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QCD phase structure: pion condensate

D. T. Son and M. A. Stephanov, PRL (2003)

A. Barducci et al., PRD (2005)
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𝑀𝑢 = 𝑀𝑑 = 𝑀𝑙

𝜎𝑢 = 𝜎𝑑 = 𝜎𝑙, 𝑚0𝑢 = 𝑚0𝑑 = 𝑚0𝑙

L. He and P. Zhuang, PRD (2005)

T. Xia, L. He, and P. Zhuang, PRD (2013)

• 2-flavor NJL model

• 3-flavor NJL model at 𝜇𝐵 = 0

G. Cao, L. He, and P. Zhang, PRD (2021)

• 3-flavor pNJL model with the 
approximation of 

𝑚0𝑢 ≈ 𝑚0𝑑 = 𝑚0𝑙,  

𝜎𝑢 ≈ 𝜎𝑑 = 𝜎𝑙

Pion condensate: previous studies
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Pion condensate: the Lagrangian

• The Lagrangian density of the 3-flavor NJL model

L. He and P. Zhuang, PRD (2005)

T. Xia, L. He, and P. Zhuang, PRD (2013)

• 2-flavor NJL model

• 3-flavor NJL model at 𝜇𝐵 = 0

Rigorous results in 

3-flavor NJL model??

𝑀𝑢 ≠ 𝑀𝑑, 𝜎𝑢 ≠ 𝜎𝑑
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Pion condensate: quark propagator

M. Huang, P. Zhuang, and W. Chao, PRD (2002).

L. He and P. Zhuang, PRD (2005).

T. Xia, L. He, and P. Zhuang, PRD (2013).

𝐾𝑢 = 𝐾𝑑 = 0
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Pion condensate: quark propagator

Rigorous results with 

𝑀𝑢 ≠ 𝑀𝑑, 𝜎𝑢 ≠ 𝜎𝑑

M. Huang, P. Zhuang, and W. Chao, PRD (2002).

L. He and P. Zhuang, PRD (2005).

T. Xia, L. He, and P. Zhuang, PRD (2013).
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𝑀𝑢 = 𝑀𝑑 = 𝑀𝑙

𝜎𝑢 = 𝜎𝑑 = 𝜎𝑙

• 𝑔 functions

• Net-quark densities

• Chiral condensates

• Pion condensate

L. He and P. Zhuang, PRD (2005)

T. Xia, L. He, and P. Zhuang, PRD (2013)

• 2-flavor NJL model

• 3-flavor NJL model at 𝜇𝐵 = 0

Rigorous results with 𝑀𝑢 ≠ 𝑀𝑑, 𝜎𝑢 ≠ 𝜎𝑑

Pion condensate: gap equation
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Pion condensate: results

𝜇𝐵 = 800 MeV, 𝜇𝐼 = 800 MeV

Lattice fitting

𝜋: pion superfluid phase

𝜋2: Samar phase

Large errors within 𝜇𝐵 ∈ 500,900 MeV

The cure of the instability of 𝜋2: 
• The free energy of a system with a fixed baryon density. 
• A Fermi system with a finite-range momentum-dependent interaction.

L. He et al., PRD (2006);       M. M. Forbes et al., PRL (2005)
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Pion condensate: 3D phase structure

Calculations by assuming equal constituent mass of u and 
d quarks would lead to large errors of the QCD phase diagram, 
and affect the position of the critical end point

• 𝑇 − 𝜇𝐵 plane • 𝑇 − 𝜇𝐼 plane • 𝜇𝐵 − 𝜇𝐼 plane

Affect the position of CEP 
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Pion condensate: Polyakov loop

• Polyakov loop contribution

• The pNJL model leads to larger areas of the pion condensate phase and the CEP at 
higher temperatures or larger baryon chemical potentials, compared to the NJL model.

• The existence of pion condensate may also affect the deconfinement phase transition.

• 𝑇 − 𝜇𝐵 plane • 𝑇 − 𝜇𝐼 plane
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Thanks!

Summary
• Rigorous analytical expressions for pion condensate in the three-flavor NJL model is derived 

comparing with the previous studies.

• Calculations by assuming 𝑚0𝑢 = 𝑚0𝑑 = 𝑚0𝑙,  𝜎𝑢 = 𝜎𝑑 = 𝜎𝑙 would lead to large errors of the 
QCD phase diagram, and affect the position of the critical end point.

• The pNJL model leads to larger areas of the pion condensate phase and the CEP at higher 
temperatures or larger baryon chemical potentials , compared to the NJL model.

• The existence of pion condensate may also affect the deconfinement phase transition.

QCD phase structure

• Electromagnetic field and rotation. 

• Pauli-Villars regularization scheme.

Outlook 
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Backup
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Pion condensate: mean-field approximation
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Pion condensate: mean-field approximation
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