgralgt + -@J@"v“q}’)ﬁ‘r
50268 + g, fo50d,GoGPgE - 3, Wia, W, - MEW: W, - 13,793,70 -
L MEZOZ0 - 13,A A, ~ 30, HAH- Sk - 3 w'b w'—Mzw'w'-
(=4 Uy~ 2% W Oty 7 g UG T = 2 vP

1,079,002 MaO90 - [ 25 B L(H 090+ 279 ]+ B~

i3 ZO(W W, - W W) - ZO(W, 0 W, - W, 3, W)+ ZO(W; 3, W -

W3, W:)1- igsa[3,A, (Wi W; - WiWS) - A WI3,W; - Wi, W) +

AAWIAW, - Wi, W, )]--gaw WWaW; +.g?w W, W, +
(2w, z°w z°z°w w, )*g?sZ(A Wi AW, - A AW W)+
gzs.c.,[A,ZS(W;W; - W;W;)- 2A,Z§W;W;1-ga[H3 - Hw%" -
2He'g7] - jaPanlH* + (¢°)" + 4(p'0 ) + 4V 0’y + 4H 0y +
2(¢°PH?]- gMW, W;H - 192 Z0Z0H - JigIW;(0°3,0™ - °3,6%) -

W (0°2,0"-9"2,0%))+ 2gI W, (Hau0 -9 3, H)- W (Ha,0' -9 3, H) ]+

A
égé(Zﬁ(Hauw":w"a,H)-igi—:MZﬁ(W{,w'-W;w')'igs.MAu(W;w'-
W,e) - ig "= Z0(w 9 - o aw )"95w (0 0 - 0 d0") -
ang WH? + (4% + 29°97] - 1g2 LZTIH + (¢ + 20252 -

12797 - 2PEZ00(W,p + Wio') - —lgz*z"H(W o - Wie)+

19%su A (W0 + We') + ig S\vAuH(W,.W Wp')-g2% (2:’

NZPA 9 - g szA,.Aulo o - & (yd+mie’ - G“vev“ a*(va-
miu - divd + mi)d! + igs. A, [-(e'v¥e!) + (avu) - ;(a‘,‘v”d‘i‘)] -
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Differences compared to the original Kreimer scheme

@ The scope of this AC-; prescription shall be limited to just the non-anomalous
amplitudes (if one would like to maintain the most celebrated feature of no
requiring additional counter-terms); the anomalous axial-current matrix elements
still requires counter-terms in this scheme.

@ An explicit (fool-proof) algorithmic procedure involving only the notion of the
standard cyclic trace with a constructively defined ~s, straightforward to be
implemented in public computer-algebra tools (No reference to the fancy notion of
“non-cyclic trace”).

© We refined the meaning of the (external) “axial vertex” on the closed fermion chain
for which the Max1PlopenVFF shall be searched in the general scenarios, as well
as the averaging prescription in an algorithmic procedure to reach an
unambiguous definition of the trace for an arbitrary Feynman diagram in SM.

© Our preferred non-4-dimensional treatment of the Levi-Civita tensor shall be
applicable (for computing physical observables) in SM up to 3-loop order without
any problem.

@ Discussions on how to proceed in the cases of loop diagrams on cuts with
intermediate IR divergences present in individual cut diagrams (possibly computed
separately and independently), to avoid the introduction of spurious pieces in the
final combined results.
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