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From Triangle Singularity
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Structures

Processes
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Motivation: From Triangle Singularity

, d4 1 1 1
. | 9 N2 2 L2 2 5 2 -
! B (P —q) m3i + i€ q ms5 + i€ (pe — q) m35 + i€

~ /dscj’[Resl(mA + w1(q) — i€) + Res2(wo(q) — ie) + Res3(E. + w3 (pPe — §) — i€)]
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/ \ >c c da = Gon —I_ i . ,
el 2O T Ec—\/qz—i—m%—\/ﬁ%—l—q2—|—m§—2|pc|q0089+z6:o
Coleman-Norton Theorem .
A Classical Process Triangle Singularity qb = Qon—1€ —— Pinch
(1) All particles are on mass—shell; requires the pole at cosf — or 1 - Tnd .
= t
(2) Particle 3 catch up particle 2. d b 7( nd poin
EC -V qgn + m% o \/15'20 + qgn + m% o 2|ﬁC|Qon(7(Or 1) =0
- : End point —
Singularit q Qon — \pc\(;/for 1)\ . .
wo poles pinc 2.
: h ’ R (vg —v3) <0
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Motivation: From Triangle Singularity -

T @ QE;
B : : |
Singularity |
_» End point _'_ﬁ\"l' """"
. ,
D Two poles pinch ’ -7
I‘::_g___x
B
2 3 C Question:
A How to determine the
singularity conditionofa % &
4 D single loop withn > 3 = 4
1 intermediate states ? :ﬁt:h
~1/(/Scp — mps) E
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Landau Formulas => Geometric method

d4kd4z- .
« Loop integral f ,  Feynman Parameterization
Ageer

PSP
A1A2A3 (d1A1+a2A2+...+anAn)n

« Denomintor function f = a141 + a4, + - =@ + K(k,[,---)
« The divergence condition:

Pay_y

« VA;=qF—m?=0-q?=m? (ora; =0) =>on shell condition o
0A; 0A;
* @ LG =y = =0, Yty oiqi + Xjy - @jq; =0

=> Complicated Algebra Expansion
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Landau Formulas => Geometric method

41,947, .. . ]
« Loop integral f Bd kd 1 , Feynman Parameterization

3..

—(n—1)'f R L )
(A1A1+aAx++anAp)™

« Denomintor function f = a141 + a4, + - =@ + K(k,[,---)
« The divergence condition:.

A1A2A3

Pay_y

« NA;=qf—mZ=0-¢qf =m? (ora; =0) =>on shell condition Pay
0A; 0A;
(2) Ziaiﬁzziaiﬁz -=0,-— Zl 1“1% Z —N— ka]q]—O

=> Complicated Algebra Expansion
Translate this condition to a geometric condition:

One point should be in a Hypercube which is constructed by outgoing four momenta.

L. D. Landau, Nucl. Phys. 13, no.1, 181-192 (1960) —— A bit different from Landau’s work

Then it is easy to extract physical condition, even by eyes! A0 Triangle Singularity
P s an example
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Triangle Singularity

4
« Triangle Loop integral fAquz , conditions (1) g2 = m#, (2) Y a;q;
14243

=> —a1qq1 — 0292 + az3q3 =0
1. Point Q should be the left of B since E > 0 for the on shell

2. Point Q should be in the triangle since a; are all [0,1].
3. Point Q should be on the plain of ABC. B!




Triangle Singularity

conditions (1) g2 = m#, (2) Y a;q;

« Triangle Loop integral fA A A
142 3

=> —a1q1 — azq; + azqz =0

1. Point Q should be the left of B since E > 0 for the on shell
2. Point Q should be in the triangle since a; are all [0,1].
3. Point Q should be on the plain of ABC.

L. D. Landau, Nucl. Phys. 13,
no.l, 181-192 (1960)
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Triangle Singularity

. Triangle Loop integral [ -2 conditions (1) g2 = m#, (2) Y a;

A1A2A3
=> —a1q1 — a9, + azqz; =0

1. Point Q should be the left of B since E > 0 for the on shell
2. Point Q should be in the triangle since a; are all [0,1].
3. Point Q should be on the plain of ABC.

L. D. Landau, Nucl. Phys. 13,
no.l, 181-192 (1960)

By eyes, the slope of BQ is
larger than that of QC,
corresponding to v, > vs.
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3-dim
tetrahedron




Box Singularity |

P P Co S'dlm
C
De tetrahedron
qz
1 qs3
Pa qa Pp
—> > >—

1. Point C is just on the plain of ABD
all momenta on the same line.

2. Point C is in the front of the plain of ABD
{E. Dx, D, } three dimensions system

A Pa
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Box Singularity

1. Cisjust on the plain of ABD
all momenta on the same line.

P
Pc
d1 P
Pa q 43 pp
—>/L 3

(4>vc>vD>O>vB (5)vc>0>vl) (6)UB>O>UC

@ rensmxsy o . S A

University of Chinese Academy o



Box Singularity 3-dim
tetrahedron

Condition:

V314> 0>v;5,4

Vya —Vla Vg — V34
+ <0

—V214 V314

2. C is in the front of the plain of ABD
{E., Dx, Dy} three dimensions system

PB Box K& it 7%

Jia-Jun Wu
Collaborators: Chao-Wei Shen
Paper is preparing......
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2. C is in the front of the plain of ABD
{E., Dx, Dy} three dimensions system

PB
Pc
41 q2
Pa q 13 pp
—> >—
A
| O /mvmvﬁ\ m
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D

2. C is in the front of the plain of ABD

{E., Dx, Dy} three dimensions system V2xV3y — V3xVay

QpcQ: Va3 =

Pp

s V3zy = V2y
Condition:
Pc U3y = 0 = vy
d1 d- Vo3 = Uy
Uy — VU Uy — VU
Da q. qs Pp + " Vax  VaTVax _
—> > —V2y U3y
Real
Collision
A D between 3
and 4

FPaATERE
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itn I'I(fn:if ')
Vit + Vgt + Vzpat’ = va(bo + ¢+ )
h = |va14|t = [v314]t

(V4 — V1)t
= (vz1a — va)t + (v3ga — V)t

Uy —V Uy — 7V
=_<4 314, Vs 2"4>h>0
|V3, 4] V2,1 4]

2. C is in the front of the plain of ABD
{E., Dx, Dy} three dimensions system

P
Pc Condition:
vgy > O 2 vzy
! 12 Uy = Vox Vg — VUzy
+ <0
Pa (4 43 Pp —Vay U3y
9 ) Real
Collision
between 3
A D and 4




Important Step:
3-dimensions — 2-dimensions

2. C is in the front of the plain of ABD
{E., Dx, Dy} three dimensions system

P
Pc
q1 P
Pa q 43 pp
—> > -

Box Singularity

D

UoxV3y — VU3xV2y

QpcQ: vy3 =
v3y - UZy

Condition:
U3y = 0 = vy,
Vy3 > V4




Pentagon

PB
Pc
q>
. a3 Pp
44
Pa ds PE
> s >

(1) Plain (2) 3 Dimension (3) 4 Dimension

Same as before but more freedom

4 Dimension => How to draw ??7?

|mp0rtant Step COﬂdItIOI’]S V3Z 2 0 2 VZZ)

2

. . . . . . V23xV4y~VaxV23y
4-dimensions — 3-dimensions — 2-dimensions Vay = 0 = Vy3y, ————
Vo V37— VU3,V V2yV3z—V3yV2z
Wh r — 2x73z “3x727 —
S1E Vazx V3z—V2z » Vasy V3z—V2z

it




Hexagon => N Polygons Singularity

5-dimensions — 4-dimensions — 3-dimensions — 2-dimensions

Ay
AN

But our world Is just in 4-dimensions time space. ‘@

Thus, N>5 1s similar N=5, but several free choices for which 5
points to construct a Hypercube to hide Q point as defined before.

2<a<b<c<N-1
- VabhxVev—TVecrxVab-
Satlsfy: vb;z > 0 > va;z1 vc;y > 0 > va,b;y, a,b;xVc,y—Ve,xVa,b;y > Uy,

Ve,y~Va,b;y
Va:xVb:z— Vb;xVa;z Va:yVbh:z—Vbh:yVa:z
T Up;z—Va;z Y Up;z—Va;z

tatremxsy (n) v ST i
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Summary

We present a geometric method for determining the singularity conditions of a
single loop involving any intermediate particles.

1. One point must lie within a hypercube formed by the outgoing four
momenta.

2. A geometric approach for dimension reduction is employed.

In the next step, we need to find some physical examples to study.
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i How about Box Singularity
I L —

D0 : (s =4.681 GeV?
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Important Step:

3-dimentions drop to BoXx S|ngu Iarlty
05, \ "

2-dimentions

2. C is in the front of the plain of ABC
{E., Dx, Dy} three dimensions system

P

i :J:in?‘ﬂ — 95y _ vy g i

- B ¥
Jay— g2y vy Bz —vay Fa

vay Ey—vay Ko vay Ea—voy Fa
] ] ] u

vgy K3 U ey — Uige Uay Y
(a3 = HETEH + . = (?JQTEQ — ?,’3TE3) - - EZEH

‘1':1-7_;-5:1—?-'27_;-&-2 l':iyﬂ':i—l'zyﬁz

ql qz { EZH — Eﬁ. P vay Ea (EZ _EFI) —_ U3y — Uiy _ E2E3

—> h

A=
23 _ Uap Uy — UgzU2y

Uag =
EZH ?ng = ?ng




Motivation: From Triangle Singularity

, d4 1 1 1
. | 9 N2 2 L2 2 5 2 -
! B (P —q) m3i + i€ q ms5 + i€ (pe — q) m35 + i€

~ /dscj’[Resl(mA + w1(q) — i€) + Res2(wo(q) — ie) + Res3(E. + w3 (pPe — §) — i€)]
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Coleman-Norton Theorem .
A Classical Process Triangle Singularity qb = Qon—1€ —— Pinch
(1) All particles are on mass—shell; requires the pole at cosf — or 1 - Tnd .
= t
(2) Particle 3 catch up particle 2. d b 7( nd poin
EC -V qgn + m% o \/15'20 + qgn + m% o 2|ﬁC|Qon(7(Or 1) =0
- : End point —
Singularit q Qon — \pc\(;/for 1)\ . .
wo poles pinc 2.
: h ’ R (vg —v3) <0
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Why is Triangle Singularity interesting ?

1.1t happens at a pure kinematic point

-> Model independent
2.The effect of Loop

-> Understand hadronic Loop contribution
3.Provide a peak structure

-> May mixing with resonance
4.To extract the nature of hadron

-> Study the coupling in the special point
5. ......
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Box Singularity

PB
Dc (1) vp>ve>0>vg, two cases
qdid 4a>
qs3
& )CI4 Pp q4

A Pa D

- _ @ vy >v, >v,
1. Cisjust on the plain of ABC

all momenta on the same line.

Pc ds3 P
— > PD
PB < 92 ¢ > @ V3 > Vy > Uy
d1 Pa Ya

& taf TRy () ST 3¢ i

> University of Chinese Academy of Sciences



Condition

Box Singularity — max(v,vs} > v,

1. Cisjust on the plain of ABD
all momenta on the same line.

P
Pc
41 g
Pa q. \13 pp
—> >
(4>vc>UD>O>vB (5>vc>0>vl) (6)UB>O>UC
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