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Motivation： From Triangle Singularity

A Classical Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.

Triangle Singularity 
requires the pole at

Singularity
End point

Two poles pinch

Coleman-Norton Theorem 
Pinch

End point



Motivation： From Triangle Singularity

∼ 1/( 𝑆𝐶𝐷 −𝑚𝐵𝑆)
1

2 3

A

B

C

D4

E

∼ 𝐥𝐧 𝑆𝐶𝐷 −𝑚𝑇𝑆

Singularity

End point

Two poles pinch

Question:

How to determine the 

singularity condition of a 

single loop with 𝒏 ≥ 𝟑
intermediate states ?

Ming-yang Duan



Landau Formulas  =>  Geometric method

𝑝𝐴1

𝑝𝐴2

𝑞1

𝑞2

𝑞𝑁

𝑙 − 𝑙𝑜𝑜𝑝

⋯

⋯⋯

𝑝𝐴𝑁

𝑝𝐴𝑁−1

𝑝𝐴𝑁−𝐾+1

𝑝𝐴𝑁−𝐾

𝑞𝑁−1

𝑞𝑁−𝐾+1

𝑞𝑁−𝐾

• Loop integral  ׬
𝐵𝑑4𝑘𝑑4𝑙⋯

𝐴1𝐴2𝐴3⋯
,   Feynman Parameterization 

1

𝐴1𝐴2𝐴3⋯
= 𝑛 − 1 ! ׬

0

1
׬⋯

0

1 𝑑𝛼1𝑑𝛼2⋯𝑑𝛼𝑛𝛿(𝛼1+𝛼2+⋯+𝛼𝑛−1)

(𝛼1𝐴1+𝛼2𝐴2+⋯+𝛼𝑛𝐴𝑛)
𝑛

• Denomintor function 𝑓 = 𝛼1𝐴1 + 𝛼2𝐴2 +⋯ = 𝜑 + 𝐾(𝑘, 𝑙,⋯ )

• The divergence condition:

• (1) 𝐴𝑖 ≡ 𝑞𝑖
2 −𝑚𝑖

2 = 0 → 𝑞𝑖
2 = 𝑚𝑖

2（or 𝛼𝑖 = 0）=> on shell condition

• (2)  σ𝑖 𝛼𝑖
𝜕𝐴𝑖

𝜕𝑘
= σ𝑖 𝛼𝑖

𝜕𝐴𝑖

𝜕𝑙
= ⋯ = 0,→ −σ𝑖=1

𝑁−𝑘 𝛼𝑖𝑞𝑖 + σ𝑗=𝑁−𝑘
𝑁 𝛼𝑗𝑞𝑗 = 0

=> Complicated Algebra Expansion 
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Translate this condition to a geometric condition:

Triangle Singularity 

as an example

A bit different from Landau’s workL. D. Landau, Nucl. Phys. 13, no.1, 181-192 (1960)

One point should be in a Hypercube which is constructed by outgoing four momenta.

Then it is easy to extract physical condition, even by eyes! 



Triangle Singularity

• Triangle Loop integral ׬
𝒅𝟒𝒒𝟑

𝑨𝟏𝑨𝟐𝑨𝟑
，conditions (1) 𝒒𝒊

𝟐 = 𝒎𝒊
𝟐，(2) σ𝜶𝒊𝒒𝒊 = 𝟎

=>  −𝜶𝟏𝒒𝟏 − 𝜶𝟐𝒒𝟐 + 𝜶𝟑𝒒𝟑 = 𝟎

1. Point Q should be the left of B since E > 0 for the on shell particle.

2. Point Q should be in the triangle since 𝜶𝒊 are all [0,1].

3. Point Q should be on the plain of ABC.

𝑝𝐴

𝑝𝐵

𝑝𝐶

𝑞1 𝑞2
𝑞3

𝑝𝐵
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C

Ԧ𝑝𝑥

E

A

B

𝑞1

𝑞2

𝑞3

Q

CA

B

−𝑞1

−𝑞2

𝑞3

Q
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L. D. Landau, Nucl. Phys. 13, 

no.1, 181-192 (1960)



Triangle Singularity

• Triangle Loop integral ׬
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By eyes, the slope of BQ is  

larger than that of QC, 

corresponding to 𝒗𝟐 > 𝒗𝟑.



Box Singularity
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D
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Ԧ𝑝𝑥
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3-dim

tetrahedron



Box Singularity

𝑝𝐴

𝑝𝐵

𝑝𝐶

𝑝𝐷

𝑞1

𝑞2

𝑞3

𝑞4
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𝑝𝐴

𝑝𝐷

𝑝𝐶

𝑞1

𝑞2

𝑞3

𝑞4

C☉

Q

D

B

A

Ԧ𝑝𝑥

E

Ԧ𝑝𝑦

1.  Point C is just on the plain of ABD

all momenta on the same line.

2.  Point C is in the front of the plain of ABD

{E, Ԧ𝑝𝑥, Ԧ𝑝𝑦} three dimensions system

3-dim

tetrahedron



Box Singularity

𝑝𝐴

𝑝𝐵
𝑝𝐶

𝑝𝐷

𝑞1 𝑞2
𝑞3𝑞4
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all momenta on the same line.

2. C is in the front of the plain of ABD 

{E, Ԧ𝑝𝑥, Ԧ𝑝𝑦} three dimensions system

𝑝𝐵 𝑝𝐷

𝑝𝐶

C

①

②

𝑝𝑥

E

A D

B

𝑝𝐴
（1）𝑣𝐷 > 𝑣𝐶 > 0 > 𝑣𝐵
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𝑝𝐷

𝑝𝐶
C

①

②

③
𝑝𝑥

E

A D

B

𝑝𝐴
（2）𝑣𝐷 > 0 > 𝑣𝐶 > 𝑣𝐵

𝑝𝐵

𝑝𝐷

𝑝𝐶

C

①
②

③

④𝑝𝑥

E

A D

B

𝑝𝐴
（3）𝑣𝐷 > 0 > 𝑣𝐵 > 𝑣𝐶

𝑝𝐵

𝑝𝐷

𝑝𝐶
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① ②

④

③

𝑝𝑥

E

A D
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①
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D
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D

𝑝𝐶
𝑝𝐴
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①

（6）𝑣𝐵 > 0 > 𝑣𝐶



Box Singularity
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1. C is just on the plain of ABD

all momenta on the same line.

2. C is in the front of the plain of ABD

{E, Ԧ𝑝𝑥, Ԧ𝑝𝑦} three dimensions system

Condition:

𝑣3⊥4 > 0 > 𝑣2⊥4
𝑣4 − 𝑣2∥4
−𝑣2⊥4

+
𝑣4 − 𝑣3∥4
𝑣3⊥4

< 0

3-dim

tetrahedron
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Box Singularity
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Q

QBC

D

B

A

𝑄𝐵𝐶𝑄: 𝑣23 =
𝑣2𝑥𝑣3𝑦 − 𝑣3𝑥𝑣2𝑦

𝑣3𝑦 − 𝑣2𝑦

Condition:

𝑣3𝑦 ≥ 0 ≥ 𝑣2𝑦
𝑣23 ≥ 𝑣4

𝑣4 − 𝑣2𝑥
−𝑣2𝑦

+
𝑣4 − 𝑣3𝑥
𝑣3𝑦

≤ 0

Real 

Collision 

between 3 

and 4



Box Singularity
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1. C is just on the plain of ABD

all momenta on the same line.

2. C is in the front of the plain of ABD

{E, Ԧ𝑝𝑥, Ԧ𝑝𝑦} three dimensions system

Condition:

𝑣3𝑦 > 0 ≥ 𝑣2𝑦
𝑣4 − 𝑣2𝑥
−𝑣2𝑦

+
𝑣4 − 𝑣3𝑥
𝑣3𝑦

< 0

𝑣1𝑡0 + 𝑣2∥4𝑡 + 𝑣3∥4𝑡
′ = 𝑣4(𝑡0 + 𝑡 + 𝑡′)

ℎ = |𝑣2⊥4|𝑡 = |𝑣3⊥4|𝑡
′

𝑣4 − 𝑣1 𝑡0
= 𝑣2∥4 − 𝑣4 𝑡 + 𝑣3∥4 − 𝑣4 𝑡′

= −
𝑣4 − 𝑣3∥4
|𝑣3⊥4|

+
𝑣4 − 𝑣2∥4
|𝑣2⊥4|

ℎ > 0

Real 

Collision 

between 3 

and 4



Box Singularity
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1. C is just on the plain of ABD

all momenta on the same line.

2. C is in the front of the plain of ABD

{E, Ԧ𝑝𝑥, Ԧ𝑝𝑦} three dimensions system

Important Step:

3-dimensions → 2-dimensions

C☉

Q

QBC

D

B

A

𝑄𝐵𝐶𝑄: 𝑣23 =
𝑣2𝑥𝑣3𝑦 − 𝑣3𝑥𝑣2𝑦

𝑣3𝑦 − 𝑣2𝑦

Condition:

𝑣3𝑦 ≥ 0 ≥ 𝑣2𝑦
𝑣23 ≥ 𝑣4

𝑣4 − 𝑣2𝑥
−𝑣2𝑦

+
𝑣4 − 𝑣3𝑥
𝑣3𝑦

≤ 0



Pentagon => Hexagon => N Polygons Singularity

𝑝𝐴

𝑝𝐵

𝑝𝐶

𝑝𝐷
𝑞1

𝑞2

𝑞3

𝑞4
𝑞5 𝑝𝐸

𝑝𝐴

𝑝𝐸

𝑞1

𝑞23

𝑞4

𝑞5

D

Q

𝑄𝐵𝐶𝐷

E

𝑄𝐵𝐶

A

𝑝𝑥

E

𝑝𝑦

𝑝𝑧

𝑞2𝑧

𝑞3𝑧𝑝𝐶𝑧

D

Q

E

𝑣𝑧

E

𝑄𝐵𝐶

A

B

C

E

4 Dimension => How to draw ???

Important Step:

4-dimensions → 3-dimensions → 2-dimensions

Conditions:  𝒗𝟑𝒛 ≥ 𝟎 ≥ 𝒗𝟐𝒛，

𝒗𝟒𝒚 ≥ 𝟎 ≥ 𝒗𝟐𝟑𝒚，
𝒗𝟐𝟑𝒙𝒗𝟒𝒚−𝒗𝟒𝒙𝒗𝟐𝟑𝒚

𝒗𝟒𝒚−𝒗𝟐𝟑𝒚
≥ 𝒗𝟓，

Where 𝑣23𝑥 =
𝑣2𝑥𝑣3𝑧−𝑣3𝑥𝑣2𝑧

𝑣3𝑧−𝑣2𝑧
， 𝑣23𝑦 =

𝑣2𝑦𝑣3𝑧−𝑣3𝑦𝑣2𝑧

𝑣3𝑧−𝑣2𝑧

(1) Plain (2) 3 Dimension (3) 4 Dimension 

Same as before but more freedom



Pentagon => Hexagon => N Polygons Singularity

5-dimensions → 4-dimensions → 3-dimensions → 2-dimensions

But our world is just in 4-dimensions time space.

Thus, N>5 is similar N=5, but several free choices for which 5 

points to construct a Hypercube to hide Q point as defined before.  

2 ≤ 𝑎 < 𝑏 < 𝑐 ≤ 𝑁 − 1，

Satisfy: 𝑣𝑏;𝑧 ≥ 0 ≥ 𝑣𝑎;𝑧，𝑣𝑐;𝑦 ≥ 0 ≥ 𝑣𝑎,𝑏;𝑦，
𝑣𝑎,𝑏;𝑥𝑣𝑐;𝑦−𝑣𝑐;𝑥𝑣𝑎,𝑏;𝑦

𝑣𝑐;𝑦−𝑣𝑎,𝑏;𝑦
≥ 𝑣𝑁，

Where     𝑣𝑎,𝑏;𝑥 =
𝑣𝑎;𝑥𝑣𝑏;𝑧−𝑣𝑏;𝑥𝑣𝑎;𝑧

𝑣𝑏;𝑧−𝑣𝑎;𝑧
，𝑣𝑎,𝑏;𝑦 =

𝑣𝑎;𝑦𝑣𝑏;𝑧−𝑣𝑏;𝑦𝑣𝑎;𝑧

𝑣𝑏;𝑧−𝑣𝑎;𝑧



Summary

We present a geometric method for determining the singularity conditions of a 

single loop involving any intermediate particles.

1. One point must lie within a hypercube formed by the outgoing four 

momenta.

2. A geometric approach for dimension reduction is employed.

In the next step, we need to find some physical examples to study.
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How about Box Singularity
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Thanks for attention!



Backup



Box Singularity

𝑝𝐴

𝑝𝐵
𝑝𝐶

𝑝𝐷

𝑞1 𝑞2
𝑞3𝑞4

1. C is just on the plain of ABC

all momenta on the same line.

2. C is in the front of the plain of ABC

{E, Ԧ𝑝𝑥, Ԧ𝑝𝑦} three dimensions system

C☉

Q

𝑄𝐵𝐶

D

B

A 𝑝𝑦

𝑞2𝑦

𝑞3𝑦

𝑝𝐶𝑦

Q𝑄𝐵𝐶

B

C

E

Important Step:

3-dimentions drop to 

2-dimentions



Motivation： From Triangle Singularity

A Classical Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.

Triangle Singularity 
requires the pole at

Singularity
End point

Two poles pinch

Coleman-Norton Theorem 
Pinch

End point



Why is Triangle Singularity interesting ?

1.It happens at a pure kinematic point     

->   Model independent

2.The effect of Loop                

->   Understand hadronic Loop contribution

3.Provide a peak structure          

->   May mixing with resonance

4.To extract the nature of hadron   

->   Study the coupling in the special point

5. …… 



Box Singularity

1. C is just on the plain of ABC

all momenta on the same line.

2. C is in the front of the plain of ABC

{E, Ԧ𝑝𝑥, Ԧ𝑝𝑦} three dimensions system

𝑝𝐴

𝑝𝐵
𝑝𝐶

𝑝𝐷

𝑞1 𝑞2
𝑞3𝑞4

（1） 𝑣𝐷 > 𝑣𝐶 > 0 > 𝑣𝐵，two cases

𝑝𝐵 𝑝𝐷

𝑝𝐶

C

①

②

𝑝𝑥

E

A D

B

𝑝𝐴

𝑝𝐵 𝑝𝐷

𝑝𝐶

C

𝑞1

𝑞2 𝑞3

𝑞4

Q

𝑝𝑥

E ①

A D

B

𝑝𝐴

① 𝒗𝟑 > 𝒗𝟐 > 𝒗𝟒

𝑝𝐵 𝑝𝐷

𝑝𝐶

C

𝑞1

𝑞2
𝑞3

𝑞4

Q

𝑝𝑥

E ②

A D

B

𝑝𝐴

② 𝒗𝟑 > 𝒗𝟒 > 𝒗𝟐𝑞4𝑞1
𝑞2𝑝𝐵

𝑝𝑐 𝑝𝐷
𝑞3

𝑝𝐴



Box Singularity

𝑝𝐴

𝑝𝐵
𝑝𝐶

𝑝𝐷

𝑞1 𝑞2
𝑞3𝑞4

1. C is just on the plain of ABD

all momenta on the same line.

2. C is in the front of the plain of ABD 

{E, Ԧ𝑝𝑥, Ԧ𝑝𝑦} three dimensions system

𝑝𝐵 𝑝𝐷

𝑝𝐶

C

①

②

𝑝𝑥

E

A D

B

𝑝𝐴
（1）𝑣𝐷 > 𝑣𝐶 > 0 > 𝑣𝐵

𝑝𝐵
𝑝𝐷

𝑝𝐶
C

①

②

③
𝑝𝑥

E

A D

B

𝑝𝐴
（2）𝑣𝐷 > 0 > 𝑣𝐶 > 𝑣𝐵

𝑝𝐵

𝑝𝐷

𝑝𝐶

C

①
②

③

④𝑝𝑥

E

A D

B

𝑝𝐴
（3）𝑣𝐷 > 0 > 𝑣𝐵 > 𝑣𝐶

𝑝𝐵

𝑝𝐷

𝑝𝐶

C
① ②

④

③

𝑝𝑥

E

A D

B

𝑝𝐴
（4）𝑣𝐶 > 𝑣𝐷 > 0 > 𝑣𝐵

𝑝𝐵

𝑝𝐴

𝑝𝐷

𝑝𝐶

C

①
𝑝𝑥

E

A

D

B

（5）𝑣𝐶 > 0 > 𝑣𝐷

𝑝𝐵

𝑝𝑥

E

A

B

C

D

𝑝𝐶
𝑝𝐴

𝑝𝐷

①

（6）𝑣𝐵 > 0 > 𝑣𝐶

Condition : 
𝒎𝒂𝒙 𝒗𝟐, 𝒗𝟑 > 𝒗𝟒


