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Magnetic Field and Vorticity in Noncentral Collisions

Becattini F, Karpenko I, Lisa M, et al.PRC2017

W.-T. Deng, X.-G. Huang, PRC 85, 044907 (2012)

Deng W T,Huang X G,PRC2016;
Deng X G,Huang X G,Ma Y G.PRC2020

Yin Jiang, Jinfeng LiaoZiwei LinPRC2016
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Geometry in rotating frame

• Metric in a co-moving frame

gµν = ηµν + ηµjδ
0
νvj + ηiνδ

0
µvi + ηijδ

0
µδ

0
νvivj (1)

• Dirac equation in a co-moving frame

[i γ̄µ(∂µ + Γµ)− Mf ]ψ = 0. (2)
• Spinor connection is Γµ = 1

4 × 1
2 [γ

a, γb] Γabµ, and nonzero
term of Spin connection is

Γij0 = 1
2 (∂ivj − ∂jvi) , rotation

Γi0j = 1
2 (∂ivj + ∂jvi) , expansion, shear

Γ0i0 = −1
2 (vj∂ivj + vj∂jvi) .

(3)

• In a uniform rotating frame, i.e. v⃗ = Ω⃗× x⃗ , Spinor connection
is:

Γij0 = Ωkϵijk Γ0 =
1
8
[
γ i , γj]Ωkϵijk (4)
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Propagator and Self energy

• Dirac equation in a uniform rotating frame

[iγa∂a+γ
0ΩĴz − Mf ]ψ = 0. (5)

• quark propagator

S(r̃ ; r̃′) =
1

(2π)2

∑
n

∫ dk0

2π

∫
kt dkt

∫
dkz

ein
(
θ−θ′

)
e−ik0

(
t−t′

)
+ikz

(
z−z′

)
[k0+(n + 1

2 )Ω]2 − k2
t − k2

z − M2
f

×
{[

[k0+(n +
1
2
)Ω]γ0 − kzγ

3 + Mf

]
×

[
Jn(kt r)Jn(kt r′)P+ + ei(θ−θ′)Jn+1(kt r)Jn+1(kt r′)P−

]
− i γ

1kt eiθJn+1(kt r)Jn(kt r′)P+ − γ
2kt e−iθ′ Jn(kt r)Jn+1(kt r′)P−

}
,

(6)

• One-loop Polarization function

Πab(q) = −iNf Nc

∫
d4r̃TrD[iγaS(0; r̃)iγbS(r̃ ; 0)]eiq·r̃ , (7)
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Dilepton Rate in QGP

• Dilepton in HIC

γµ γν

P

Q Q

• The dilepton rate is related to the Lepton tensor and the
photon tensor:

dRl l̄ = 2πe2e−βωLµν (p1, p2)ρ
µν(ω, q) d3p1

(2π)3E1

d3p2
(2π)3E2

(8)

• Combined with Lepton tensor for plane wave

dRl l̄
d4q =

α

12π4
nB(ω)

q2

(
1 +

2m2
l

q2

)(
1 −

4m2
l

q2

)1/2
Im

[
Πµ
µ(ω, k)

]
.

(9)
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Scenarios for Dilepton production in QGP

• Lepton pairs not affected by the medium

Lµν = 2
(
−q2gµν + qµqν − kµkν

)
(10)

• Lepton pairs affected by rotating medium or EM field.

• Lepton states in the rotating medium | pt , pz , n, s⟩−→states
in the detectors | p, s⟩
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Spectral function in a rotating QCD medium

• Spectral function is related to the imaginary part of the vector
current-current correlation function at one-loop level:

σV (q) = 1
π

ImΠa
a(q), (11)

0 2 4 6 8 10 12 14
0.00

0.05

0.10

0.15

M/T

σ
V
/ω

2

Ω=0.4 GeV

Ω=0.2 GeV

Ω=0

T=0.2 GeV, μ=0, q=0

Figure 1: Spectral function as a function of temperature scaled invariant
mass for different values of rotation.
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Spectral function in a rotating QCD medium

• Spectral function is related to the imaginary part of the vector
current-current correlation function at one-loop level:

σV (q) = 1
π

ImΠa
a(q), (12)

0 2 4 6 8 10 12 14

0.04

0.06

0.08

0.10

0.12

0.14

0.16

M/T

σ
V
/ω

2

T=0.3 GeV

T=0.2 GeV

T=0.1 GeV

Ω=0.2 GeV, μ=0, q=0

0 2 4 6 8 10 12 14

0.04

0.06

0.08

0.10

0.12

0.14

0.16

M/T
σ
V
/ω

2

μ=0.4 GeV

μ=0.2 GeV

μ=0

T=0.2 GeV, Ω=0.2 Gev, q=0

Figure 2: Left panel: SF as a function of temperature scaled invariant
mass for different values of temperature; Right panel: SF for different
values of chemical potential.
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Dilepton Rate Enhancement under Rotation

• Dilepton rate expression:

dRl l̄
d4q =

α

12π4
nB(ω)

M2 Im [Πa
a(ω, |q|, qz)] , (13)

0 5 10 15 20

1.00

1.05

1.10

1.15

1.20

M/T

d
R

ra
ti
o

Ω=0.4 GeV

Ω=0.2 GeV

Ω=0

T=0.2 GeV, μ=0, q=0

Figure 3: Dilepton rate as a function of invariant mass with different
angular velocities.
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q dependence for ImΠab

Figure 4: A sketch map for
dilepton emissions from
rotating QGP.

• Explicit form of ImΠab:

Im[Π11(ω, q⃗) + Π22(ω, q⃗)]

= −
1
2
πNf Nc

∑
η=±1

∫ pΩ+

pΩ−

pdp
(2π)2

·
1

|⃗q|Ep

×
{

2Ep(ω − Ep+ηΩ) + [(3
q2

z
q2 − 1)(p cos θ1)

2

+ p2(1 −
q2

z
q2 ) + 2

q2
z

q
p cos θ1] + 2M2

f

}

× [1 − f (Ep − µ−
ηΩ

2
) − f (Ep + µ−

ηΩ

2
)].

(14)

Constrain the integral region and the angle between p⃗ and q⃗:

pΩ
± = ±

|⃗q|
2

+
ω+ηΩ

2

√√√√1 −
4M2

f
(ω+ηΩ)2 − q⃗2 cos θ1 =

(ω+ηΩ)2 − 2(ω+ηΩ)
√

p2 + M2
f − q2

2pq
(15)
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ϕ dependence for ImΠab

• Elliptic flow coefficient v2 is calculated in mid-rapidity, i.e.
qx = 0 and qz

qT
= sinϕ. One can extract ϕ dependent part of

ImΠab:
(Im[Π11(ω, q⃗) + Π22(ω, q⃗)])dep

=−
1
2
πNf Nccos 2ϕ

∑
η=±1

∫ pΩ
+

pΩ
−

pdp
(2π)2

− 3
2 (p cos θ1)2 + p2

2 − pq cos θ1

qEp

× [1 − f (Ep − µ−
ηΩ

2
)− f (Ep + µ−

ηΩ

2
)]

}
,

(16)

ImΠ33(ω, q⃗)dep = −
1
2
πNf Nccos 2ϕ

∑
η=±1

∫ p+

p−

pdp
(2π)2

{
[ 3

2 (p cos θ0)2 − 1
2 p2 + pq cos θ0]

qEp

× [1 − f (Ep − µ−
ηΩ

2
)− f (Ep + µ−

ηΩ

2
)]

}
.

(17)
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Ellipticity of Dilepton Production under Rotation

• Angular dependence of dilepton production rate in the
transverse plane.

E d3R
d3q

=
1

2π
d2R

qT dqT dy

(
1 + 2

∞∑
n=1

vn cos [n (ϕ−ΨRP)]

)
, (18)

Ω=0.03GeV

Ω=0.05GeV

Ω=0.1GeV

0.0 0.2 0.4 0.6 0.8 1.0
0.000

0.001

0.002

0.003

0.004

0.005

qT[GeV]

v
2

Ω=0.1GeV

Ω=0.15GeV

Ω=0.2GeV

0.0 0.2 0.4 0.6 0.8 1.0

-0.006

-0.004

-0.002

0.000

0.002

0.004

qT[GeV]
v
2

Figure 5: Elliptic flow v2 as a function of qT with T=160
MeV,M=200MeV and different angular velocities
Ω =0.03,0.05,0.1,0.15,0.2 GeV.
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Invariant mass dependence of elliptic flow v2

qT=2GeV

Ω=0.1GeV

Ω=0.2GeV

Ω=0.3GeV

1 2 3 4 5

0.0000

0.0005

0.0010

0.0015

0.0020

M[GeV]

v
2

qT=2GeV,T=0.6GeV

Ω=0.1GeV

Ω=0.2GeV

Ω=0.3GeV

1 2 3 4 5

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

M[GeV]

v
2

Figure 6: Elliptic flow v2 at T=160 MeV(left) and 600 MeV(right).
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Figure 7: Dilepton production and elliptic flow from an anisotropic QGP
(Babak S. Kasmaei and Michael Strickland, PRD2019)
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Related works by other people

• Quark propagator and di-lepton production rate in a hot,
dense and very strongly magnetized rotating Quark-Gluon
Plasma[Aritra Das, arxiv:2310.11869]

• Bulk viscosity of rotating, hot and dense spin 1/2 fermionic
systems from correlation functions

Πζ(q) = i
∫

d4reiq·r ⟨P∗(r)P∗(0)⟩R (19)

[ Sarthak Satapathy, arxiv:2307.09953]
• Electromagnetic radiation at extreme angular velocity

Sfi = −ie
∫

dt
∫

dϕ
∫

dz jfi(t, ϕ, z) · A∗(t, ϕ, z ,R) (20)

[Matteo Buzzegoli and Kirill Tuchin,arxiv:2308.10349]
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Methods for QCD Phase diagram under rotation

• NJL model with spinor connection[arxiv:1606.03808]

L = ψ̄ [i γ̄µ (∂µ + Γµ)− m]ψ + GS

[
(ψ̄ψ)2 +

(
ψ̄iγ5τ⃗ψ

)2
]
(21)

• 3-flavor NJL model with spinor connection

L3NJL =ψ̄[i γ̄µ(∂µ + Γµ)− mf ]ψ

+ GS

8∑
a=0

[(
ψ̄λaψ

)2
+
(
ψ̄iγ5λ

aψ
)2
]

− GV

8∑
a=0

[(
ψ̄γµλ

aψ
)2

+
(
ψ̄iγµγ5λ

aψ
)2
]

− K
[
det ψ̄ (1 + γ5)ψ + det ψ̄ (1 − γ5)ψ

]
,

(22)
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QCD Phase diagram

• Grand potential

Ωf (r) =
Nc

8π2 T
∑

n

∫
dk2

t

∫
dkz

[
Jn (kt r)2 + Jn+1 (kt r)2

]
×

[
Ek/T + ln

(
1 + e−(Ek−(n+ 1

2 )Ω)/T
)

+ ln
(

1 + e−(Ek+(n+ 1
2 )Ω)/T

)]
.

(23)

Ωtot(r) =
∑

f =u,d ,s

(
2GSσ

2
f − Ωf

)
+ 4Kσuσdσs . (24)

• Gap equations and dynamical quark masses

∂Ωtot
∂σf

= 0, ∂2Ωtot
∂σ2

f
> 0. (25)

Mf ≡ mf − 4GSσf + 2K
∏
f ′ ̸=f

σf ′ . (26)
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Chiral condensates and dynamical quark masses
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Figure 8: Chiral condensates as functions of angular velocity.
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Figure 9: Dynamical quark masses as functions of angular velocity.
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Random Phase Approximation

• RPA

• Pole mass
Dσ(q2) =

2GS
1 − 2GSΠs (q2)

, (27)

• Polarization function
Πs (q) = −i

∫
d4 r̃Trsfc [iS(0; r̃)iS(r̃ ; 0)]eiq·r̃

, (28)

• Quark propagator

S(r̃ ; r̃′) =
1

(2π)2

∑
n

∫ dk0

2π

∫
kt dkt

∫
dkz

ein
(
θ−θ′

)
e−ik0

(
t−t′

)
+ikz

(
z−z′

)
[k0+(n + 1

2 )Ω]2 − k2
t − k2

z − M2
f

×
{[

[k0+(n +
1
2
)Ω + µ]γ0 − kzγ

3 + Mf

]
×

[
Jn(kt r)Jn(kt r′)P+ + ei(θ−θ′)Jn+1(kt r)Jn+1(kt r′)P−

]
− i γ

1kt eiθJn+1(kt r)Jn(kt r′)P+ − γ
2kt e−iθ′ Jn(kt r)Jn+1(kt r′)P−

}
,

(29)
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Scalar Meson Mass

• Scalar Meson Mass at T=150 MeV , µ=100MeV, and
µ=200MeV
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Vector Meson Mass

• Polarization function

Πµν,ab(q) = −i
∫

d4r̃Trsfc [iγµτ aS(0; r̃)iγντbS(r̃ ; 0)]eiq·r̃ .

(30)
• Propagator can be decomposed into three spin states

Πµν
ρ = A2

1Pµν
1 + A2

2Pµν
2 + A2

3Lµν + A2
4uµuν , (31)

Dµν
ρ (q2) = D1(q2)Pµν

1 +D2(q2)Pµν
2 +D3(q2)Lµν+D4(q2)uµuν ,

(32)
• Pole mass

Di(q2) =
4GV

1 + 4GV A2
i
, 1 + 4GV A2

i = 0 (33)
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Spin Alignment with Thermal Equilibrium

• Meson spectral function[arxiv:2209.01872]

ξλ(k) ≡
1
π
ImDλ(k) =

(4GV )2 ImAλ(k)
π
{
[1 + 4GV ReAλ(k)]2 + [4GV ImAλ(k)]2

}
(34)

• Assuming thermal equilibrium, particle number density for

fλ =
1

exp (Mλ/T )− 1 +

∫
dω

2ωξ∗λ(ω)
exp(ω/T )− 1 (35)

• Spin alignment
ρ00 ≡ f0∑

λ=0,±1 fλ
(36)
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Spectral functions for Vector Meson ϕ

• The spectral function is shifted to the left/right side.

ϕ meson, sz=0

Ω=0GeV

Ω=0.1GeV

Ω=0.2GeV

Ω=0.3GeV

0.85 0.90 0.95 1.00 1.05 1.10 1.15 1.20
0

2

4

6

8

10

12

14

ω [GeV]

ξ
(ω

)
[G
eV

-
2
]

ϕ meson, sz=+1

Ω=0GeV

Ω=0.1GeV

Ω=0.2GeV

Ω=0.3GeV

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0

2

4

6

8

10

12

14

ω [GeV]

ξ
(ω

)
[G
eV

-
2
]

ϕ meson, sz=-1

Ω=0GeV

Ω=0.1GeV

Ω=0.2GeV

Ω=0.3GeV

1.0 1.2 1.4 1.6 1.8 2.0
0

2

4

6

8

10

12

14

ω [GeV]

ξ
(ω

)
[G
eV

-
2
]

Minghua Wei Fudan University
Spectral function and Spectral properties in a rotating QCD medium 26 / 36



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .. .. .. .Introduction
. .. .. .. .. .. .. .. .. .. .. .Thermal dilepton rate and its ellipticity

. .. .. .. .. .. .. .. .. .. .. .Meson Spectra and Spin Alignment
. .. .. .Summary and Outlook

. .. .. .. .. .Appendix

Spectral functions for Vector Meson ρ

• For ρ mesons at the temperature T = 150 MeV, spectral
functions only have continuum parts and appear as single
peaks.

ρ meson, sz=0
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Spin alignment for Vector Meson ϕ

• Spin alignment for Vector Meson ϕ and ρ in 150 MeV

ϕ-Bound

ϕ-Resonance

ϕ-Total
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• Comparison with leading order of quark coalescence
model[arxiv:1711.06008]

ρϕ,coal
00 =

1
3 − 1

9(βΩ)
2 (37)

ρϕ00(Ω) =
1
3 − 5.10Ω2 + 39.62Ω4, (38)
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Summary and Outlook

• In a rotating medium, the dilepton rate is enhanced;
• Azimuthal anisotropy of the dilepton production is induced by

rotation;
• ρ00 − 1/3 is negative in the rotating medium. Compared with

the quark coalescence model, results from NJL model don’t
have remarkable improvement currently.

• cold vacuum doesn’t rotate: | 0⟩rotating = | 0⟩no−rotating , How
about | Ω⟩rotating and | Ω⟩no−rotating? Perturbative study is
important(*But hard*)!

• Other hydrodynamic gradients(vorticity, expansion, shear
tensor) should take into account(see Feng Li,Shuai Liu,
2206.11890 ).
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Thanks for your attention!
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An optional profile

v1 = vx = −Ωy
v2 = vy = 0

(39)

Γ120 =
1
2 (∂xvy − ∂y vx ) =

1
2Ω

Γ102 = −1
2Ω Γ201 = −1

2Ω

Γ010 =
1
2 (vj∂xvj + vj∂jvx ) =

1
2vy · Ω = 0

Γ020 =
1
2 (vj∂y vj + vj∂jvy ) =

1
2vxΩ = −1

2yΩ2

(40)
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FAQ

• singularities show up in v2 as a function of qT . These
singularities emerge from a 4-momentum non-conservation in
the rotating frame, because δ function in the imaginary part
has been modified by δ(ω − Ep − Ek + ηΩ) As a consequence,
pΩ
± will reach an extremely large value to satisfy
ω − Ep − Ek + ηΩ = 0. We have shown that the rotation
effect had modified the domain of integration by

pΩ
± = ±q

2 + ω+ηΩ
2

√
1 − 4M2

f
(ω+ηΩ)2−q2 . Resonance is generated

at qt = ω + ηΩ, and the singularity will show up with uniform
rotation, which is similar to the forced oscillator without
damping.

Minghua Wei Fudan University
Spectral function and Spectral properties in a rotating QCD medium 34 / 36



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .. .. .. .Introduction
. .. .. .. .. .. .. .. .. .. .. .Thermal dilepton rate and its ellipticity

. .. .. .. .. .. .. .. .. .. .. .Meson Spectra and Spin Alignment
. .. .. .Summary and Outlook

. .. .. .. .. .Appendix

Components for ImΠab

Im[Π11(ω, q⃗) + Π22(ω, q⃗)]

= −1
2πNf Nc

∑
η=±1

∫ pΩ
+

pΩ
−

pdp
(2π)2 · 1

|⃗q|Ep

×
{

2Ep(ω − Ep + ηΩ) + [(3q2
z

q2 − 1)(p cos θ1)
2

+ p2(1 − q2
z

q2 ) + 2q2
z

q p cos θ1] + 2M2
f

}
× [1 − f (Ep − µ− ηΩ

2 )− f (Ep + µ− ηΩ

2 )].

(41)

pΩ
± = ±|⃗q|

2 +
ω + ηΩ

2

√
1 −

4M2
f

(ω + ηΩ)2 − q⃗2 (42)
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Expansion

1/(Exp[(M)/T ]− 1)
1/(Exp[(M +Ω)/T ]− 1) + 1/(Exp[(M)/T ]− 1) + 1/(Exp[(M − Ω)/T ]− 1) .

(43)
The result is:

ρϕ00 =
1
3−

(
eM/T (

1 + eM/T ))Ω2

9
((

−1 + eM/T
)2 T 2

)+
eM/T

(
−1 − 7eM/T − 3e 2M

T + 3e 3M
T

)
Ω4

108
(
−1 + eM/T

)4 T 4
+O[Ω]5.

(44)
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