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Rigorous Roy equations meet precise lattice data:
ππ scattering at unphysical pion masses

Xiong-Hui Cao (曹雄辉)

In collaboration with Qu-Zhi Li (李衢智), Zhi-Hui Guo (郭志辉) and Han-Qing Zheng (郑汉青)

Institute of Theoretical Physics, CAS

October 29, 2023

第八届手征有效场论研讨会 河南，开封
曹雄辉 (X.-H. Cao), ITP 1 / 28
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S-matrix theory

▶ 1943-1946: Heisenberg proposed the S-matrix theory as an alternative to field theory

▶ Avoid references to specific Hamiltonians and equations of motion
▶ It was primarily developed by G. Chew, S. Frautschi, S. Mandelstam, V. Gribov, and T. Regge...

E.g. Regge theory, Veneziano model =⇒ String theory
▶ Dispersion relation (DR) + Optical theorem: retain analyticity and unitarity
⋆ The pinnacle of the DRs are Roy and Roy-Steiner eqs. in the field of the hadron phenomenology

曹雄辉 (X.-H. Cao), ITP 2 / 28
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A brief review of Roy & Roy-Steiner equations

■ In 1971, Roy developed an exact integral equation based on axiomatic field theory [Roy,
PLB (1971)]. Subsequently, Basdevant et al. and Pennington et al. realized the importance
of Roy eq. and applied it to ππ data [Basdevant, et al., Nuovo Cim., PLB (1972), NPB (1973),
Pennington and Protopopescu PRD (1973)]

■ In 1973, Hite and Steiner analyzed previous dispersive approaches and proposed a new
integral equations (Roy-Steiner eqs.), which can be applied to unequal mass scatterings
such as πN → πN, etc. [Hite and Steiner, Nuovo Cim. (1973)] Shasanka Mohan Roy Frank Steiner
⋆ The last two decades are marked by a renaissance in Roy and Roy-Steiner equations caused by

the development of χPT
▶ Leutwyler et al. reanalyzed ππ Roy eq. using new data with chiral constrains [Colangelo, et al., NPB (2001),

Ananthanarayan, et. al., Phys. Rept. (2001)] and demonstrate the existence of σ/f0(500)–the lowest-lying resonance in
QCD [Caprini, et al., PRL (2006)]

▶ Moussallam et al. analyzed πK low energy partial waves (PWs) using RS eq. [Buettiker, et al., EPJC (2004)] and found
κ/K∗

0(700) [Descotes-Genon, et al., EPJC (2006)]

▶ Hoferichter et al. given a RS eq. analyses of πN scattering [Ditsche, et al., JHEP (2012), Hoferichter, et al., Phys. Rept.
(2016)], and applied it to extract πN σ term, σπN = (59.1 ± 3.5) MeV [Hoferichter, et al., PRL 115, 092301 (2015)] and
χPT low energy constants [Hoferichter, et al., PRL 115, 192301 (2015)]; XHC, Z.-L. Qu and H.-Q. Zheng demonstrated the
existence of N∗(920) [XHC, et al., JHEP (2022)]

▶ Other processes: γπ → ππ [Hannah, NPB (2001)], γγ → ππ [Hoferichter, et al., EPJC (2011)] and
γ∗γ∗ → ππ [Hoferichter and Stoffer, JHEP (2019)], etc.;
Theoretical improvements: (once-sub. DR) GKPY eqs.; high energy, ππ [Moussallam, EPJC (2011), Garcia-Martin, et al.,
PRL (2011), Caprini, et al., EPJC (2011)] and πK [Pelaez and Rodas, PRL (2020)]· · ·

曹雄辉 (X.-H. Cao), ITP 3 / 28
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Roy equations

Roy eqs. = Analyticity (Causality)+ Crossing symmetry + Unitarity + Froissart-Martin bound
▶ Fixed-t (twice sub.) DR for ππ scattering:

T(s, t, u) = α(t) + sβ(t) +
s2

π

∫ ∞

4m2
π

ds′
Ims T

(
s′, t, u′)

s′2 (s′ − s)
+

s2

π

∫ −t

−∞
ds′

Imu T
(
s′, t, u′)

s′2 (s′ − s)

▶ Using crossing symmetry, (a) the contribution of the left-hand cuts are represented by the right-hand
cuts; (b) α(t), β(t) are expressed by S wave scattering lengths a0

0, a2
0 and some DR integrals

▶ Partial wave expansion =⇒ Roy equations,

Re tI
J(s) = kI

J(s) +
∑

I′

∑
J′

P
∫ ∞

4m2
π

ds′ KII′
JJ′
(
s′, s

)︸ ︷︷ ︸
1
π

δJJ′ δII′
s′−s−iϵ +K̄II′

JJ′ (s,s′)

Im tI′
J′
(
s′
)

▶ Phase shifts : tI
J(s) =

η(s)e2iδI
J(s)−1

2iρππ(s)

▶ Scattering lengths: “free” parameters in kI
J(s)

[Colangelo, et al., NPB (2001), Ananthanarayan, et. al., Phys. Rept. (2001)]

曹雄辉 (X.-H. Cao), ITP 4 / 28
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Lehmann-Martin ellipse

Jost-Lehmann-Dyson representation

A causal Green function satisfies a necessary and sufficient representation:

F(q) =
∫

d4u
∫ ∞

0
dκ2ε (q0 − u0) δ

[
(q − u)2 − κ2

]
Φ
(
u, κ2

)
Φ(u, κ2) is arbitrary but differs from 0 only in some domains Jost and Lehmann [1957] Dyson [1958].

▶ FR(q) = i
2π

∫
dq′

0
1

q0−q′0+iϵ F
(
q′)∣∣∣∣

q′=(q′0,q)

“retarded” LSZ=⇒ −iT = 1
2π

∫
d4u dκ2 Φ

(
u,κ2,p,k

)
((k′−p′)/2−u)2−κ2

▶ PW unitarity
(

Im Tℓ = 2q√
s |Tℓ|2

)
+ Analyticity of Legendre function

(
(Tℓ)

1/ℓ < 1

z0+
√

z20−1

)

Lehmann-Martin ellipse

Any PWDR (or Im Tℓ) can be shown to be valid in a finite region. The domain of validity relies on Lehmann-
Martin ellipse Lehmann [1958].

⋆ Foci: z = ±1; Semi-major axis: zmax = 1 + 2s
λs

T (s)

曹雄辉 (X.-H. Cao), ITP 5 / 28
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Mandelstam Analyticity

Mandelstam Analyticity

The scattering amplitudes satisfy Mandelstam double spectral representation Mandelstam [1958, 1959].

▶ Mandelstam double spectral representation:

T(s, t) = 1

π2

∫∫
ds′du′ ρsu (s′, u′)

(s′ − s) (u′ − u)

+
1

π2

∫∫
dt′du′ ρtu (t′, u′)

(t′ − t) (u′ − u)

+
1

π2

∫∫
ds′dt′ ρst (s′, t′)

(s′ − s) (t′ − t)

▶ This concept can be justified in perturbation
theory to all orders

▶ A rigorous proof from axiomatic field theory is
absent

曹雄辉 (X.-H. Cao), ITP 6 / 28
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Validity (Analyticity) Domain

Lehmann-Martin ellipse +Mandelstam analyticity (or analyticity from axiomatic field theory) =⇒
Validity domain of ππ scattering

mσ = 441+16
−8 MeV

Γσ = 544+18
−25 MeV

Caprini et al. [2006]

πK scattering: Roy-Steiner eqs. and hyperbolic DR

mκ = 658± 13 MeV

Γκ = 557± 24 MeV
Descotes-Genon and Moussallam [2006]

曹雄辉 (X.-H. Cao), ITP 7 / 28
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Why lattice QCD?

Experiment Lattice QCD

Resonances manifest
as amplitudes

1

曹雄辉 (X.-H. Cao), ITP 8 / 28
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Why lattice QCD?

Experiment Lattice QCD

Resonances manifest
as amplitudes

1

曹雄辉 (X.-H. Cao), ITP 9 / 28
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Roy equation analyses of ππ scatterings at unphysical pion masses
XHC, Qu-Zhi Li, Zhi-Hui Guo and Han-Qing Zheng, Phys.Rev.D 108 (2023) 3, 034009

▶ The lowest resonance in QCD
▶ Extremely broad object at physical mπ

▶ Interesting “modeled” mq dependence
⋆ ρ: Ordinary mq dependence

mρ ∼ a + bmq

⋆ Sub-percent errors
♦ IJ = 20: non-resonant channel

There is a virtual state pole! [Z.-Y. Zhou, et al. JHEP
(2005)]

♦ Weak mq dependence

103lr4 � 6:2� 5:7. Then, we fit the mIAM to data up to the
resonance region and find 103lr1 � �3:7� 0:2, 103lr2 �
5:0� 0:4. All these LEC are evaluated at � � 0:77 GeV.

The values of m� considered should fall within the
ChPT range of applicability and allow for some elastic
�� regime to exist below K �K threshold. Both criteria are
satisfied, if m� 
 0:5 GeV, since we know SU(3) ChPT
still works fairly well with such a kaon mass, and because
for m� ’ 0:5 GeV, the kaon mass becomes ’ 0:6 GeV,
leaving a 0.2 GeV gap to the two-kaon threshold. For larger
values of m�, a coupled-channel IAM is needed, which is
feasible, but lies beyond our present scope, and lacks a
dispersive derivation.

Figure 1 shows, in the second Riemman sheet, the � and
� poles for the physical m�, and how they move as m�
increases. Note that, associated to each resonance, there are
two conjugate poles that move symmetrically on each side
of the real axis. In order to see more clearly that all poles
move closer to the two-pion threshold, which is also in-
creasing, all quantities are given in units of m� so that the
two-pion threshold is fixed at

���
s
p
� 2. Let us recall that, for

narrow resonances, their massM and width � are related to
the pole position in the lower half plane as ���������spole

p
’ M�

i�=2, and customarily this notation is also kept for broader
resonances. Hence, both �� and �� decrease for increasing
m�. In particular, �� vanishes exactly at threshold where
one pole jumps into the first sheet, thus becoming a tradi-
tional stable state, while its partner remains on the second
sheet practically at the very same position as the one in the
first. In contrast, when M� reaches the two-pion threshold,
its poles remain on the second sheet with a nonzero imagi-
nary part before they meet on the real axis and become
virtual states. As m� increases further, one of those virtual
states moves towards threshold and jumps onto the first
sheet, whereas the other one remains in the second sheet.
Such an analytic structure, with two very asymmetric poles
in different sheets of an angular momentum zero partial

wave, is a strong indication for a prominent molecular
component [16,17]. Differences between P-wave and
S-wave pole movements were also found within quark
models [18], the latter also showing two second sheet poles
on the real axis below threshold.

In the upper panel of Fig. 2, we show them� dependence
of M� and M� normalized to their physical values. The
bands cover the LEC uncertainties. Note, that significant,
additional uncertainties may emerge at the two loop level
for pion masses larger than 0.3 GeV—see, e.g., Ref. [19].
We see that both masses grow with increasing m�, but the
rise of M� is stronger than that of M�, and again we see
that around m� ’ 0:33 GeV, the � state splits into two
virtual states with different behavior. The upper branch
moves closer to threshold and thus has the biggest influ-
ence in the physical region, eventually jumping to the first
Riemann sheet. Note that the m� dependence of M� is
much softer than that suggested in the model of [8], shown
as the dotted line, which in addition does not show the
virtual pole splitting.

In the lower panel of Fig. 2, we show them� dependence
of �� and �� normalized to their physical values. The
decrease in �� is largely kinematical, following remark-
ably well the expected reduction from phase space as m�
and M� increase. In other words, the effective coupling of
the � to �� is almost m� independent. This was assumed
in the analysis of Ref. [20]; however, so far this assumption
has not been supported by theory. In sharp contrast to this

1 2 3 4 5
Re (√

⎯
s / mπ)

-1.5

-1

-0.5

0

0.5

1

1.5

Im
 (

√⎯ s 
/ m

π)

ππ
 th

re
sh

ol
d

FIG. 1 (color online). Movement of the � (dashed lines) and �
(dotted lines) poles for increasing pion masses (direction indi-
cated by the arrows) on the second sheet. The filled (open) boxes
denote the pole positions for the � (�) at pion massesm� � 1, 2,
and 3�mphys

� , respectively. Note, for m� � 3mphys
� , three poles

accumulate in the plot very near the �� threshold.

0 1 2 3
mπ / mπ

phys

0

0.5

1

0 0.5 1 1.5 2 2.5 3 3.50.5

1

1.5

2

FIG. 2 (color online). m� dependence of resonance masses
(upper panel) and widths (lower panel) in units of the physical
values. In both panels, the dark (light) band shows the results for
the � (�). The width of the bands reflects the uncertainties
induced from the uncertainties in the LEC. The dotted line
shows the � mass dependence estimated in Ref. [8]. The dashed
(continuous) line shows the m� dependence of the � (�) width
from the change of phase space only, assuming a constant
coupling of the resonance to ��.

PRL 100, 152001 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
18 APRIL 2008

152001-3

σ

ρ

UχPT
[Hanhart, et al. PRL (2008)]

400 500 600 700 800 900 1000 1100 1200

Re sσ
1/2

 (MeV)

-500

-400

-300

-200

-100

Im
 s

σ1/
2  (

M
eV

)

RPP estimate 2012
RPP estimate 1996-2010
poles used for estimate in RPP 2012

Debated for over half a century!!!
PDG

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 0  50  100  150  200  250  300  350  400  450

|g
 / 

gph
ys

|

mπ (MeV)

ρππ

σππ (upper)

σππ (lower) σ

ρ

UχPT
[Peláez, et al. PRD (2010)]
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σ as intermediate state: I

曹雄辉 (X.-H. Cao), ITP 11 / 28
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σ as intermediate state: II

Nf = 2 [Guo, et al. PRD (2018)]

▶ mπ ∼ 224MeV =⇒ Broad resonance
▶ mπ ∼ 315MeV =⇒ Resonance

Nf = 2 + 1 [HadSpec. PRL,PRD... (2017-now)]

⋆ mπ ∼ 236MeV =⇒ Broad resonance
⋆ mπ ∼ 283MeV =⇒ Resonance v.s. Virtual

state
⋆ mπ ∼ 330MeV =⇒ Extremely precise,

shallow bound state
⋆ mπ ∼ 391MeV =⇒ Extremely precise,

shallow bound state 1.0 1.5 2.0 2.5 3.0 3.5

2

4

6

8
phys light heavy

Mπ/Mπ
phys

g
[G

e
V
]

-5.0

-4.0

-3.0

-2.0

-1.0

0.0
1.5 2.0 2.5 3.0 3.5

0.00
1.90 1.95 2.00 2.05

2
Im

(√
s/

m
π
)

Re (
√
s/mπ)

disp.+exp.

236MeV

283MeV

330MeV 391MeV K-matrix approaches

0

2

4

6

8

10

100 150 200 250 300 350 400

|g
π
π
|(

G
eV

)

mπ/ MeV
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Extended Roy equation

▶ RetI
J(s) = kI

J(s) +
∑2

I′=0

∑1
J′=0

P
∫ sm
4m2

π
ds′KII′

JJ′
(
s′, s

)
ImtI′

J′ (s
′) + dI

J(s)

k00(s) = a0
0 +

s − 4m2
π

12m2
π

(2a0
0 − 5a2

0)+
g2σππ

12

(
16m2

π(4s − sσ) − 4(2s − sσ)(s + 2sσ)(
4m2

π − sσ
)

sσ(sσ − s)
−

8Lσ

4m2
π − s

)

k11(s) = 0 +
s − 4m2

π

72m2
π

(2a0
0 − 5a2

0)+
g2σππ

9

−

(
4m2

π − s
)2

− 48m2
πsσ + 12s2(

4m2
π − s

) (
4m2

π − sσ
)

sσ
+

6
(

s + 2sσ − 4m2
π

)
Lσ(

4m2
π − s

)2


k20(s) = a2
0 −

s − 4m2
π

24m2
π

(2a0
0 − 5a2

0)−
g2σππ

3

(
4m2

π + s − 2sσ
sσ(4m2

π − sσ)
+

2Lσ

4m2
π − s

)

⋆ The logarithm Lσ = ln
(

s+sσ−4m2
π

sσ

)
: left-hand cuts (−∞, 4m2

π − sσ ]
√

(−∞, 0] ×

⋆ Correct threshold behavior: lim
s→4m2

π

(k00, k11, k20)(s) = (a0
0, 0, a2

0)

⋆ Four parameters : a0
0, a2

0, sσ , |gσππ |

Re(s)

Im(s)

Left hand cut threshold KK threshold

Unphysical Region

Analytical structure of S matrix

4m2
π − sσ

曹雄辉 (X.-H. Cao), ITP 13 / 28
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Numerical solution I: driving terms

▶ HadSpec LQCD data: S- and P-waves
√

s ∈ (2mK ∼ 1.098 GeV, 1.8 GeV); D-wave√
s ∈ (2mπ ∼ 0.782 GeV, 1.8 GeV)

▶ Improved Veneziano model: S-,P- and D-Waves above
√

s > 1.8 GeV; Other high partial-waves
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Numerical solution I: driving terms

▶ HadSpec LQCD data: S- and P-waves
√

s ∈ (2mK ∼ 1.098 GeV, 1.8 GeV); D-wave√
s ∈ (2mπ ∼ 0.782 GeV, 1.8 GeV)

▶ Improved Veneziano model: S-,P- and D-Waves above
√

s > 1.8 GeV; Other high partial-waves
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Numerical solution II: phase shifts
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Roy eqs.: Re(tI
J) =

∑
I′,J′ F [Im(tI′

J′ )]

↪→ a0
0 = −(3.9+1.1

−1.2)

a2
0 = −(0.21+0.02

−0.03)√sσ = 759+7
−16 MeV

|gσππ | = 493+27
−46 MeV
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The singularities inside the validity domain

f II
0

f I
0

Subthreshold pole

1

▶ 2nd Riemann sheet:√ssub = (269+40
−25)− i(211+26

−23) MeV !!!√sfI
0
= (1142+53

−46)− i(112+59
−45) MeV√sfII

0
= (1434+167

−223)− i(371+97
−49) MeV

▶ “f0(980)” [HadSpec. PRD (2018)]:
(1166± 45)− i

2
(181± 68)MeV

√

▶ “f0(1370)” ???
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“σ” trajectory and the sub. pole

Controversy:
▶ Only one σ [Beveren and Rupp PRD (2023)...]

▶ One “σ”+ one virtual state pole [Gao et. al. PRD (2022)]

Where is the virtual state pole?
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Virtual state pole mechanism

▶ The general phenomenon was firstly discussed in [Blankenbecler,
Goldberger, MacDowell, and Treiman, Phys. Rev. (1961)] (rediscovered in
ππ scatterings [Z.-Y Zhou, et al., JHEP (2005)], in πN
scatterings [Q.-Z. Li and H.-Q. Zheng, CTP (2022)])

▶ SII = 1/SI, e.g., S-matrix zero in the 1-st sheet⇌ S-matrix
pole (virtual state pole and resonance pole) in the 2-nd sheet
(single channel case)

LHC sR s

S

1

+∞

−∞
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.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Introduction Extend Roy equation Outlook Backup References

A preliminary attempt: mπ ∼ 236MeV
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 0.01  0.03  0.05  0.07  0.09  0.11  0.13

IJ = 00
▶ p cot δ ∼ 1

a : lower a −→ broader σ
▶ Phase shifts are similar to the physical case
▶ Extremely “noisy” [HadSpec. PRL (2017)]
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Other Roy equation analyses

A. Rodas et.al. [HadSpec. Collaboration] arXiv: 2304.03762
Focus on two cases: mπ ∼ 283, 239MeV
Use extrapolations of IJ = 00 elastic amplitude up to∼ 1.34 GeV , and for different parameterizations

New σ pole positions via preliminary Roy equation analyses
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Re (
√
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IJ = 11 : ρ

▶ K-Matrix: mπ = 391MeV: mρ = 854.1± 1.1MeV, Γρ = 12.4± 0.6MeV
mπ = 236MeV: mρ = 783± 2MeV, Γρ = 90± 8MeV

▶ Roy Equation: mπ = 391MeV: mρ = 853.3+1.1
−1.1 MeV, Γρ = 13.4+0.4

−1.4 MeV
mπ = 236MeV: mρ = 785MeV, Γρ = 86MeV

曹雄辉 (X.-H. Cao), ITP 22 / 28
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IJ = 20 : Roy equation v.s. χPTNNLO

mπ = 236MeV mπ = 391MeV
Roy equation χPTNNLO Roy equation χPTNNLO√sA,IJ=00 162 140+46

−29 (206+29
−18)± i(218+3

−18) 225+131
−115√sA,IJ=20 326 334+13

−16 601+8
−17 546+41

−73√sv,IJ=20 117 167+8
−9 435+4

−12 410+30
−41

[Caprini et. al. PRL (2006)]

-4 -2 0 2 4 6 8

s in units of M
2
p

-0.2

0

0.2

0.4 Ret
0
0

Imt
0
0

Subtraction term

Weinberg 1966

Adler zero

s/m2
π

1

▶ Adler zero:
special zero of amplitudes below the threshold
Manifests chiral symmetry
(even in unphysical region)!
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IJ = 20 : Roy equation v.s. χPTNNLO

mπ = 236MeV mπ = 391MeV
Roy equation χPTNNLO Roy equation χPTNNLO√sA,IJ=00 162 140+46

−29 (206+29
−18)± i(218+3

−18) 225+131
−115√sA,IJ=20 326 334+13

−16 601+8
−17 546+41

−73√sv,IJ=20 117 167+8
−9 435+4

−12 410+30
−41

[Caprini et. al. PRL (2006)]
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s in units of M
2
p

-0.2

0

0.2

0.4 Ret
0
0

Imt
0
0

Subtraction term

Weinberg 1966

Adler zero

s/m2
π

1

▶ Adler zero:
special zero of amplitudes below the threshold
Manifests chiral symmetry
(even in unphysical region)!

▶ Virtual state pole in IJ = 20 channel:

0 or sR − sσ

sR s

S

1

−∞
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Light exotic states
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Unphysical quark masses HadSpec. Collaboration, PRL(2014); PRD(2015); PRL(2019)

⊙ mπ ∼ 390MeV, K-matrix fits:
▶ κ/K∗

0(700): one virtual state???
▶ K∗(892): a shallow bound state
▶ K∗

0(1430): m ↓,Γ ↑
▶ K∗

2(1430): m ↑,Γ ↓

曹雄辉 (X.-H. Cao), ITP 26 / 28
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Summary

■ The unity of dispersive techniques and experimental data is powerful to
investigate low energy hadron physics
▶ Widely-used unitarization methods such as K-matrix, etc., are not good in light meson & baryon studies
▶ (Covariant) Chiral pertubation theory obeys perturbative unitarity and analytic properties (correct LHC structure)
▶ Dispersive approaches, Muskhelishvili-Omnès formalism, Roy and Roy-Steiner equations, etc. are necessary

■ Lattice data+Roy equation (other dispersive methods)
▶ σ found as a bound state, virtual state and resonance
▶ Systematics =⇒ model independent!
▶ Generalize to πK scattering (in progress)
▶ Meson-baryon ( πN,KN, K̄N...) scatterings?

Thanks for your attention!
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Trajectory
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Figure 1: []
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