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S-matrix theory

» 1943-1946: Heisenberg proposed the S-matrix theory as an alternative to field theory

kinematics

mechanics Special relativity: Causality

Quantum mechanics:

cfynamics
Conservation of

probability—Unitarity

Interactions: Symmetry

» Avoid references to specific Hamiltonians and equations of motion

» It was primarily developed by G. Chew, S. Frautschi, S. Mandelstam, V. Gribov, and T. Regge...
E.g. Regge theory, Veneziano model = String theory

» Dispersion relation (DR) + Optical theorem: retain analyticity and unitarity

% The pinnacle of the DRs are Roy and Roy-Steiner eqs. in the field of the hadron phenomenology
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A brief review of Roy & Roy-Steiner equations

B In 1971, Roy developed an exact integral equation based on axiomatic field theory [Roy,
PLB (1971)]. Subsequently, Basdevant et al. and Pennington et al. realized the importance
of Roy eq. and applied it to 77w data [Basdevant, et al., Nuovo Cim., PLB (1972), NPB (1973),
Pennington and Protopopescu PRD (1973)]

B In 1973, Hite and Steiner analyzed previous dispersive approaches and proposed a new
integral equations (Roy-Steiner egs.), which can be applied to unequal mass scatterings

such as m N — 7 N, etc. [Hite and Steiner, Nuovo Cim. (1973)] Shasanka Mohan Roy Frank Steiner
% The last two decades are marked by a renaissance in Roy and Roy-Steiner equations caused by
the development of xPT

» Leutwyler et al. reanalyzed 77 Roy eq. using new data with chiral constrains [Colangelo, et al., NPB (2001),
Ananthanarayan, et. al., Phys. Rept. (2001)] and demonstrate the existence of o / f (500)—the lowest-lying resonance in
QCD [Caprini, et al., PRL (2006)]

» Moussallam et al. analyzed 7 K low energy partial waves (PWs) using RS eq. [Buettiker, et al., EPJC (2004)] and found
/K (700) [Descotes-Genon, et al., EPIC (2006)]

» Hoferichter et al. given a RS eq. analyses of 7 IV scattering [Ditsche, et al., JHEP (2012), Hoferichter, et al., Phys. Rept.
(2016)], and applied it to extract N o term, o, y = (59.1 4 3.5) MeV [Hoferichter, et al., PRL 115, 092301 (2015)] and
xPT low energy constants [Hoferichter, et al., PRL 115, 192301 (2015)]; XHC, Z.-L. Qu and H.-Q. Zheng demonstrated the
existence of N*(920) [XHC, et al., JHEP (2022)]

» Other processes: Y7 — 77 [Hannah, NPB (2001)], vy — 77 [Hoferichter, et al., EPIC (2011)] and
~v*~™ — 7 [Hoferichter and Stoffer, JHEP (2019)], etc.;

Theoretical improvements: (once-sub. DR) GKPY eqs.; high energy, w7 [Moussallam, EPJC (2011), Garcia-Martin, et al.,
PRL (2011), Caprini, et al., EPJC (2011)] and 7 K [Pelaez and Rodas, PRL (2020)]- - -
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Roy equations

Roy eqs. = Analyticity (Causality) + Crossing symmetry + Unitarity + Froissart-Martin bound

» Fixed-t (twice sub.) DR for 7 scattering:

2 foo Im, T (s, t,u 2 =t Im, T (s, t,
Tl touy = o1+ 5500+ o [~ ag e T 6 W) +i/ gy e T (st u)

T Jam2 s'2 (s — s) T J_ oo s'2 (8" — s)

» Using crossing symmetry, (a) the contribution of the left-hand cuts are represented by the right-hand

cuts; (b) are expressed by S wave scattering lengths and some
» Partial wave expansion = Roy equations,

Re tg(s) = kIJ(S) + Z Z 77/;002 ds’ Ky;/ (s',8) Im tl,// (s")

roJ
l

™ s’ —s—ie

S8 ’
1 Ir T
- i R«/v//< ° )

[Colangelo, et al., NPB (2001), Ananthanarayan, et. al., Phys. Rept. (2001)]

sl
25

2ipr (s)

EGe)

» Phase shifts : t(s) =

» Scattering lengths: “free” parameters in
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Lehmann-Martin ellipse

Jost-Lehmann-Dyson representation

A causal Green function satisfies a necessary and sufficient representation:
o0
F(g) = /d4u/ dr?e (g0 — u0) & [(g— w)? — k%] @ (u, K?)
0

D(u, 52) is arbitrary but differs from 0 only in some domains Jost and Lehmann [1957] Dyson [1958].

2
_ , 1 , “retarded” LSZ Ly 1 (o4 2 (w2 p.k)
> Fr(q) = o= quoiq(rqéHEF(q) dmtid = iT= 5 [d*udk (e

» PW unitarity (Im 7y = 24 Ty|? + Analyticity of Legendre function | (T} A —
¥ Vs 2041/ zg -1

Lehmann-Martin ellipse

Any PWDR (or Im T) can be shown to be valid in a finite region. The domain of validity relies on Lehmann-
Martin ellipse Lehmann [1958].

% Foci: z = +1; Semi-major axis: zmax = 1 + i—‘zT(s)
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Mandelstam Analyticity

Mandelstam Analyticity

The scattering amplitudes satisfy Mandelstam double spectral representation Mandelstam [1958, 1959]

2
3

u /M

—100

100 150

» Mandelstam double spectral representation

T(s,t) = 12 // ds'du’ (psusgﬁ

+—//dtd’ p“‘t)(t(!;,“) )
+—//dsdt Spst(' ")

s) (¢ — 1)

» This concept can be justified in perturbation
theory to all orders

» A rigorous proof from axiomatic field theory is
absent
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Validity (Analyticity) Domain

Lehmann-Martin ellipse + Mandelstam analyticity (or analyticity from axiomatic field theory) —-
Validity domain of 77 scattering

40
20

0

Tm[s/m?)

me = 441735 MeV

-20

Iy = 544738 MeV
Caprini et al. [2006]

-40

Re[s/m?]

7 K scattering: Roy-Steiner egs. and hyperbolic DR

0 . 40 m
10 20 *
= 10 my = 658 + 13 MeV _y M
~20. [
I =557 +24MeV

Descotes-Genon and Moussallam [2006]

Refs/m?)
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Why lattice QCD?

cloSp

Amplitude analyses

: Unitarity —> Q C D

Analiticity
o Crossing

A

Observables )

Resonances manifest
as amplitudes

A (W

EIEHE (X.-H. Cao), ITP  8/28



Extend Roy equation
0®000000000000000

Why lattice QCD?

cloSp

Resonances manifest
as amplitudes

C Observables )

BT (X.-H. Cao), ITP  9/28
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Roy equation analyses of 77 scatterings at unphysical pion masses

XHC, Qu-Zhi Li, Zhi-Hui Guo and Han-Qing Zheng, Phys.Rev.D 108 (2023) 3, 034009

» The lowest resonance in QCD Res, tev)

400 500 600 700 80 %0 1000 1100
T

1200

» Extremely broad object at physical mx Sra
RPP esli malg 1996-2010

» Interesting “modeled” m4 dependence i * polesused or estimatein RPP 2012

% p: Ordinary m4 dependence
mp ~ a+ bmyg

1ms,” (vev)

% Sub-percent errors

¢ IJ = 20: non-resonant channel
There is a virtual state pole! [Z.-Y. Zhou, et al. JHEP
(2005)]

¢ Weak m, dependence

2 — T
157 T = T — prurt
/xk 18T Grnupper) 1
Ir g / UxPT 1 16 | ommn(lower) i
#" [Hanhart, et al. PRL (2008)]
2 05} x « £ 4L UXPT ]
= o ; o < % [Pelaez, et al. PRD 20193 ]
z | R > »
E o5t ‘m ) < o] 1
15t ' T ‘ . o
1 2 3 4 5 0 50 100 150 200 250 300 350 400 450

Re (Vs / my) My (MeV)
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o as intermediate state: 1
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calculation
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o as intermediate state: 11

[Guo, et al. PRD (2018)] 8phys light heavy

my ~ 224 MeV — Broad resonance
mx ~ 315 MeV — Resonance
[HadSpec. PRL,PRD... (2017-now)]

my ~ 236 MeV — Broad resonance

g[GeV]
IS

my ~ 283 MeV — Resonance v.s. Virtual
state

my ~ 330 MeV = Extremely precise, 2
shallow bound state

* % % %

mq ~ 391 MeV = Extremely precise,

shallow bound state o s 2 e 80
330 MeV 391 MeV .
190 195 200 205 K-matrix approaches
0.00 I»WT‘
T Re (v3/mx) 10
1.5 2.0 _--"77 25 3.0 3.5
0.0 ﬁ - 8
-1o Y Z 6
B 283MeV s c
E 20 b= L fan < or =
3 - T [ &
2 a0 236 MeV i
E
~ 4.0 3
5o disp.+exp. 100 150 200 250 300
5.

350 400

1/ MoV
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Extended Roy equation

> Ret_l,(s) = klj(s) + Z?’:o Zﬁ':o P. ;:::2 ds'K?J/, (s', s) Imtg,(s') + d{,(s)

s — 4m? g2 16m2 (4s — so) — 4(2s — s5) (s + 25 8L
k8(5)=a8+ 2‘"(2“8*5‘%)4’./”?” W( 2{7) ( n)( w) o qn
12mz 12 (4777,7‘_ — sa) So(sg — 8) 4mZ — s

2 . .
b 2 2 52 (. e 2
1 _ s — 4,”3{ o 5 ,1(2””( (4777,7‘, — s) — 48m3 55 + 125 6 («s + 255 — 4mﬂ) L,
ki(s) =0 + 72(20,0 - 5a0)+7 — 5 - + S 5
72mz 9 (4""% — .s) (4'mfr - .s'(,) Sor (4777,;‘, — s)
2, _ 2 s — 4m?r 0 2 qiﬂﬂ 47:1,72r + s — 28, 2L,
kg(s) = a — ———=(2ag — 5aj) — - -
24mg‘, 3 So (4171727 — So) 477172T — s

2
% The logarithm L, = In (%) left-hand cuts (—OO,%L'I?’L?.r — 50'} \/ (—OO, 0] X

% Correct threshold behavior:  lim _(k9, k1, k2)(s) = (a8, 0, a2)

s—4mz

% Four parameters : a3, a2, 55, |gorr

Analytical structure of S matrix
Left hand cut 4m? — s, rutthreshold KK threshold

N
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Numerical solution I: driving terms

» HadSpec LQCD data: S- and P-waves /s € (2mg ~ 1.098 GeV, 1.8 GeV); D-wave
V5 € (2my ~ 0.782 GeV, 1.8 GeV)

» Improved Veneziano model: S-,P- and D-Waves above /s > 1.8 GeV; Other high partial-waves

800 Lattice 400 200
S 6 —=- Regge { S = 100 _Z___\’___,-—-
= = = 0 :
%4 T -100 :
= =)
=2 = 200 :
0 -300 3
1000 1500 2000 2500 1000 1500 2000 2500 1000 1500 2000 2500
Vs [MeV] Vs [MeV] V5 [MeV]
£ ——— 11
———————— T Swb 1
o5 T kol 08
= /' — Total | ¥ 0.1
= 0 = 04
e 09
SBp TR RS s
0.80 0.85 0.90 0.95 1.00 1.05 0.80 0.85 0.90 0.95 1.00 1.05 0.80 0.85 0.90 0.95 1.00 1.05

Vs [GeV] Vs [GeV] Vs [GeV]
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Numerical solution I: driving terms

» HadSpec LQCD data: S- and P-waves /s € (2mg ~ 1.098 GeV, 1.8 GeV); D-wave
Vs € (2my ~ 0.782 GeV, 1.8 GeV)
» Improved Veneziano model: S-,P- and D-Waves above /s > 1.8 GeV; Other high partial-waves

" attice 400 200 E
o= Regge | S 300 5 100 _Z_E ——————
= = 0 :
g, 200 P :
= 100 2 200
o -300 :
1000 1500 2000 2500 1000 1500 2000 2500 1000 1500 2000 2500
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1J =00 1J =11 1J =20
Apreeee gy 18 n 1.05
2p, — KT 1.0 / 0.85
o e 05t .7 0.65
O N e 00= 0.45
= .
< -2 05 0.25
4 ’ 0.05pmmmm oo —
-1.0 ~015 <
-6 -15
0.80 0.85 0.90 0.95 1.00 1.05 0.80 0.85 0.90 0.95 1.00 1.05 0.80 0.85 0.90 0.95 1.00 1.05
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Numerical solution II: phase shifts

4
. Iy r
0 @ Royeqgs.: Re(t;) = >y FlIm(t),)]
0 _ +1.1
o —ag=—(39"7,
2 _ +0.02
J—— ap = _(0‘2170.03)
-3 , VEo = 75977 MeV
27
_4 = 493727 MeV
080 085 090 095 100 105 |90 7| —46
V5 [Gev]
0
20 — Roy solution SO — Roy solution 52
®  HadSpec, 17 150 o HadsSpec, 12
o = HadSpec, 18 — Roy solution P
®  HadSpec, 13
h 50
-60 {
-20
800 850 900 950 1000 1050 0 800 850 900 950 1000 1050 800 850 900 950 1000 1050 1100
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The singularities inside the validity domain

Subthreshold pole

» 2nd Riemann sheet:
Vaub = (269730) — 4(211735) MeV 11!
S = (1142753) — (112752) MeV
0

—46
V=

(1434735%) — 4(37179%) MeV
> “f0(980)” [HadSpec. PRD (2018)]:

1166 + 45) — £ (181 + 68) MeV
2.0 15 1.0 05 0.0 ( 5)~ 3l ) v
Re[s] (GeV?) > “fo(1370)” ?7?
‘ ‘ ‘ 40 ‘ ‘ ‘
® o
0.4F (] f;‘] 1
o 20l
L Sub. pbl 4
= 02 - )—:—1111;(151}; ch” ﬁ o
<3 i £
S 00 : = o0
z - i
= 02 » 1 0l
-0.4}LHC rri KK ]
‘ ‘ ‘ 40 ‘ ‘ ‘
0.0 0.5 1.0 15 0 20 40 60 80
Rey/s [GeV] Re[s]/m?
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“g” trajectory and the sub. pole

Controversy:

» Only one o [Beveren and Rupp PRD (2023)...]

» One “o”+ one virtual state pole [Gao et. al. PRD (2022)]
Where is the virtual state pole?

Jo(500)

R1erpann sheet [ +] ~ ke A @f) 1 st-RS Bound State
15f | ] S (X 2 nd-RS Virtual State
| ~
| w ® 2 nd-RS Resonance
1.0¢ ! 1
I =] :
| = | vsn =
. 05F | ] PoLent - i
2 00 < o sk —TE N
z Lo N = y T
E oo e e ] i g =
: SR S i ' o
22 My Z 06 . - VS.I =i
20 T ey =E - Z i
-10f Wi o ] zi g
2 =] =
| M 1-; : <
~15L0 \ p B Y
. Riemlann sheet [ — ] | ) — &

1.0 1.5 20 25 3.0 35
Re \/E/M,,
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Virtual state pole mechanism

» The general phenomenon was firstly discussed in [Blankenbecler, o S
Goldberger, MacDowell, and Treiman, Phys. Rev. (1961)] (rediscovered in N
T scatterings [Z.-Y Zhou, et al., JHEP (2005)], in w N =

- 1
scatterings [Q.-Z. Li and H.-Q. Zheng, CTP (2022)])
» S = I/SI, e.g., S-matrix zero in the 1-st sheet = S-matrix

pole (virtual state pole and resonance pole) in the 2-nd sheet
(single channel case)

s-plane

Resonance

e @
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A preliminary attempt: m, ~ 236 MeV

1J=00

180r » pcotd ~ %: lower a — broader o
150 i » Phase shifts are similar to the physical case
1200 —— » Extremely “noisy” [HadSpec. PRL (2017)]
8o %0 [l B, /MeV
0 T T T T
300 500 700 e = 39LMV 900
60

;

o ‘ ‘ ‘ ‘ ‘ ‘ 2,200
001 0.03 0.05 0.07 0.09 0.11 0.13
p? / GeV? [
-300 disp.
+exp.
120
T Roy souidn 50
100 b 100 — Roy soluion P

*  HadSpec, 17
| M. M ot 19 + 80

4 J.Bulava,etal, 16

©  HadSpec, 15 &

60
40
0 20
s —
-20 0
050 055 0.60 0.65 070 0.75 0.80 500 550 600 650 700 750 800 500 550 600 650 700 750 800
V5 [Gev] V5 [MeV] V5 [MeV]
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Other Roy equation analyses

A. Rodas et.al. [HadSpec. Collaboration] arXiv: 2304.03762
@ Focus on two cases: my ~ 283,239 MeV
@ Use extrapolations of IJ = 00 elastic amplitude up to ~ 1.34 GeV , and for different parameterizations

1.0 0.5 o2
0.66(13) ) +
0.5 o . i

Ol 275 30 T \3'\1’”

v/

@ New o pole positions via preliminary Roy equation analyses

190 195 200 205 18 19 20 21 190 195 200 205
0.00 e —— ; — : oy ——
' PP Re (V3/mx)
15 120 __--"T75 3.0 3.5 2.0 25 3.0 35
0.0 ) 0 ; . :
Re (v/3/mx)
-1.0 -1.0
0 F
£ 20 £ 20
s s #=~§ﬁ£ﬂ5—==
230 230
: =
= 40 S -40
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m,=Re(E,)/MeV

800 900 1000
0 o £
> ﬁ m, =536 MeV m 700 MeV
[ .
my =391 MeV

=l

—~ —950

&
—

H& k& m, =236 MeV

o —100

Il
r_? E—| m, =140 MeV, Lattice QCD + UxPT

l —150} m, = 140 MeV, Roy Equation

> K-Matrix:  my = 391 MeV: m, = 854.1+ 1.1 MeV, T, = 12.4+ 0.6 MeV
My = 236 MeV: m, = 783 £2MeV, I', =90+ 8MeV

> Roy Equation: m, = 391 MeV: m, = 853.371'1 Mev, T', = 134704 Mev
My = 236 MeV: m, = 785 MeV, I', = 86 MeV

Cao), ITP
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IJ = 20 : Roy equation v.s. xPTxNLO

my = 236 MeV my = 391 MeV

Roy equation xPTNNLO Roy equation xPTxNLO
VA 17=00 162 140750 (206779) £i(21875,)  225011;
/54, 1J=20 326 334773 60175, 546711
/50, 17=20 117 16775 43577, 41070
[Caprini et. al. PRL (2006)]
T
04 —_— Ret%
-= Iml% -
<<<<< Subtraction term _,,,-" 1
02l T Weinberg 1966 7

» Adler zero:

special zero of amplitudes below the threshold
Manifests chiral symmetry
(even in unphysical region)!

Adler zero

. . | . | . I . |
-4 2 0 2 4

s/m?




Extend Roy equation
0000000000000000e

IJ = 20 : Roy equation v.s. xPTxNLO

my = 236 MeV mx = 391 MeV

Roy equation  xPTnnLo Roy equation YPTanLO

VEA17=00 162 14075 (206779) £4(21875,) 2257151
VA, 17=20 326 334777 601773, 546173
V/Eul1=20 17 16779 43570, 410730

[Caprini et. al. PRL (2006)]

— ‘ ‘ ‘ : » Adler zero:

_ e special zero of amplitudes below the threshold
mr | 100 a Manifests chiral symmetry
—-- imt, - , . . . '
,,,, Subtraction term - (even in unphysical region)!
02l 77 Weinberg 1966 » Virtual state pole in /J = 20 channel:
/""‘/ 1 S 1
7 1 1
0 0 or SRI1— So 1
"""""""""""""" 1 1]l
1 1 \
[ 1sg g
Adler zero 1 1
0.2 = — 1 1
L L L L L L L L L L L 1 1
-4 -2 0 2 ) 4 6 8 LOO 1
s/mZ

Cao), ITP 24/28
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Light exotic states

j) 00/ dEm(ub/GeV)

+ Astonetal.

& BaBar 2011
© BaBar 2015

100

K;5(700)

950 1000 1050
o
B = T M
T Em— J— B B solution B H
”, iolul@nn A {

Of  Breit-Wigner param. [1] | - TZ}::{Z:S Grayer et al.
Conformal CFD [11] :olu[inn E o b ? ]
Pelicz [43] fo(500) 4 £ fo(980) rotopopescu et al. (Table VI) [T 4

501 - Zhou etal. [45]

Bonvicini et al. (46]

fabrooks & Martin s-channe

Bugg [47) staBMtwolsen Martin t-channg k 4
100 ¥ Pl Caminski et aT ] t ]
27150 € pelfer Roda bsub U
2 @ Peliez-Rodas CFD - 4
00| & Poerkoss Lo | gy K§(700)
= I 120 B
250 1

I I I L L
900 1000 1100 1200 1300 1400

750 800 850 900
M (MeV)
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Unphysical quark masses Hadspec. Collaboration, PRL(2014); PRD(2015); PRL(2019)

ol (@) 0F 0.02 () 17 (o) 2* K
150
150} -
TK )
120 120
0.01
@
do o % N\ 52
0 &) 0
NG N
0t S ot 30
B
0 3 oo WK
. S
S0 E’/A " 001 30 B
- By em
1000 1200 1400 1600 €M /MeV 1000 1200 . | 1400 1600 /MeV
s A -
S TR ..
101000 Ti200 " 100 1600 10 1000 1200 1400 1600

00 002} x*/Naos = 0.54 09
7 o5 B v %[ 2
07 %2/ Naot = 0.89 910 920 930 940 950 960 "/MeV o7L X*/Naor =0.89

m = Rey/55/ MeV

1200 1400 1600

A .
o 2 ® mgx ~ 390 MeV, K-matrix fits:
2 » /Ky (700): one virtual state???
£ » K™ (892): a shallow bound state
£ 300 > K{;(1430): m |, ' 1
a >

K3(1430): m 1,T |

=
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Summary

m The unity of dispersive techniques and experimental data is powerful to
investigate low energy hadron physics

» Widely-used unitarization methods such as K-matrix, etc., are not good in light meson & baryon studies
» (Covariant) Chiral pertubation theory obeys perturbative unitarity and analytic properties (correct LHC structure)
» Dispersive approaches, Muskhelishvili-Omnés formalism, Roy and Roy-Steiner equations, etc. are necessary

m Lattice data+Roy equation (other dispersive methods)

» o found as a bound state, virtual state and resonance
» Systematics == model independent!

» Generalize to 7 K scattering (in progress)

» Meson-baryon (7N, KN, KN...) scatterings?

Thanks for your attention! |
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