
How to sit Maxwell on the boundary of AdS



Based on



Holography

Boundary QFTGravitational bulk



Boundary QFT

Gravitational bulk action

Boundary
conditions

Holography



A typical example
- Temperature
- Charge
- Magnetic field

Assuming standard quantization Dirichlet boundary conditions

BULK :

BOUNDARY



What do we get on the other side?

A QFT with a conserved U(1) current in presence of an external gauge field  

Hydrodynamics of
the gauge sector

Diffusion of
conserved charge



Is this everything we can do?

Unsatisfactory in 
many physical 

situations

DYNAMICAL  GAUGE FIELDS
COULOMB INTERACTIONS

electromagnetism plasmas plasmons superconductors





Fancy Maxwell’s equations

Electromagnetism without gauge symmetries

Only global symmetries
Better for hydrodynamics, etc…



Magnetohydrodynamics from holography

Short summary:
the standard thing but with 

a higher-form ☺



What do they get?

A QFT with a dynamical gauge field (dynamical E, B)

Alfven waves Magnetosonic waves



Our questions/results

1.Where is the trick ?

2. Do we really need this fanciness ?

3. Is there another solution ?

4. Magnetohydrodynamics from holography (no dress code)

The story of today …



Disclaimers

• The trick has been already revealed (we did not discover it )

• The other solution is known since more than 10 years  (☺)

But …
[provocative]



Field theory break I



Field theory break II

MAXWELL EQUATIONS

Maxwell kinetic term + Legendre transform (coupling to external current)



Field theory break III

Standard electromagnetism



Let us forget about higher form 
symmetries and do our 

homework as from textbook 
electrodynamics 

Into holography



Old but gold [Witten, Marolf-Ross, …]

Boundary asymptotics :

MIXED BOUNDARY CONDITIONS

standard

[more details later]



First application

Making a real holographic superconductor (2009)

[Many authors …]
Example.



Recent application

Maxwell equation
Continuity equation
(Drude model)



See also



Back to the higher-form trick

Hodge dual in the bulk
does not preserve the
boundary conditions !!

It changes them from 
Dirichlet to mixed 

Higher-forms are just a
fancy way to implement

mixed boundary conditions



On the shoulders of giants

Our mixed boundary conditions

• Lambda parametrizes 
the EM coupling

• Notice the factors of 
(w^2-k^2)

[back to this later]



Re-discovering the known

Maxwell theory in 2+1 is scale invariant 
but not conformal invariant !!

Thermodynamic and mechanical
pressure are not equal



Magnetohydrodynamics

Step 1: EOMs

Step 2: constitutive 
relations

Step 3: dynamical 
matrix and QNMs



Zero density and zero B

The stress tensor 
sector is “trivial”
since decouples



Zero density and zero B

“EM waves” Damped charge diffusion

We see the effects of 
polarization and screening
(dynamical EM in matter)



Screened EM waves

The photon is screened (skin effect).
Just solve it for real w and complex k 
→ standard textbooks

Numerical data (QNMs)

1st order hydro



Zero density and zero B



Zero density and finite B

Magnetosonic waves

All dispersion relations remain of the same type 
but the coefficients are strongly modified by B^2

[sound mode carries magnetic flux now]



Zero density and finite B



Finite density and finite B

- Longitudinal diffusive mode
- Shear diffusion becomes sub-diffusive 
- EM waves and sound modes couple together (4 non-hydro modes)



Finite density and zero B

Small density → overdamped modes
Large density → underdamped modes

0

EM wavessound waves











Large B limit



Large B limit
Magnetohydrodynamics still works well

+ interesting features

There seems to be an emergent 
gapless mode with dispersion
w=k !

An emergent photon???



Unscreened photon

In this limit we are decoupling the photon from matter
[no screening, no polarization] → emergent photon

This can be derived analytically [see paper]



Hydrodynamics breakdown

We see a failure of the hydro
description only at large 
magnetic field together 
with large EM coupling.

We suspect the problem is
the EM coupling



Two more experiments

(1) “Alternative quantization” 

(2) “bulk experiment” 

• Are (1) and (2) the same thing?

• What is the dual field theory 
picture? 



The idea [inspiration from holographic
models with broken translations]



Hydrodynamic modes

1. Sound wave

2. Shear diffusion

3. Magnetic diffusion



Sound and shear diffusion



Magnetic diffusion
For F^2 with 
alternative b.c.s. the 
hydro formula works 
very well at small B

No surprise at large B 
it does not since we 
are both at large 
magnetic field and 
infinite EM coupling

For F^4 we do not 
know how to 
compute the 
transport coefficients



Magnetic diffusion from the bulk

F^2

F^4
Perturbative bulk

computation works 
well for both models



Summary

=

magnetohydrodynamicsMaxwell + mixed b.c.s.

[no need of fancy higher forms, sorry]



Future



Coming (hopefully) soon

How to sit on the boundary of AdS

with Hyun-Sik Jeong, Ya Wen Sun and Keung Young Kim



THANKS A LOT !!






