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Abstract: Pseudo-Goldstone modes appear in many physical systems and display ro-
bust universal features. First, their mass m obeys the so-called Gell-Mann-Oakes-Renner
(GMOR) relation f2m2 = H σ̄, with f the Goldstone stiffness, H the explicit breaking
scale and σ̄ the spontaneous condensate. More recently, it has been shown that their
damping Ω is constrained to follow the relation Ω = m2Dϕ, where Dϕ is the Goldstone
diffusivity in the purely spontaneous phase. Pions are the most paradigmatic example of
pseudo-Goldstone modes and they are related to chiral symmetry breaking in QCD. In this
work, we consider a bottom-up soft-wall AdS-QCD model with broken SU(2)L × SU(2)R
symmetry and we study the nature of the associated pseudo-Goldstone modes — the pions.
In particular, we perform a detailed investigation of their dispersion relation in presence of
dissipation, of the role of the explicit breaking induced by the quark masses and of the dy-
namics near the critical point. Taking advantage of the microscopic information provided
by the holographic model, we give quantitative predictions for all the coefficients appearing
in the effective description. In particular, we estimate the finite temperature behavior of
the kinetic parameter r2 defined as the ratio between the Goldstone diffusivity Dϕ and the
pion attenuation constant DA. Interestingly, we observe important deviations from the
value r2 = 3/4 computed in chiral perturbation theory in the limit of zero temperature.

Keywords: AdS-CFT Correspondence, Finite Temperature or Finite Density, Sponta-
neous Symmetry Breaking

ArXiv ePrint: 2210.09088

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP12(2022)113

mailto:caoxm@jnu.edu.cn
mailto:b.matteo@sjtu.edu.cn
mailto:tliuhui@jnu.edu.cn
mailto:lidanning@jnu.edu.cn
https://arxiv.org/abs/2210.09088
https://doi.org/10.1007/JHEP12(2022)113


J
H
E
P
1
2
(
2
0
2
2
)
1
1
3

Contents

1 Introduction 1

2 The damping of pseudo-Goldstone modes 4
2.1 The case of pions 6

3 The holographic model 8
3.1 The pseudo-Goldstone modes in the soft-wall model 10

4 Results 14
4.1 The chiral condensate and phase transition 14
4.2 Pions in the chiral limit 15
4.3 Pions as pseudo-Goldstone modes 19
4.4 The relaxation rate of pions 22

5 Outlook 23

A Comparison between the holographic result for GR
ϕϕ and the thermal

chiral effective field theory predictions 25

1 Introduction

Nambu-Goldstone modes (NGMs) are massless excitations related to the spontaneous sym-
metry breaking (SSB) of global symmetries [1]. Their appearance and their properties fol-
low from the Goldstone theorem and its generalizations [2–5]. Because of their protected
massless nature, NGMs have a strong impact on the infrared (IR) low energy dynamics
and they constitute the fundamental building blocks for low-energy effective field theory
and hydrodynamics [6–9].

To provide a more concrete manifestation of these statements, let us consider two
paradigmatic examples. The first one is that of superfluids, phases of matter which spon-
taneously break a global U(1) symmetry [10]. The low-energy properties of superfluids are
described in terms of the U(1) Goldstone mode [8] which is ultimately responsible for the
propagation of second sound [11] and their infinite DC conductivity as well.1 A second, and
perhaps even more familiar, example is that of solids. Solids are physical systems which
spontaneously break translational invariance with their atoms sit at preferred positions,
a.k.a. “long-range order”. Solids exhibit Goldstone modes usually called phonons which

1See [12] for a modern derivation of this statement using higher-form mixed anomalies.
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correspond to what you hear knocking your desk.2 As a matter of fact, Goldstones and
the SSB of translations are the ultimate reason for the rigidity of your desk.

Despite symmetries and NGMs are an old subject, there are still several open questions
in particular when dissipative/open systems or out-of equilibrium setups are considered,
e.g. [13–15], or non “standard” symmetries are spontaneously broken, e.g. [16].

In the past decades, Holography, or gauge-gravity duality, has emerged as a useful
complementary tool to study physical systems where standard perturbative methods fail,
with many applications to condensed matter physics [17, 18], QCD [19], etc. SSB has
historically been one of the first applications of this duality in the form of the so-called
holographic superconductor model [20].3 The holographic model mimics the condensation
of a charged scalar operator which induces the spontaneous symmetry breaking of a global
U(1) symmetry — a superfluid phase. The low-energy dynamics of the dual field theory
is in perfect agreement with relativistic superfluid hydrodynamics [21] and displays, as
expected, the presence of a well-defined Goldstone mode in the spectrum. Similarly, in
more recent years, large effort has been devoted to holographic phases which break sponta-
neously translations [7]. In a large class of models, the presence of propagating Goldstone
bosons (phonons)4 has been verified, e.g. [22, 23], and their dynamics matched to relativis-
tic viscoelasticity theory [24, 25]. Interestingly, even more exotic type of Goldstone modes
have been discussed in holography such as type II/B NGMs [26, 27], out-of-equilibrium
NGMs [28] and NGMs of spontaneously broken higher-form symmetries [29, 30]. The
graviton itself has been recently identified as a Goldstone boson of an exotic biform sym-
metry [31].

Interestingly, the dynamics of pNGMs displays a certain degree of universality which
was first realized in the context of chiral perturbation theory for pions [32]. In particular,
it was early recognized that their mass mπ satisfies the so-called Gell-Mann-Oakes-Renner
(GMOR) relation which, at zero temperature, is given by:

f2
πm

2
π = (mu +md) σ̄ (1.1)

in terms of the up and down quark masses mu,md which explicitly break chiral symme-
try. σ̄ ≡ 〈ψ̄ψ〉 is the chiral condensate which signals the spontaneous breaking of chiral
symmetry and fπ is the pion decay constant which, as we will see in detail later, plays the
role of the Goldstone susceptibility. The mass mπ is usually denoted as screening mass
in contrapposition to the pole mass.5 From a physical perspective, the GMOR relation,
eq. (1.1), is tantamount to recognizing that the mass squared of the pNGMs is linearly
proportional to the strength of explicit breaking (the quark masses) and the amount of
SSB (the chiral condensate). More in general, we do expect the mass of pNGMs to vanish

2This identification is slightly imprecise. For example, transverse sound in solids does not correspond
directly to transverse phonons but rather to a collective mixture of transverse phonons and transverse
momentum fluctuations [7].

3Because of historical reasons, we keep using this jargon well aware that the model does not describe
the physics of superconductors since the boundary U(1) symmetry remains global, at least using standard
boundary conditions.

4The same argument of footnote 2 applies here.
5As we will explicitly see, at finite temperature, the two definitions of mass do not coincide.
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by setting either the explicit breaking scale or the spontaneous one to zero. As we will see,
this property is a generic feature of pseudo-Goldstone modes which goes beyond the spe-
cific case of pions. The validity of the GMOR relation, eq. (1.1), has been verified directly
in holographic QCD models both at zero temperature [33] and finite temperature [34].
Moreover, a similar expression has been discussed at length in the context of holographic
phonons [35–37] and also in holographic models with pseudo-spontaneous breaking of a
global U(1) symmetry [38, 39]. More formal analyses can be found in [40, 41].

By direct computation in a large class of holographic models with broken transla-
tions [35–37, 42–45], it was only recently realized that in finite temperature dissipative
systems also the damping, e.g. relaxation rate or linewidth, of pNGMs follow a universal
relation in terms of other physical parameters of the system. In particular, at small fre-
quency (energy), the dispersion relation of the pNGM is expected to have a universal form
of the type:

ω = ±ω0 −
i

2 Ω + . . . (1.2)

where ω0 = v k0 is the pole mass and Ω is the already mentioned relaxation rate (at zero
wave-vector).6 v is the speed of the propagating sound mode in the purely spontaneous
phase7 and k0 is the screening mass, which was indicated as mπ for the pions above. As
we will describe in detail in the next section, the damping Ω in the limit of soft-explicit
breaking is universally given by:

Ω = Dϕk
2
0 , (1.3)

where Dϕ is the Goldstone diffusivity (see more details later). The universal relation,
eq. (1.3), has been verified numerically and via perturbative semi-analytical methods in a
large class of holographic models for translations [35–37, 42–45] and also in holographic
models with global U(1) symmetry [38, 39]. Moreover, it has been derived in effective field
theories for quasicrystals and phason modes in [47, 48], it has been proven within pions
hydrodynamics using positivity of entropy production in [49], and more generally in [50],
and it has finally been demonstrated using the locality requirements of the hydrodynamics
framework in [46].

This universal relation might have important physical consequences for several phe-
nomena in nature, such as the T -linear resistivity of strange metals [7, 46]. An even more
natural framework where this relation might be at play is QCD, in particular around the
chiral critical point. In the limit of two flavors of massless quarks, the chiral phase transi-
tion in QCD is in the same universality class as the classical four components Heisenberg
antiferromagnet [51] and it can be effectively described by a non-abelian version of super-
fluid hydrodynamics reflecting the SU(2)L× SU(2)R ' O(4) symmetry [52]. The pseudo-
Goldstone mode nature of the pions might produce strong effects and their mass mπ can

6In order to avoid confusion, let us clarify our jargon. Given a dispersion relation ω(k), its imaginary
part, −Im[ω(k)], represents the inverse of its relaxation time, τ−1. The latter is also indicated as “relaxation
rate”, “damping” or “linewidth”.

7For simplicity, we consider only type I Goldstone modes. Same arguments can be made for type II
NMGs [46].
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modify the hydrodynamics description in the chiral limit with potentially measurable con-
sequences. In particular, in the presence of a finite pion mass, the hydrodynamic theory
is ordinary hydrodynamics at long distances, and superfluid-like at short distances [49].
Recently, a more systematic study of this problem has been initiated in [53] and an initial
exploration using numerical simulations has appeared in [54]. In this series of works, the
universal relation in eq. (1.3) has been derived using positivity of entropy production but
its validity has not been confirmed yet in QCD simulations or experiments.

Holography has been playing a complementary role also in this direction. Chiral
symmetry breaking and the effects of finite quark masses have been studied in many
instances [55–68]. More recently, the properties of pions and their dynamics in finite
temperature holographic QCD models have been discussed [34, 69–71], as well as in the
NJL model [72]. Nevertheless, a complete description is still lacking. In this work, we pro-
vide a step forward in this program by continuing the study of pions in finite temperature
holographic QCD models. Among the various tasks, we will test directly the validity of
the universal relation in eq. (1.3) in a more realistic QCD model, generalizing the results
obtained in the U(1) holographic toy models [39].

The manuscript is organized as follows. In section 2 we review the basic properties of
pseudo-Goldstone modes at finite temperature; in section 2.1 we focus on the case of pions
and summarize the main concepts therein; in section 3 we present the holographic QCD
model; in section 4 we describe in detail all our results and finally in section 5 we provide
an outlook and some open questions for the future. Appendix A provides further details
about the methods and the numerical techniques.

2 The damping of pseudo-Goldstone modes

In this section, we provide more details about the low-energy description of pNGMs and a
more formal definition of the universal relation in eq. (1.3). For a simple treatment in the
case of a global U(1) symmetry we refer to [39], for a more complete discussion and formal
derivation see [46, 50].

Let us start by considering a system with a spontaneously broken symmetry and a
type I Goldstone mode with dispersion relation

ω = ±v k − i

2 DA k
2 + . . . (2.1)

with v the velocity and DA the leading quadratic coefficient of attenuation constant. The
latter has not to be confused with the wave-vector dependent damping Γk used later which
is defined as:

Γk ≡ −Im [ω(k)] . (2.2)

Eq. (2.1) can be for example identified with the dispersion relation of second sound in a
superfluid or that of shear sound in a standard solid. DA arises because of the dissipative
finite temperature effects and it is usually not discussed in the zero temperature field theory
treatments.
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At zero wave-vector k = 0, and finite frequency ω, the Goldstone8 retarded Green’s
function is given by:

Gϕϕ(ω, k = 0) = 1
χQ ω2 −

i

ω
Ξ + . . . (2.3)

where χQ is the susceptibility of the conserved quantity Q associated to the spontaneously
broken symmetry. The ellipsis indicates higher-order corrections in the frequency ω which
are neglected. For example, in the case of a spontaneously broken U(1) (superfluid), we
have χQ ≡ χρρ which is the charge density susceptibility; in the case of spontaneously
broken translations (solid), χQ ≡ χPP is the momentum susceptibility. The Ξ parameter
appearing in eq. (2.3) is formally defined via the following Kubo’s formula

Ξ = lim
ω→0

ω ImGϕϕ(ω, k = 0) (2.4)

and it is related to the Goldstone diffusivity Dϕ as:

Dϕ = Ξ
χϕϕ

(2.5)

with χϕϕ the Goldstone susceptibility. Let us give once more some concrete examples. For
a superfluid state, Ξ is usually denoted at ζ3 [21] and χϕϕ = µ/ρs with µ the chemical
potential and ρs the superfluid density. In a solid, χϕϕ = 1/G for transverse phonons and
1/(K + G) for longitudinal ones, with G,K respectively the bulk and shear moduli [7].
Importantly, the Goldstone diffusivity is not the attenuation constant DA in eq. (2.1) but
only part of it. More precisely DA = DQ + Dϕ with DQ the diffusion constant of the
conserved charge associated to the spontaneously broken symmetry. Also, DQ = σQ/χQ
with σQ the “conductivity” associated to the conserved current JQ and given by:

σQ ≡ − lim
ω→0

1
ω

ImGJQJQ(ω, k = 0) . (2.6)

For a superfluid σQ is the electric conductivity and JQ the electric current; for translations
σQ is the viscosity and JQ ≡ Tij the shear stress. Finally, let us remind the Reader that
the velocity in eq. (2.1) satisfies the following identity:

v2 = 1
χQ χϕϕ

. (2.7)

Let us now introduce a small external source breaking explicitly the already sponta-
neously broken symmetry. In the regime of small explicit breaking, the associated current
JQ is an “almost” conserved quantity and the corresponding conserved charge Q slowly
relaxes in time with a rate proportional to the amount of explicit breaking itself. In this
limit, the dispersion in eq. (2.1) gets modified into:

ω = ±ω0 −
i

2 Ω + . . . (2.8)

8The Goldstone mode ϕ has always to be identified with the phase of the complex order parameter
ψ = A exp(iϕ) where A is the amplitude. The fluctuations of the amplitude mode δA are known to be
gapped and they are therefore usually not included in the low-energy effective description. For simplicity,
they will not be considered in this work either.
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where, for simplicity, the wave-vector dependent terms are not displayed (see [39, 46, 50]
for a treatment of those corrections).

This implies that the original Goldstone mode acquires both a finite mass ω0 and a
finite relaxation rate Ω which is now independent of the wave-vector k (cfr. eq. (2.1)). In
the language of hydrodynamics, the damping Ω is known as “phase-relaxation rate” and it
is appears in the Josephson constraint as a relaxation term

(∂t + Ω)ϕ = . . . (2.9)

where the ellipsis indicates terms which are not relevant to the present discussion and
therefore omitted. Before continuing, let us pause for a moment on the meaning of the
parameter Ω. Even in absence of explicit breaking, a phase-relaxation mechanism (Ω 6= 0)
is known to appear in presence of topological defects, e.g. vortices in superfluids [73] or
dislocations/disclinations in solids [74]. In our scenario, the origin of the damping term Ω is
different. It is not connected to the existence of any defects and it disappears in absence of
explicit breaking. In other words, this damping term is an effect of the pseudo-spontaneous
breaking of the global symmetry.

Back to our discussion, the pNGM mass ω0 is proportional to both the explicit and
spontaneous breaking scales and obeys a GMOR-type relation. It appears in the static
Goldstone correlator:

Gϕϕ(ω = 0, k) = − χϕϕ
k2 + k2

0
(2.10)

where
k0 ≡

ω0
v

(2.11)

is the screening mass. The latter can be therefore obtained independently from the static
correlator in eq. (2.10) and from the pNGM dispersion at zero wave-vector, eq. (2.8).

Finally, as already discussed above, the damping Ω in the limit of soft explicit breaking
satisfies the following relation:

Ω = k2
0Dϕ (2.12)

which can be thought as the dissipative counterpart of the more known GMOR relation.
Notice that, following eq. (2.8), the damping can be directly extracted from the pNGM
dispersion using:

Ω ≡ −2 lim
k→0

Im [ω(k)] . (2.13)

2.1 The case of pions

In order to connect more explicitly the language of [46, 50] with the QCD framework
recently discussed in [49, 53, 54], in this short section, we provide more details about the
case of pions.

Neglecting the dynamics of the heavier quarks, QCD can be described by a U(1) ×
SU(2)L × SU(2)R symmetry which is spontaneously broken below the chiral critical point
to U(1) × SU(2)V by the presence of a finite chiral condensate σ̄ ≡ 〈ψ̄ψ〉. In the limit of
zero quark masses mq = 0, i.e., the chiral limit, the low-energy description needs to take
into account the presence of massless Goldstone degrees of freedom and it takes the form of

– 6 –
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a non-abelian superfluid hydrodynamics introduced in [52] and then formally generalized
in [75]. In presence of finite quark masses mq 6= 0, then chiral symmetry is not an exact
symmetry from the start. This effect must be taken into account in the hydrodynamics
description as done in [76–78] and more recently in [49, 53].

For simplicity, we will focus on QCD in the limit of two flavors. In this approximation,
the low-energy description is based on a four-component vector field:

φa = (σ, ~π) (2.14)

where σ is the meson and ~π the pions degrees of freedom. The vacuum expectation value
of this vector is given by:

〈φa〉 = (σ̄, 0) (2.15)

where σ̄ is the chiral condensate breaking chiral symmetry. The pions degrees of freedom
can be described using the phase fluctuations ϕ = π/σ̄ which will be indicated in the rest
of this work as the Goldstone degrees of freedom.

Under precise assumptions, the hydrodynamic equations describing this system are
then given by (see for example [79]):

∂tϕ = −µ5 +Dϕ

(
∇2 −m2

scr

)
ϕ , (2.16)

∂tµ5 = v2
(
−∇2 +m2

scr

)
ϕ+D5∇2µ5 , (2.17)

∂tδσ = Dϕ

(
∇2 −m2

σ

)
δσ . (2.18)

Here ϕ indicates the Goldstone degrees of freedom, µ5 the axial chemical potential and δσ
the meson fluctuations. Additionally, mscr is the pion screening mass and mσ the sigma
meson mass. The Goldstone degrees of freedom couple to the axial charge fluctuations
where µ5, D5 are the axial chemical potential and diffusion constant. On the contrary,
at least in this approximation, the σ mode, which plays the role of the Higgs/amplitude
mode, appears decoupled. This decoupling approximation might not always be valid and
the effects of the amplitude mode could become important close to the critical point (see
for example [80, 81]). We will return on this point in the outlook; for the moment, we will
ignore the effects of the amplitude mode in our description.

In Fourier space, the dispersion relation of the pNGMs is the solution of the following
equation:

− ω2 + ω2
k − i ω Γk = 0 (2.19)

with:
ω2
k = v2

(
k2 +m2

scr

)
+ . . . (2.20)

where v2 = f2
s /f

2
t give the pion velocity and mscr its screening mass. fs is usually called

pion decay constant while f2
t corresponds to the axial charge susceptibility. The two

coincide at zero temperature. Finally, one can define the pole mass:

m2
p = v2m2

scr (2.21)

– 7 –
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which was indicated in the previous section as ω0. The pion decay constant corresponds to
what was indicated as Goldstone susceptibility in the previous section, f2

s = 1/χϕϕ, and the
axial susceptibility with f2

t = χQ. This treatment is in complete analogy with spin wave
fluctuations in Heisenberg antiferromagnets where fs corresponds to the so-called stiffness
and f2

t to the magnetic susceptibility in a direction perpendicular to magnetization [82].
Additionally, the damping is given, up to quadratic order, by:9

Γk = Dϕm
2
scr + (D5 +Dϕ) k2 . (2.23)

Here, D5 is the axial charge diffusion constant corresponding to what was indicates as DQ

in the previous general section. Moreover, the product Dϕm
2
scr coincides with the damping

Ω implying the universal damping relation discussed in the previous section. Likewise,
from eq. (2.22), we can identify the coefficient DA used above as DA = D5 +Dϕ.

Finally, one can define a useful phenomenological parameter:

r2 ≡ Dϕ

Dϕ +D5
= Dϕ

DA
(2.24)

which parametrizes the ratio between the Goldstone diffusivity and the pion attenuation
constant. In chiral perturbation theory, the latter is found to be equal to 3/4 in the limit
of zero temperature [83].

3 The holographic model

In the holographic framework, the hard-wall [84] and soft-wall [85] AdS/QCD models pro-
vide an ideal starting point to study the spontaneous symmetry breaking of chiral sym-
metry, by promoting the 4D global symmetry SU(Nf )L × SU(Nf )R of QCD to a gauge
symmetry in 5D. The chiral symmetry is spontaneously broken to SU(Nf )V when the
bulk scalar field in the model gets a non-vanishing expectation value, which could be self-
consistently derived from its bulk equation of motion. As a result, the pions appear as
the Goldstone modes of the spontaneous chiral symmetry breaking. Another advantage
of these two models is that the explicit breaking could also be easily considered, when
the quark masses are introduced as non-vanishing sources for the corresponding operators.
Thus, in such holographic QCD models, one has all the ingredients to investigate the nature
of the pseudo-Goldstone modes.

Compared to the hard-wall model, the soft-wall model introduces an IR scale through
the dilaton field profile

Φ(z) = µ2
gz

2, (3.1)

9Originally [78], the damping was assumed to be:

Γk = κ1m
2
scr + (D5 + κ2) k2 (2.22)

with κ1 6= κ2. In eq. (2.23), following the more recent results in [53], we have fixed κ1 = κ2 = Dϕ. As
discussed in the main text, this is equivalent to assume the universal relation (1.3) for the pseudo-Goldstone
modes damping.
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which breaks the conformal symmetry of the dual field theory. Here µg is a parameter with
mass dimension one related to the dynamics of confinement and to the ΛQCD scale. This
parameter provides the possibility to describe the Regge behavior, i.e. the observation that
the mass square of the highly excited states m2

n satisfies m2
n ∝ n, with n the excitation

quantum number. As a phenomenological model, we will keep the dilaton field as a back-
ground field without dynamics, just like the original soft-wall model. Also, we will consider
only the lightest two flavors, i.e. u, d quarks. This implies Nf = 2.10

The action of the soft-wall model is easily constructed from symmetries and it reads

S =
∫
d5x
√
g e−Φ Tr

[
|DX|2 − V (|X|)− 1

g2
5

(
F 2
L + F 2

R

)]
, (3.2)

with g the determinant of the metric gMN , g5 the gauge coupling. X is a bulk matrix-
valued scalar field dual to the 4D operator ψ̄αψβ (with α and β flavor indices). FMN,L/R

is the left/right hand gauge field strengths. The latter are defined via the gauge potentials
AL,R = AaL,Rτ

a (τa the generator of SU(Nf ) group) using:

FMN,L/R = ∂MAN,L/R − ∂NAM,L/R − i[AM,L/R, AN,L/R]

where DMX = ∂MX − iALMX + iXARM is the covariant derivative of scalar field with
M,N = {0, 1, 2, 3, 4}. Finally, V (|X|) is the scalar potential which will be specified in
the following. By mapping the holographic result for the two-point function of the vector
current to the 4D field theory calculation, one could fix g2

5 = 12π2/Nc [87]. In this work,
we will focus on the realistic case with Nc = 3.

In the original soft-wall model, the background metric is taken to simply be that of
five-dimensional Anti-de Sitter spacetime,

ds2 = 1
z2

(
dt2 − dxidxi − dz2

)
, (3.3)

with i = 1, 2, 3 representing the spatial dimensions and z the fifth radial dimension. More-
over, only the mass term is kept in the scalar potential which reads V (|X|) = m2

5 |X|2.
In order to have an operator with conformal dimension ∆ = 3, we fix m2

5 = −3. For
convenience, the AdS radius is also fixed to be L = 1. It is interesting to notice that this
simple construction accurately describes the spectrum of light vector mesons, including the
highly excited states [85].

To study the thermal properties of hadrons, finite temperature effects could be intro-
duced by considering black hole solutions. The temperature T is then identified with the
Hawking temperature of the black hole. A simple choice is to consider the AdS-Schwarzchild
black hole whose metric reads

ds2 = 1
z2

(
f(z)dt2 − dxidxi − 1

f(z)dz
2
)
, (3.4)

with
f(z) = 1− z4

z4
h

. (3.5)

10If you are interested in more flavors case, you can read the Nf = 4 case in [86].
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Here, zh is the horizon radius of the black hole, which is related to the temperature T by
zh = 1/(πT ).

As emphasized in refs. [65–67], the above model with Φ(z) = µ2
gz

2,m2
5 = −3, is not able

to describe spontaneous chiral symmetry breaking. On the contrary, it gives a vanishing
chiral condensate in the chiral limit (where all the quarks are massless). To introduce spon-
taneous chiral symmetry breaking, one has to modify either the dilaton profile [65–67] or
the 5D mass of the bulk scalar field X [88]. According to the study in ref. [67], the key point
of these modifications is to guarantee that the mass squared of the scalar meson vanishes
at a critical temperature Tc. Above such a critical value, the scalar mass squared becomes
negative and a second order phase transition occurs in the chiral limit (for more details, we
refer to ref. [67]). Additionally, a correct description of the meson spectra and of the low
temperature chiral condensate requires higher order corrections in the scalar potential. A
quartic term is the simplest correction that can be added. Taking all these considerations
into account, we will use the following extension of the original soft-wall model potential,

V (|X|) = m2
5(z) |X|2 + λ |X|4, (3.6)

where the z dependent 5D mass m2
5(z) takes the following form

m2
5 = −3− µ2

cz
2. (3.7)

Here, two additional parameters, λ and µc, have been introduced. Since the dilaton will
not be modified and its profile will remain as in eq. (3.1), the negative corrections in m2

5(z)
could also be thought as originating from the interaction between φ and X (e.g., a bulk
term of the form φ|X|2). However, here we will treat it as a simple phenomenological
model without caring about the microscopic origin of this term.

So far, we have three free parameters, µc, µg, λ, in the model. By comparing the
model predictions with the experimental data for the light mesons, the best fitting of these
parameters could be obtained as [88]

µg = 440 MeV, µc = 1450 MeV, λ = 80 . (3.8)

This choice reveals the presence of massless pions in the spectrum in the chiral limit,
confirming their Goldstone nature within this model [34, 70]. Also, when taking the physical
and finite values for the quark masses, it gives a pion mass of around 140MeV and a
reasonable value of chiral condensate, about 0.015GeV3 = (246MeV)3. In this work, we
would like to extend the study of this model to finite temperature and to focus on the
dissipative properties of the (pseudo-) Goldstone modes, i.e. the pions.

3.1 The pseudo-Goldstone modes in the soft-wall model

As mentioned above, the 5D matrix-valued scalar Xαβ is dual to the 4D operator ψ̄αψβ .
The spontaneous breaking of chiral symmetry is due to the non-zero expectation value for
the operator ψ̄ψ. Thus, in this case, we do expect a non-zero background field X. On
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the contrary, the meson states are treated as perturbations above the vacuum. Therefore,
following ref. [85], we take a simple ansatz for X given by

X = Σ
2 ei2ϕ . (3.9)

Here, Σ describes the chiral condensate and it is considered as a background field, while ϕ ≡
ϕaτa describes the perturbations of the phase, which is dual to the pseudo-Goldstone mode
(i.e. the pion meson). For convenience, other kinds of perturbations which are irrelevant
for our analysis will be neglected.

Inserting this ansatz into the action in eq. (3.2), one can easily derive the equation of
motion (EOM) for Σ as

Σ′′ +
(

3A′ + f ′

f
− Φ′

)
Σ′ − e2A

f

(
m2

5 + λΣ2

2

)
Σ = 0, (3.10)

where ′ indicates the derivative with respect to z. From this equation, one can obtain the
asymptotic solution near the UV boundary (z = 0) as

Σ(z) = mqζz + 1
4mqζ[(mqζ)2λ+ 4µ2

g − 2µ2
c ]z2 ln(z) + σ̄

ζ
z3 +O

(
z3
)
. (3.11)

From the dual field theory perspective, the two integration constants mq and σ̄ correspond
to the quark mass and the chiral condensate respectively, i.e.

mq = mu = md, σ̄ = 〈ψ̄ψ〉. (3.12)

The normalization constant ζ =
√
Nc/(2π) is introduced, in order to match the holographic

results of two-point function of the scalar operator to the 4D field theory calculation (for
more details, see ref. [87]).

At the horizon z = zh, Σ(z) has an asymptotic solution given by

Σ(z) = c0 + c0(c2
0λ− 2z2

hµ
2
c − 6)

8zh
(zh − z) +O[(zh − z)2], (3.13)

with c0 an arbitrary integration constant. Taking concrete values for the temperature T
(or equivalently the horizon radius zh) and the quark mass mq, and imposing regularity
conditions for Σ at the horizon, one can numerically solve eq. (3.10) and extract the chiral
condensate σ̄. For more details about the numerical algorithm, we refer the Reader to
ref. [70]. Following this scheme, the chiral condensate is self-consistently extracted dy-
namically, instead of being externally fixed as in the hard-wall model [84]. In the next
sections, we will apply these techniques and show the corresponding numerical results for
the condensate and other quantities.

After constructing the background solution with finite chiral condensate, we are in-
terested in the dynamics of the fluctuations on top of it. We take the four dimensional
wave-vector to be q = (ω, 0, 0, k). Using these notations, the fluctuations of the axial-vector
field divide into the transverse ones, a1 and a2, and the longitudinal ones, a0 and a3 in the
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az = 0 gauge. In the 4D momentum space, we can derive the linearised EOMs for coupled
fields a0, a3 and ϕ,

a0
′′+

(
A′−Φ′

)
a0
′−
(
k2 +e2Ag2

5Σ2

f

)
a0−

(
ωka0 + iωe2Ag2

5Σ2

f

)
ϕ= 0 , (3.14a)

a3
′′+

(
A′+ f ′

f
−Φ′

)
a3
′+
(
ω2−e2Ag2

5Σ2f

f2

)
a3 +

(
ωka3 + ike2Ag2

5Σ2f

f2

)
ϕ= 0 , (3.14b)

and

ϕ′′ +
(

3A′ + f ′

f
− Φ′ + 2Σ′

Σ

)
ϕ′ +

(
ω2 − k2f

f2

)
ϕ− i

(
ωa0 + kfa3

f2

)
= 0. (3.14c)

By using eqs. (3.14)(a), (b) and (c), the equation for the bulk field ϕ can be reduced to a
non-dynamical first-order differential equation which reads:

ikfa′3 + iωa′0 − e2AΣ2g2
5fϕ

′ = 0. (3.15)

To determine the two point Green’s functions, we consider the on-shell action for the
longitudinal axial-vector and pseudo-scalar channels which is given by

Son = − 1
2g2

5

∫
dq4
{
eA(z)−Φ(z)[a0(−q, z)a0

′(q, z)

−a3(−q, z)f(z)a3
′(q, z)

]
+ e3A−Φg2

5f(z)ϕ(−q, z)

×Σ(z)2ϕ′(q, z)
}
z=ε

, (3.16)

with ε an infinitesimally small constant representing our UV cutoff.
When the quark mass is finite, i.e. mq 6= 0, the SU(2) symmetry is explicitly broken

and the second order chiral phase transition turns to be a crossover. The leading order
of the asymptotically solution of Σ(z) is mqζz. As a result, at the boundary z = 0, the
asymptotic solutions to eqs. (3.14) behave as

a0(z) = at0 + atlz
2 ln(z) + at2z

2 +O(z3), (3.17a)
a3(z) = ax0 + axlz

2 ln(z) + ax2z
2 +O(z3), (3.17b)

ϕ(z) = ϕ0 + ϕlz
2 ln(z) + ϕ2z

2 +O(z3), (3.17c)

with

atl = −1
2
[
ω(at0k + ax0ω)− (mqζ)2g2

5(ax0 − ikϕ0)
]
,

axl = 1
2
[
k(at0k + ax0ω) + (mqζ)2g2

5(at0 + iωϕ0)
]
,

ϕl = 1
2[i(at0ω + ax0k)− (ω2 − k2)ϕ0],

in which at0, ax0, at2, ax2, ϕ0 and ϕ2 are integration constants. Since the second order
differential equation for ϕ can be reduced to a first order equation, one can express ϕ2 in
terms of the other integration constants

ϕ2 = i(at2ω + ax2k)
g2

5(mqζ)2 . (3.18)
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Considering these asymptotic solutions, the on-shell action reduces to a boundary term,

Son = −
∫
dq4

{
at0(−q)at2(q)

g2
5

− ax0(−q)ax2
g2

5
+ ϕ0(−q)ϕ2(q)(mqζ)2

}
(3.19)

where higher-order corrections are not shown. According to the holographic dictionary,
we take at0(q) and ax0(q) as the 4D field theory sources for the axial vector current Aµ
and 2ϕ0mqζ as the source for the 4D pion operator π, respectively. Consequently, the
subleading terms in the expansions at2

g2
5
, ax2

g2
5

and (1/2)ϕ2mqζ represent the expectation
values for the corresponding field theory operators.

Following the standard prescriptions, we derive the retarded Green’s functions by tak-
ing the second derivative of the on-shell action with respect to the corresponding sources.
From eq. (3.19), the correlator for the dimensionless pion field (i.e. the phase) is then given
by11

Gϕϕ(q) = δSon
2m2

q σ̄
2δϕ0(−q)δϕ0(q)

= 1
(2mqσ̄)2

2ϕ2(q)(mqζ)2

ϕ0(q)

= 1
(2mqσ̄)2

2i[at2(q)ω + ax2(q)k]
g2

5ϕ0(q)
. (3.20)

In order to compute the retarded correlator, the appropriate boundary conditions at
the horizon must be imposed [89]. For that purpose, we consider “incoming” boundary
conditions at the horizon, z = zh. We then obtain the solutions close to the horizon which
are given by

a0(z) = (zh−z)−
iω

4πT

{
− 4(ab0kz2

h+4ic2
0π

2ϕb0)
(4i+zhω)z2

h

(zh−z)+O[(zh−z)2]
}
− iϕb1ω, (3.21a)

a3(z) = (zh−z)−
iω

4πT

{
ab0 +

{4π2c2
0ϕb0k

4i+ωzh
+ab0zhω

[
z2
hk

2

4i+ωzh
+ 4c2

0π
2

zhω
(3.21b)

+
i(8z2

hµ
2
g+3izhω−2)

4

]}/[
2zh(2− iωzh)

]
(zh−z)+O[(zh−z)2]

}
+ iϕb1k,

ϕ(z) = (zh−z)−
iω

4πT

{
ϕb0 +

{2(c2
0π

2ϕb0ω−ab0zhk)
(2i+zhω)(4− izhω) (3.21c)

+ϕb0

[4izhk2−c2
0λω+zh(2zhµ2

c−8zhµ2
g−3iω)ω

8(2i+zhω)

]}
(zh−z)+O[(zh−z)2]

}
+ϕb1,

where ab0, ϕb0 and ϕb1 are integration constants. Combing the boundary and horizon
expansions, eqs. (3.17) and (3.21), one can numerically find unique solutions for bulk
EOMs in eqs. (3.14).

From the holographic model, one can extract further information about the dynamics of
pions. First, the pion decay constant is defined as fπqµ = 〈0|Aµ|π(q)〉 at zero temperature,
in which |0〉 is the vacuum state and |π〉 the one-pion state. For the zero temperature case,

11To verify the validity of this procedure, in appendix A, we compare our results with those in refs. [77, 78].
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there are some studies in the holographic AdS/QCD models [69, 84]. At finite temperature,
Lorentz symmetry is broken. Therefore, the pion decay constant at finite temperature
splits into a time component ft and a space one fs. Following the analysis in ref. [84], the
generalized pion decay constants are given by

f2
t = − 2at2(0)

at0(0)g2
5
, f2

s = − 2ax2(0)
ax0(0)g2

5
. (3.22)

By looking at the solution around the boundary, one can find that in ref. [84] the term
(F [q, z]/mq) appears. This term is clearly divergent in the chiral limit, mq approaching
zero, and therefore the results of ref. [84] must be revisited for zero quark mass.

In order to do that, we observe that, in the chiral limit, the expansions of the solutions
at the horizon remain unchanged. Since the leading term of the expansion for Σ becomes
(σ̄/ζ)z3 setting mq = 0, the asymptotic solution of ϕ turns to be

ϕ(z) = z−2
{
ϕ̄0 + 1

2(q2 − 2µ2
g + µ2

c)ϕ̄0z
2 ln(z) + ϕ̄2z

2 +O(z3)
}
, (3.23)

with ϕ̄0 = − i(at2ω+ax2k)
g2

5(σ̄/ζ)2 . Thus, the on-shell action becomes

S′on = −
∫
dq4
{
at0(−q)at2(q)

g2
5

− ax0(−q)ax2
g2

5
− ϕ̄0(−q)ϕ̄2(q)(σ̄/ζ)2

}
. (3.24)

According to the holographic dictionary, the quantity 2ϕ̄0(q)σ̄/ζ has to be identified as the
source for pion operator and σ̄/(2/ζ)ϕ̄2(q) as its expectation value. Following the same
steps as before, the correlator for the phase field ϕ is given by12

Gϕϕ(q) = δS′on
4(σ̄/ζ)4δϕ̄0(−q)δϕ̄0(q)

= − 1
(σ̄/ζ)2

ϕ̄2(q)
2ϕ̄0(q)

= ϕ̄2(q)g2
5

2i[at2(q)ω + ax2(q)k] . (3.25)

4 Results

Based on the above discussion, we are now in the position to explore all the features of our
holographic model. In this section, we will present the main results of our work.

4.1 The chiral condensate and phase transition

The Goldstone modes are tightly related with the spontaneous chiral symmetry breaking,
whose order parameter is given by the chiral condensate σ̄ ≡ 〈ψ̄ψ〉. In figure 1, we show the
behavior of the chiral condensate σ̄ in function of the reduced temperature T/Tc for different
values of the quark mass mq. The result in the chiral limit, mq = 0, corresponds to the

12In appendix A, we have verified that our holographic results in the chiral limit are consistent with the
thermal chiral effective field theory (EFT) analysis of refs. [77, 78].
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mq=40 MeV

mq=20 MeV

mq=10 MeV

mq=3.22 MeV

mq=1 MeV

mq=0 MeV

0.2 0.4 0.6 0.8 1.0 1.2 1.4
T /Tc

0.005

0.010

0.015

σ (GeV3)

Figure 1. The chiral condensate σ̄ ≡ 〈ψ̄ψ〉 as a function of the Tc normalized temperature T/Tc,
for different values of the current quark mass mq. The black solid line represents the result in
the chiral limit, which implies a second order phase transition at Tc = 163MeV. The red, blue,
purple, orange dashed and cyan dotted lines represent the results for mq = 1, 3.22, 10, 20, 40MeV
respectively, and show a smooth crossover.

solid black line therein. In that limit, the chiral condensate σ̄ is finite at low temperature
and reaches a constant value ≈ 0.015GeV3. At the critical temperature, Tc ≈ 0.163MeV,
the chiral condensate vanishes following a square root law, ∝

√
Tc − T , typical of mean

field second order phase transitions. Above the critical temperature, we have the chiral
symmetry restored phase with zero condensate, usually also labelled as the normal phase.

Then, we assume a finite and increasing quark mass, mq = 1, 3.22, 10, 20, 40 MeV,13

and re-compute the chiral condensate in those cases. The results are shown by the red,
blue, purple, orange, cyan lines in figure 1 respectively. There, we can see that when
the quark mass becomes finite, the chiral condensate at low temperature becomes larger
than its value in the chiral limit. This might be due to the contribution from the explicit
symmetry breaking. Moreover, the condensate σ̄ does not vanish at any temperature. A
finite tail appears in the high temperature region, which could be considered as the pure
contribution from the quark masses. Near Tc, we could see that the transition from the
broken phase to the symmetry restored phase is no longer sharp. Instead, it becomes
a continuous crossover. This is reasonable, since the finite quark mass breaks the exact
symmetry explicitly rendering the notion of spontaneous symmetry breaking imprecise.14

4.2 Pions in the chiral limit

After extracting the information about the chiral phase transition from the order param-
eter, we continue to investigate the dynamical and thermal properties of the low-energy
(quasi-)particles. In this section, we will focus on the case with massless quarks. We start
by studying the properties of the Goldstone modes, the pions.

13Here, when mq = 3.22 MeV (blue line), the pion mass in the vacuum is around the physical value
139.5 MeV. Therefore, we will consider this value as the “physical quark mass”.

14Notice how that is not necessarily always the case. See for example the discussions in [39, 90].
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Figure 2. The low frequency behavior of the Goldstone correlator. (a) ω2Re[Gϕϕ] and (b)
−ωIm[Gϕϕ] as a function of ω at k = 0. The thermodynamic susceptibilities extracted from
the low-frequency limit of the dynamical Goldstone correlator, eq. (2.3). (c) The dimensionless
axial charge susceptibility 1/f2

t and (d) the Goldstone diffusivity Ξ as a function of the reduced
temperature T/Tc.

From eq. (2.5), the pion diffusivity can be obtained from the ratio of the dissipative
coefficient Ξ and the Goldstone susceptibility χϕϕ. These two quantities can be extracted
from the temporal correlations in eq. (2.10).

We take mq = 0 and compute the dynamical correlation function of the Goldstone
modes Gϕϕ(ω, k = 0) numerically. The results are shown in panels (a) and (b) of figure 2,
where we have taken T = 70, 90, 110, 130, 150, 160MeV (cyan, orange, purple, blue, red,
black lines respectively). In order to show the scaling behavior near ω = 0, we have
rescaled the real part and the imaginary part of Gϕϕ with additional factors of ω2 and ω
respectively. From the figures, one can easily seen that both the rescaled real and imaginary
parts are almost constant when ω is small. Thus, we have

ReGϕϕ(ω, k = 0) ∝ ω−2 , ImGϕϕ(ω, k = 0) ∝ ω−1 , (4.1)

which is exactly of the same form as eq. (2.3).
Then, f2

t and Ξ could be obtained numerically from the values of the reduced real
and imaginary parts in the limit of small frequency. The numerical results are given in
figure 2(c) and (d) respectively. From figure 2(c), we could see that, at low temperature,
1/f2

t (T = 20MeV) = 1/0.0048 (GeV)−2, which is very close to the square of the zero tem-
perature value, 1/f2

t ≈ 1/0.0049 (GeV)−2 [88]. Then, it decreases with increasing the tem-
perature and reaches a finite value around 1/f2

t (T = 163MeV) = 1/0.0090 (GeV)−2 near Tc.
This implies that ft is finite at Tc, which is consistent with the analysis in refs. [77, 78]. From
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Figure 3. The reduced temperature dependence of the dimensionless diffusivities Dϕ and DQ.
The inset is a zoom for T/Tc in the range [0.75, 1].

Δ

Δ

Δ

0.2 0.4 0.6 0.8 1.0
T /Tc0.0

0.2

0.4

0.6

0.8

1.0

v0
2

(a)
XXX

0.2 0.4 0.6 0.8 1.0
T /Tc

10-29

10-19

10-9

10
DA(GeV

-1) (b)

Figure 4. (a) The pion velocity v2
0 in the chiral limit in function of the reduced temperature

T/Tc. The horizontal gray dashed line is as a guide to the eye. (b) The attenuation constant DA

in function of the reduced temperature T/Tc. The solid line are the values extracted using the
quantities appearing in the various correlators. The symbols are the values extracted by fitting the
numerical dispersion relations in figure 5.

figure 2(d), Ξ vanishes at low temperature, as expected for any dissipative coefficient. Along
with the increasing of temperature, Ξ increases and becomes of order 104(GeV−3) near Tc.

After obtaining numerically the susceptibility ft and the dissipative coefficient Ξ, it is
straightforward to get the Goldstone diffusivity Dϕ from their ratio. In figure 3, we show
the Goldstone diffusivity Dϕ together with the charge diffusivity DQ extracted from the
ratio between the conductivity σQ in eq. (2.6) and the corresponding susceptibility ft. The
two diffusivities display a similar behavior as a function of the reduced temperature T/Tc.
More precisely, they vanish at low temperature and they approach a constant value close
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Figure 5. (a) The real and (b) imaginary part of the dispersion relation in the chiral limit. The
gray dashed line guides the eyes towards the light-like dispersion, Re[ω] = k.
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Figure 6. The value of the r2 parameter defined in eq. (2.24). The symbols are the fitting results
from the dispersion relations shown in figure 5. The dashed line indicates the chiral perturbation
theory value r2 = 3/4 [83].

to the critical point T ≈ Tc, {Dϕ(T = 163MeV) = 0.7269(Gev−1) , DQ(T = 163MeV) =
0.6815(Gev−1)}.15

We then move to the discussion of the pion velocity and attenuation constant, v2
0, DA

(where the subfix 0 indicates the chiral limit). According to the definition of the sound
velocity in eq. (2.7), we extract the results and show them in figure 4(a). The pion velocity
approaches the speed of light at low temperature and, as expected, it goes to zero at the
critical temperature as:

v2
0 ∝ (Tc − T ) . (4.2)

15In general, the sound attenuation constant DA is expected to scale as DA ∝ (1 − T/Tc)ν(d−4)/2 [78]
where ν is the critical exponent determining the class of universality of the critical point. The holographic
model we used in this paper belongs to the mean field universality class, i.e. ν(d− 4)/2 = 0. Therefore we
consistently find that DA → const. for T → Tc.
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Figure 7. The combination −(k2 +m2
scr)(m2

scr/k
2)Gϕϕ(k): (a) at different temperatures and fixed

mq = 3.22MeV and (b) at different quark masses and T = 100MeV. (c) The pion decay constant.
(d) The temperature dependence of screening masses for different quark masses.

The attenuation constant, DA = Dϕ + DQ, is shown in the panel (b) of figure 4. It goes
from a constant value at the critical point Tc to zero in the limit of T → 0.

To confirm our computations, we numerically obtain the dispersion relation of the
pions in the chiral limit. The results are shown in figure 5 for three different temperatures.
We find that the dispersion relation is consistently described by eq. (2.1) in the small
wave-vector limit. By fitting the dispersion relations, we can then find the value of the
attenuation constant DA and the sound speed v0. The results are shown with colored
symbols in figure 4 and are in perfect agreement with the predictions from the correlators
(solid lines therein).

Finally, in figure 6, we show the r parameter defined in eq. (2.24). It is predicted to be
equal to 3/4 in the limit of zero temperature using chiral perturbation theory (see ref. [83].
In our holographic model, we find that r2 approaches 1 in the zero temperature limit. It
monotonously decreases by increasing temperature and reaches a constant value ≈ 0.5 in
the limit T → Tc. We will comment about this outcome in the conclusions.

4.3 Pions as pseudo-Goldstone modes

So far, we have focused on the chiral phase transition and the dynamics of the pions in
the chiral limit where the masses of the quarks are assumed to be zero. However, in real
world, chiral symmetry appears to be softly broken since the quarks are not massless. We
therefore extend here the discussion in presence of a small quark mass.

We start by considering the behavior of the pion correlator in the static limit, ω = 0. In
panels (a) and (b) of figure 7, we plot the combination −(k2 +m2

scr)(m2
scr/k

2)Gϕϕ(ω = 0, k)

– 19 –



J
H
E
P
1
2
(
2
0
2
2
)
1
1
3

mq=1 MeV

mq=3.22 MeV

mq=10 MeV

mq=20 MeV

0.2 0.4 0.6 0.8 1.0
T /Tc

0.85

0.90

0.95

1.00

(mqσ)/(fs
2mscr

2)

Figure 8. The validity of the GMOR relation at finite quark masses. The horizon gray dashed
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as a function of the momentum k at different temperatures and different quark masses. At
low momentum, all the curves approach a constant value which is well described by the
leading order approximation of the static Green’s function, eq. (2.10). From such a limit
we can define the pion decay constant as f2

s = 1/χϕϕ. As evident in eq. (3.22), we can
calculate the finite pion decay constant using the solution of the axial-vector field equation
at the singularity pole q = 0. As shown in figure 7(c), the pion decay constant decreases
with temperature and goes to zero near Tc in the limit of zero quark mass, mq = 0. In
the chiral limit, the pion decay constant behaves as f2

π ∝ |T − Tc| near the critical point.16

Away from the chiral limit, the pion decay constant does not goes anymore to zero at the
bare critical temperature Tc and it has a finite tail reminiscent of the behavior of the chiral
condensate in figure 1. Following the same analogy, the value of the pion decay constant
grows with the quark mass mq. At last, in figure 7(d),17 we plot the pion screening mass
as functions of temperature for different quark masses. The screening mass is related to
the inverse of the correlation length (ζ) and increases monotonically with temperature. In
the chiral limit mq = 0, the screening mass equals to zero in the chiral broken phase and
behaves as m−1

scr = ζ ∝ |T − Tc|−ν with ν = 0.5 in the chiral restored phase [34]. This is
yet another manifestation of the mean-field nature of the critical point in the chiral limit.

Since we already have the pion decay constant, the sigma condensate and the screening
mass, we can immediately verify the validity of the famous GMOR relation

f2
sm

2
scr = 2mqσ̄ (4.3)

16Our numerical fit gives a power scaling |T − Tc|1.2. The deviation from the expected linear power is
just a result of numerical accuracy and of a too small number of points close to Tc.

17The data for the pion screening mass in the chiral limit is obtained from ref. [34].
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Figure 9. Real part (Re[ω]) and imaginary part (−Im[ω]) of the dispersion relation of the pions
at (a) and (d) T = 80MeV; (b) and (e) T = 100MeV; (c) and (f) T = 130MeV. The gray dashed
lines guide the eyes towards the light-like dispersion, Re[ω] = k.

valid in the limit of finite but small quark masses. We plot the ratio 2mqσ̄/(f2
sm

2
scr) as a

function of T/Tc in figure 8. In the limit of small quark masses, the ratio is very close to
1 apart from a very small region close to the critical temperature. Close to Tc, the quark
condensate becomes very small and we are not anymore in the limit of pseudo-spontaneous
breaking of chiral symmetry since the explicit breaking term, the quark mass, becomes
larger than the spontaneous scale, the condensate. Our analysis indicates that the GMOR
relation works well in the chiral symmetry broken phase when the quark mass is very small.
By increasing the value of the quark mass, which parametrizes the explicit breaking scale,
the GMOR ceases to be accurate. Nevertheless, we interestingly find that the GMOR value
still acts as a lower bound for the pion mass:

m2
scrf

2
s ≥ 2mqσ̄ . (4.4)

The larger the quark masses, the more the pion mass deviates from such a lower bound. It
would be interesting to verify whether this outcome is a general property or it is specific
to our holographic model. We are not aware of any discussion of this sort in the literature.

We are now ready to look at the dispersion relation of the pseudo-goldstone modes, the
pions away from the chiral limit. In figure 9 we show the dispersion relation as a function
of the quark mass for different values of temperature. At small wave-vector, the dispersion
relation of the pions is well approximated by eq. (2.19) where the renormalized energy ω
is given in eq. (2.20) and the k−dependent damping Γk by the expression in eq. (2.22).
A lot of information can be extracted from the dispersion relation. First, the real part
of the frequency at zero wave-vector gives the pole mass, i.e. mp = Re[ω(k = 0)]. We
plot the pole mass as a function of T/Tc for different mq in figure 10(a). The pole mass
increases with the quark mass as expected. Using the values for the screening mass in
figure 7(d), we can calculate the sound velocity v as described in eq. (2.21). We plot the
ratio between v2 and the square of sound velocity in the chiral limit v2

0 as a function of
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T/Tc in figure 10(b). At low temperature, the sound velocity approaches its value in the
chiral limit. More precisely, we see that the ratio is approximately one up to T/Tc ∼ 0.6.
Approaching the critical point, the ratio grows rapidly and it increases with the value of the
quark mass. As shown in the inset, the velocity always approaches the speed of light in the
zero temperature limit and decreases with the increasing temperature. In order to confirm
that the pion velocity extracted from eq. (2.21) is correct, we present also an alternative
derivation. In particular, we directly fit the pion dispersion relation with the formula

Re[ω(k)] =
√
m2
p + v2k2 . (4.5)

Part of the data for the dispersion relations are shown in figure 9. In panel (b) of figure 10,
we indicate the results from the fitting with open symbols for three different temperatures
and different values of the quark mass. We find perfect agreement between the velocity ex-
tracted with eq. (2.21) and that obtained by fitting the real part of the dispersion relation
with eq. (4.5).

Always from the dispersion relation, the imaginary part corresponds to the damping
Γk (or thermal width) as defined in eq. (2.23). Here, we are particularly interested in its
value at k = 0 which corresponds to the phase relaxation rate Ω as defined in eq. (2.13).
The numerical results for Ω are shown in figure 11. Panel (a) of figure 11 displays the phase
relaxation rate as a function of T/Tc. The inset shows the details in the low temperature
regime. Panel (b) shows the phase relaxation rate as a function of the quark mass mq. Away
from the critical point, for T � Tc, the phase relaxation rate is linear in the quark mass:

Ω ∝ mq . (4.6)

On the contrary, close to the critical point, T ≈ Tc, it satisfies a scaling relation:

Ω ∝ mνz/(βδ)
q (4.7)

with the critical exponents β = 1/2 and δ = 3. This behavior is consistent with the analysis
of the critical point in ref. [91]. This observation is also compatible with the nonlinear scal-
ings found for the GMOR relation and for the phase relaxation rate in certain holographic
models with broken translations [37, 90, 92].

4.4 The relaxation rate of pions

Finally, we are in the position to verify the universal damping relation Ω = Dϕm
2
scr which

is expected to be valid for any pseudo-Goldstone modes. In figure 12, we plot the dimen-
sionless ratio Ω/(m2

scrDϕ) as a function of reduced temperature T/Tc for different values
of the quark mass. Whenever the explicit symmetry breaking parameter mq is small, this
ratio is equal to 1 in almost all the range of temperatures apart from a very small region
close to the critical point. Around the critical point, once more, the condensate becomes
small and therefore the pseudo-spontaneous limit ceases to be valid. Moreover, if the break-
ing parameter becomes large, the universal relation is gradually breaking (as expected) at
any temperature. Still, for reasonable values of the mass, the universal relation still holds
approximately well at intermediate temperatures. Finally, let us notice how this relation
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Figure 10. (a) Temperature dependence of the pole mass mp with different quark masses. (b) The
square of the sound velocity v as a function of the reduced temperature T/Tc. The open symbols
are the values of the sound speed obtained by fitting the dispersion relations in figure 9 with the
formula Re[ω] =
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p + v2k2. The inset figure shows the ratio between the velocity at finite quark
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Figure 11. (a) The phase relaxation rate Ω as a function of the reduced temperature T/Tc for
different quark masses mq. The inset is a semi-log plot of the same data. (b) The same quantity
as a function of mq for different T . The dashed lines are fitting results to a power-law scaling of
the form Ω ∝ mb

q. We have b ≈ 0.62 at T = 163MeV and b ≈ 0.98 at T = 116MeV.

appears to be violated in both directions. This means, that, differently from the GMOR
relation and the pion mass, there is no lower or upper bound for the phase relaxation rate
Ω away from the chiral limit.

5 Outlook

In summary, we have studied in detail the low-energy dynamics of pseudo-Goldstone modes
(pions) in a holographic soft-wall QCD model with SU(2)L × SU(2)R broken symmetry at
finite temperature. By matching to the hydrodynamics framework [53], we have extracted
the dissipative transport coefficients and the dispersion relation of the pNGMs. The holo-
graphic model serves as a “microscopic” description of the pions dynamics which could play
a role complementary to the kinetic theory [83] and simulations [54] approaches. As a direct
test of the results in [53], and more generally in [46, 50], we have numerically verified the
universal relation for the damping of pseudo-Goldstone modes, eq. (1.3), which was previ-
ously verified only in toy models with U(1) symmetry [39] or for the case of translations [36].
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There are several direct questions which need to be addressed. As a concrete example,
following [49, 53], it would be interesting to compute the effects of a finite pion mass on
the QCD transport properties such as the shear viscosity or the axial conductivity and
investigate further the scaling behaviors of the transport coefficients close to the critical
point. A different question regards the value of the parameter r2 and the observed devia-
tions from the chiral perturbation theory value 3/4 [83] together with their meaning and
universality (e.g. in different holographic QCD models). Is it an effect of strong coupling?
Is it an effect of large-N? Further investigation in this direction is needed.

Additionally, in our analysis the dynamics and role of the amplitude mode (the σ

meson) has been completely neglected. Close to the critical temperature, the effects of
the amplitude mode could be dramatic (see for example [93]).18 Moreover, whenever the
symmetry is also broken explicitly a clear separation between the massless Goldstone modes
and the amplitude mode is missing even away from the critical point. This could produce
even stronger effects. It would be interesting to enlarge the hydrodynamic framework by
considering the amplitude mode and use holography as a tool in this direction as initiated
in [80, 81].

Finally, it would be fruitful to extend our analysis to the time dependent dynamics
and analyze the thermalization properties of this system near the critical point as done in
the chiral limit in [91].

We leave some of these questions for the near future.

18This could be simply understood from the fact that the amplitude mode becomes massless at Tc.
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our benchmark example discussed in appendix A. The colored red and blue dashed lines are the
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the UV shooting.
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A Comparison between the holographic result for GR
ϕϕ and the thermal

chiral effective field theory predictions

In this work, we focused on the dissipative properties of soft pions, which are intrinsically
embodied in the pion correlators. Thus, it is very important to verify the validity of the
procedure to extract the correlators derived within the holographic soft-wall model. In
this appendix, we compare the results for the holographic correlators to the correlators
obtained in thermal chiral effective field theory in refs. [77, 78].

In section 3.1, we have introduced the correlator of the pion operator in the soft-wall
AdS/QCD model. To obtain the correlator, we calculate the three coupled second-order

– 25 –



J
H
E
P
1
2
(
2
0
2
2
)
1
1
3

-Gφφ(0,k)

-
mscr

2

k2
Gφφ(0,k)

1/[fs
2(k2+mscr

2)]

0.06 0.07 0.08 0.09 0.10

15000

20000

25000

k (GeV)

G
φ
φ
(0
,k
)
(G
eV

-
4
)

(a) -Gφφ(0,k)

-
mscr

2

k2
Gφφ(0,k)

1/[fs
2(k2+mscr

2)]

0.13 0.14 0.15 0.16 0.17 0.18
4000

5000

6000

7000

8000

k (GeV)

G
φ
φ
(0
,k
)
(G
eV

-
4
)

(b)
T= 130 MeV

1/(fs2 k2)

0 5.×10-7 1.×10-6 1.5×10-6 2.×10-6

1014

1015

1016

1017

1018

k (GeV)

G
φ
φ
(0
,k
)
(G
eV

-
4 )

(c)

Figure 14. The comparison of Gϕϕ(0, k) at T = 130MeV between the holographic numerical
results and the results from thermal chiral effective field theory obtained in refs. [77, 78]. (a)
mq = 1MeV;(b) mq = 3.22MeV; (c) chiral limit, mq = 0. The vertical gray dashed lines mark the
momentum positions k2 = m2

scr.

differential equations in eqs. (3.14). At the AdS boundary, we have three solutions (3.17)–
(3.23) with six undetermined integration constants, at0, at2, ax0, ax2, ϕ0 (or ϕ̄1) and ϕ2
(or ϕ̄2).19 Near the horizon, we have asymptotic solutions (3.21) with three undetermined
integration constants (ab0, ϕb0, ϕb1). Besides, the frequency ω and wave-vector k appear
also in the coupled equations.

Since these are linear equations, one can set one of the integration constants to a fixed
value. For convenience, we fix ϕb0 = 1. We solve the equations using the so-called “double
shooting method”, in which the equations are integrated shooting both from the horizon
z = zh and the UV boundary z = 0 and then matched at an intermediate radial position,
0 < z0 < zh.

As a concrete example of this procedure, we consider the pion correlator in eq. (3.20) at
T = 90MeV, k = 1MeV and mq = 1MeV. Since we are not interested in other correlators,
we set the source for the gauge field operator A0 and A3 to be zero, i.e. at0 = ax0 = 0. To
obtain the pole of the correlator, one needs to search for the value of the frequency ω which
satisfies the zero source boundary condition at the UV boundary, ϕ0 = 0. To continue, we
have five undetermined integration constants, at2, ax2, ϕ2, ab0 and ϕb1, one free parameter,
the frequency ω, and six matching conditions. The latter are given by the continuity of
the bulk functions and their first derivatives at the matching point z0,

ab0(z0) = ah0(z0) , ab3(z0) = ah3(z0) ,
ϕb0(z0) = ϕh0(z0) , ∂za

b
0(z0) = ∂za

h
0(z0) ,

∂za
b
3(z0) = ∂za

h
3(z0) , ∂zϕ

b
0(z0) = ∂zϕ

h
0(z0) (A.1)

in which the indices b and h label respectively the numerical solutions solved with boundary
conditions from the UV, z = ε, or with horizon conditions from the horizon z = (1− ε)zh.
In our numerics, we take ε = 10−6. Besides, we numerically obtain the chiral condensate
σ̄ = 0.0149 GeV3 and c0 = 0.756149GeV through the EOM for Σ(z) in eq. (3.10) using
a similar method. We plot the numerical results form the various bulk functions A0(z),
A3(z) and ϕ(z) in figure 13. The two sets of solutions for the functions A0(z), A3(z), ϕ(z)
and their first derivatives are continuous at the matching point z0. In this case, the choice

19Considering the reduced functions in eq. (3.15) would cancel out one of the integration constants.
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of parameters which satisfies all the matching conditions is given by:

at2 = 0.527998 + 0.035872i GeV2 ,

ax2 = −0.006417− 0.000432GeV2 ,

ω = 0.074525− 0.000023i GeV ,

ϕ2 = −886.85 + 13114.6 GeV2 ,

ab0 = 0.010709 + 0.000357i GeV ,

ϕb1 = −5.600 + 67.91i GeV2 .

If we are not only interested in the poles of the correlator but in its full structure, the proce-
dure is slightly different. We now keep the value of the frequency ω as an external parameter
and solve on the contrary the matching conditions in terms of the integration constant ϕ0.

To verify the validity of the correlator in eq. (3.20), we compare Gϕϕ(q) at T = 130MeV
as a benchmark example. The expected form for such a correlator is given by [77, 78]

Gϕϕ(0, k) = − 1
f2
s (k2 +m2

scr)
. (A.2)

In figure 14(a) and (b), we choose mq = 1MeV and mq = 3.22MeV and we plot the static
correlator Gϕϕ(0, k) as a function of the wave-vector k. We expand the correlator around
k2 = m2

scr and only retain the leading term (m2
scr/k

2)Gϕϕ. The dashed lines are the results
from eq. (A.2) with the pion decay constants obtained through eq. (3.22), f2

s = 0.003772
and 0.003892 GeV2, respectively. In figure 14(c), we follow the same procedure in the chiral
limit, mq = 0. We compare once more the holographic results with those from eq. (A.2)
in which the pion decay constant f2

s = 0.003718 GeV2 is obtained using eq. (3.22). When
the quark mass is small, we find that the holographic results are in perfect agreement
with the predictions from thermal chiral effective field theory confirming the validity of our
computations.
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