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1.  Lattice QCD  formalism

• Path integral quantization on finite Euclidean spacetime lattices

𝒁 = න𝑫𝑨𝑫𝝍𝑫ഥ𝝍𝒆𝒊𝑺 𝑨,𝝍,ഥ𝝍 → න𝑫𝑼𝐝𝐞𝐭𝑴[𝑼] 𝒆−𝑺𝒈[𝑼]

𝓞 𝑼,𝝍, ഥ𝝍 =
𝟏

𝒁
න𝑫𝑼 𝐝𝐞𝐭𝑴[𝑼] 𝒆−𝑺𝒈[𝑼] 𝓞[𝑼]

• Very similar to a statistical physics system

• Monte Carlo simulation——importance sampling according to 𝓟 𝑼 ∝ 𝐝𝐞𝐭𝑴 𝑼 𝒆−𝑺𝒈 𝑼

Green’s functions Field product Spacetime 

discretization

Gauge ensemble:  {𝑼𝒊 𝐬𝐩𝐚𝐜𝐞𝐭𝐢𝐦𝐞 , 𝒊 = 𝟏,… ,𝑵} 𝓞 𝑼,𝝍, ഥ𝝍 =
𝟏

𝑵


𝒊

𝒪 𝑼𝒊 + 𝑶
𝟏

𝑵

I. Introduction



Conventional 
hadrons：

2. Exotic hadrons states

✓ Constituent quark model sorts hadrons into 𝑞ത𝑞 mesons 

and 𝑞𝑞𝑞 baryons.

✓ Both quarks and gluons are fundamental degrees of 

freedom of QCD.

✓ Gluons can be also building blocks for hadrons:

glueballs (𝑔𝑔⋯),  hybrids (ത𝑞𝑞𝑔, 𝑞𝑞𝑞𝑔,⋯)

✓ Multiquark states:

Tetraquarks (ത𝑞𝑞ത𝑞𝑞) and Pentaquarks (𝑞𝑞𝑞𝑞ത𝑞) 

(hadron molecules or compact objects)

✓ Experimental candidates for multiquark states

𝑋(3872), 𝑍𝑐(3900), 𝑇𝑐𝑐
+(3875), 𝑃𝑐 states 

• Quite a lot of phenomenological studies on multiquark states

(see B.S. Zou, F.K. Guo and Q. Zhao’s talks). 

• I will give a brief overview of glueballs and hybrids in this talk.

• I will focus on the lattice studies on 𝑋(3872), 𝑍𝑐(3900), 𝑇𝑐𝑐
+(3875).
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Exotic hadrons：

glueballhybrid

Quark Model

Molecule Tetraquark Pentaquark
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II. Glueballs and hybrids from lattice QCD

1. Glueball masses

[2475]   Y. Chen et al, Phys. Rev. D 73 (20060 014516, 2006
[2477]   A. Athenodorou and M. Teper, JHEP 11 (2020) 172
[2478]   E. Gregory et al., JHEP 10 (2012) 170
[2479]   A.P. Szczepanniak and E.S. Swanson, Phys. Lett. B 577 (2003) 61 
[2480]   H.-X. Chen et al., Phys. Rev. D 104 (2021) 094050
[2481]   M.Q. Huber et al., Eur. Phys. J. C 81 (2021) 1083 
[1104]   M. Rinaldi et al., Phys. Rev. D 104 (2021) 034016 

* 𝑋(2370) * 𝑓2(2340)

Filled Squares：QQCD (Morningstar, PRD 60 (1999) 034509)

Open circles: full QCD, coarse lattice

Closed circles: full QCD, fine lattice

No meson or two-meson operators have been 

involved yet!
C.M. Richards et al., [UKQCD Collab.], Phys. Rev. D82, 034501 (2010). 

“50 Years of Quantum Chromodynamics”, 
F. Gross et al.,  Eur. Phys. J. C 83 (2023) 1125 



6

Spectroscopy from lattice QCD: Scalar glueball
R. Brett et al. (HSC) AIP Conf. Proc. 2249 (2020) 030032 (arXiv: 1909.07306(hep-lat)

• Quite a lot of operators: ഥ𝒒𝒒,  meson-meson,  and glueball

• Black lines:  two-meson thresholds

• Colored boxes: lattice energy levels (color corresponds to operator)

• Most states close to two-meson thresholds 

• An additional state (around 1.9 GeV) observed 

when glueball operators are involved 
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2. Glueballs in 𝑱/𝝍 radiative decays

• Glueballs are expected to be copiously produced in the gluon abundant 𝐽/𝜓 radiative decays.

• Theoretical prediction of their production rates are crucial for experiments to identify glueballs.

• There has been several lattice QCD studies on this topic in the quenched approximation.

• Scalar glueball

𝚪 𝑱/𝝍 → 𝜸𝑮𝟎+ = 𝟎. 𝟑𝟓 𝟖 𝐤𝐞𝐕, 𝚪/ 𝚪𝐭𝐨𝐭 = 𝟑. 𝟖(𝟗) × 𝟏𝟎−𝟑

𝚪 𝑱/𝝍 → 𝜸𝑮𝟎+ = 𝟎. 𝟒𝟓 𝟒 𝐤𝐞𝐕, 𝚪/ 𝚪𝐭𝐨𝐭 = 𝟒. 𝟖(𝟓) × 𝟏𝟎−𝟑

Gui, et al. (CLQCD),   PRL110 (2013) 021601

Zou, et al.,   arXiv:2404.01564[hep-lat]

𝐁𝐫( Τ𝑱 𝝍 → 𝜸𝒇𝟎 𝟏𝟕𝟏𝟎 > 𝟏. 𝟗 × 𝟏𝟎−𝟑PDG: 𝒇𝟎(𝟏𝟓𝟎𝟎) is produced 10 times less!

• Tensor glueball 

𝚪 Τ𝑱 𝝍 → 𝜸𝑮𝟐+ = 𝟏. 𝟎 𝟐 𝐤𝐞𝐕,            𝚪/ 𝚪𝐭𝐨𝐭 = 𝟏. 𝟏(𝟐) × 𝟏𝟎−𝟐 Yang, et al. (CLQCD),   PRL111 (2013) 091601

BESIII observed 𝒇𝟐 𝟐𝟑𝟒𝟎 in 𝑱/𝝍 → 𝜸 + (𝜼𝜼, 𝜼′𝜼′, 𝑲𝑺𝑲𝑺, 𝝓𝝓)
Ablikim et al. (BESIII), 
PRD87(2013) 092009, PRD105(2022)072002, 
PRD98(2018)072003, PRD93(2016)112011• Pseudoscalar

𝒎𝟎− = 𝟐𝟑𝟗𝟓 𝟏𝟒 𝐌𝐞𝐕,    Br(𝑱/𝝍 → 𝜸𝑮𝟎−) = 𝟐. 𝟑(𝟖) × 𝟏𝟎−𝟒

Gui, et al. (CLQCD),   PRD100 (2019) 054511
✓ BESIII observed 𝑿 𝟐𝟑𝟕𝟎 in 𝑱/𝝍 → 𝜸 + (𝝅+𝝅−𝜼′, 𝑲ഥ𝑲𝜼′)
✓ The QNs of 𝑿 𝟐𝟑𝟕𝟎 is determined to be 𝑱𝑷𝑪 = 𝟎−+ Ablikim et al. (BESIII), 

PRL106(2011)072002, EPJC80(2020)746
PRL130(2024)181901
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“50 Years of Quantum Chromodynamics”, Chap. 8.4: Glueballs, a fulfilled promise of QCD?  (E. Klempt）
F. Gross et al.,  Eur. Phys. J. C 83 (2023) 1125 

• Connection with experiments 

A.V. Sarantsev et al., PLB 816 (2021) 136227, E. Klempt et al., PLB 826 (2022)136906

3. Hybrids from lattice QCD 

• Lattice QCD studies predict the light

(1−)1−+ hybrid 𝜋1 to have a mass in the 

range 1.7-2.1 GeV, and 1−+

charmonium-like hybrid 𝜂𝑐1 to have a 

mass around 4.1-4.4 GeV.

• Flavor mixing angle of the two (0+)1−+

hybrid from 𝑁𝑓 = 2 + 1 LQCD.

• 𝜋1 decay from 𝑁𝑓 = 3 LQCD.

• Branching fraction 𝐽/𝜓 → 𝛾𝜂1 for 𝑁𝑓 = 2

(F. Chen et al., PRD 107 (2023) 054511)

• 𝜂𝑐1 two-body decays

(C. Shi et al., arXiv: 2306.12884[hep-lat]

(PRD in press) )

2.0GeV

2.5GeV

J. Dudek et al. (HSC),  

PRD 88(2013) 094505 
A.J. Woss (HSC), 

PRD 103 (2021) 054502
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The 𝑚𝜂𝑐1-dependence of partial decay widths

• For 𝑚𝜂𝑐1 = 4329(36) MeV, we have 

Γ𝐷1ഥ𝐷 = 258 133 MeV

Γ𝐷∗ഥ𝐷∗ = 150 118 MeV

Γ𝐷∗ഥ𝐷∗ = 88 18 MeV

Γ𝜒𝑐1𝜂 = sin2 𝜃 ⋅ 44 29 MeV

Γ𝜂𝑐𝜂′ = cos2 𝜃 ⋅ 0.93 77 MeV

• Given the mass above, 𝜂𝑐1 seems too wide to be

identified easily in experiments. 

• However, Γ𝜂𝑐1 is very sensitive to 𝑚𝜂𝑐1. 

• If 𝑚𝜂𝑐1 ∼ 4.2 GeV, then Γ𝜂𝑐1 ∼ 100 MeV.  

The dominant decay channels are 𝐷∗ഥ𝐷 and 𝐷∗ഥ𝐷∗. 

• Especially for 𝐷∗ഥ𝐷∗, the measurement of the 

polarization of 𝐷∗ and ഥ𝐷∗ will help distinguish a  

1−+ states from 1−− states.  

• It is suggested that  LHCb, BelleII and BESIII to search for 𝜂𝑐1 in 𝐷∗ഥ𝐷 and 𝐷∗ഥ𝐷∗ systems !  

𝑫∗ഥ𝑫∗
𝑪=+

𝑰=𝟎
=

𝟏

𝟐
𝑫∗+𝑫∗− + 𝑫𝟎∗ഥ𝑫𝟎∗

𝑳=𝟏

𝑺=𝟏

𝐿 + 𝑆 = even

C. Shi et al., arXiv: 2306.12884[hep-lat]
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III. 𝑻𝒄𝒄
+ (𝟑𝟖𝟕𝟓), X(3872) and 𝒁𝒄(𝟑𝟗𝟎𝟎) on the lattice

• Ever since X(3872）found in 2003 by Belle, 

quite a lot of XYZ states observed. 

• Unexpected by the naïve quark model and 

reside near open-charm or open-bottom 

thresholds. 

• Several baryonic counterparts, such as 𝑃𝑐
states observed by LHCb.

• Doubly charmed 𝑇𝑐𝑐
+(3875) observed by 

LHCb in 2021.

• These states spur intensive and extensive 

phenomenological studies. “Tetraquark” or 

“hadronic molecules”.

• Lattice QCD investigation through hadron-

hadron scatterings.
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1. The methodology hadron-hadron scattering in lattice QCD

• Interpolation field operator set for a given 𝑱𝑷𝑪

𝓞𝒊: ഥ𝒒𝟏𝚪𝒒𝟐 ഥ𝒒𝟏𝚪𝟏𝒒 ഥ𝒒𝚪𝟐𝒒𝟐 𝒒𝟏
𝑻𝚪𝟏𝒒 ഥ𝒒𝚪𝟐ഥ𝒒𝟐

𝑻 , …

• Correlation function matrix —— Observables 

𝑪𝒊𝒋 𝒕 & = 𝛀 𝓞𝒊 𝒕 𝓞𝒋
+ 𝟎 𝛀

=

𝒏

𝛀 𝓞𝒊 𝒏 𝒏 𝓞𝒋
+ 𝛀 𝒆−𝑬𝒏𝒕

All the energy levels 𝑬𝒏(𝑳) are discretized. 

State-of-art Approach——Lüscher’s formalism
(see R. Briceno et al., Rev. Mod. Phys. 90 (2018) 025001 for a review). 

𝐝𝐞𝐭 𝑭−𝟏 𝑷, 𝑬, 𝑳 +𝓜 𝑬 = 𝟎

𝐸𝑛 𝐿 : Eigen-energies of lattice Hamiltonian. 

𝐹 𝑃, 𝐸, 𝐿 : Mathematically known function matrix

in the channel space (the explicit expression omitted

• Unitarity requires

ℳ𝑎𝑏
−1 = 𝒦−1

𝑎𝑏 − 𝑖𝛿𝑎𝑏
2𝑞𝑎

∗

𝐸𝑐𝑚

• 𝒦 is a real function of 𝑠 for real 

energies above kinematic threshold. 

• The pole singularities of ℳ(𝑠) in the 

complex 𝑠-plane correspond to bound 

states, virtual states, resonances, etc..  

𝑘 = ±
1

2
𝑠 − 4𝑚2

ℳ 𝐸 : Scattering matrix. 
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2. Lattice studies of 𝑻𝒄𝒄
+ (𝟑𝟖𝟕𝟓)

LHCb discovered 𝑇𝑐𝑐
+(3875) in 2021 (LHCb, Nature Phys.18, 751 (2022), Nature Comm.13, 3551 (2022))

𝑀𝑇𝑐𝑐 − 𝑚𝐷0 +𝑚𝐷∗+ = −273 ± 61 ± 5−14
+11 keV

Γ𝐵𝑊 = 410 ± 165 ± 43−38
+18 keV

Γ𝐵𝑊
𝑈 = 48 ± 2−14

0 𝑘𝑒𝑉

Isospin：Only observed in 𝐷𝐷∗+, therefore 𝐼 = 0

The minimum quark configuration：𝑐𝑐ത𝑢 ҧ𝑑

• Spured extensive and intensive phemonenological investigations

• Likely a 𝐷𝐷∗ hadronic molecule

• A series of lattice studies——make the things clearer! 

Pole singularity:          M. Padmanath and S. Prelovsek, Phys. Rev. Lett. 129 (2022) 032002

Dynamics underlying: S. Chen et al., Phys. Lett. B 833, 137391 (2022)

Interaction potential:   Y. Lyu et al., Phys. Rev. Lett. 131 (2023)

Quark mass dependence: S. Collins et al., arXiv:2404.06399(hep-lat)



A.  Pole singularity of 𝐷𝐷∗(𝐼 = 0) scattering amplitude from lattice QCD
M. Padmanath and S. Prelovsek, Phys. Rev. Lett. 129 (2022) 032002 

𝑒2𝑖𝛿𝑙 = 1 + 𝑖 2𝜌𝑡𝑙 , 𝜌 =
2𝑝

𝑠
,

Effective range expansion (ERE): 

𝑡0 =
𝑠

2

1

𝑝cot 𝛿0 − 𝑖𝑝

𝑝 cot 𝛿0 =
1

𝑎0
+
1

2
𝑟0𝑝

2

Lüscher’s relation:  

𝑝 cot𝛿0 𝑞2 =
2

𝐿 𝜋
𝒵00 1, 𝑞2 =

1

𝜋𝐿


𝑛∈𝑍3

1

𝑛2 − 𝑞2
, 𝑞 =

𝐿𝑝

2𝜋

𝑝 = ±𝑖|𝑝|

𝑖𝑝 = ∓ |𝑝2|,

𝑠 = 𝐸𝑐𝑚 = 𝑚𝐷
2 + 𝑝2 + 𝑚𝐷∗

2 + 𝑝2

13

S-wave scattering amplitude:

Pole condition:
𝑝cot𝛿0 = 𝑖𝑝



• 𝐷𝐷∗ energies and scattering momenta can be derived precisely

• Single-channel Lüscher’s formula applied

• 𝐼 = 1 𝐷𝐷∗ is repulsive,  𝐼 = 0 𝐷𝐷∗ is repulsive (sign of 𝑎0)

• Quark diagrams (after Wick’s contraction) contributing to 𝐷𝐷∗

correlators

𝐶𝐷𝐷∗
𝐼

𝑡 = 𝐷 + 𝐶1 + − 𝐼+1 𝐶2 + 𝐷′

• Initiatively interprets the underlying physics by analyzing the 

quark diagrams in lattice QCD calculations

B. Investigation of the isospin-dependent interaction of 𝐷𝐷∗ scattering 
(S. Chen et al., Phys. Lett. B 833, 137391 (2022) )

𝒑𝐜𝐨𝐭 𝜹𝟎 𝒑 =
𝟏

𝒂𝟎
+
𝟏

𝟐
𝒓𝟎𝒑

𝟐 + 𝓞 𝒑𝟒

𝐼 = 0: attractive𝐼 = 1: repulsive

Schematic quark diagrams
14

𝚫𝑬𝑫𝑫∗
𝑰

≈ 𝝐𝟏𝜹𝑬𝟏 + − 𝑰+𝟏𝝐𝟐𝜹𝑬𝟐

𝝐𝟐 > 𝝐𝟏 > 𝟎, 𝜹𝑬𝟐 ≥ 𝜹𝑬𝟏

Δ𝐸𝐷𝐷∗
𝐼=0

< 0,

Δ𝐸𝐷𝐷∗
𝐼=1

> 0,



• 𝐷𝐷∗ energies and scattering momenta can be derived precisely

• Single-channel Lüscher’s formula applied.

• 𝐼 = 1 𝐷𝐷∗ is repulsive,  𝐼 = 0 𝐷𝐷∗ is repulsive (sign of 𝑎0)

• Quark diagrams (after Wick’s contraction) contributing to 𝐷𝐷∗

correlators

𝐶𝐷𝐷∗
𝐼

𝑡 = 𝐷 + 𝐶1 + − 𝐼+1 𝐶2 + 𝐷′

• Initiatively interprets the underlying physics by analyzing the 

quark diagrams in lattice QCD calculations

✓ 𝐷′ term is negligible.

✓ 𝐶2 term is responsible for the energy difference of 𝐷𝐷∗(𝐼 = 1)
and 𝐷𝐷∗(𝐼 = 0).

✓ 𝐶2 term can be understood as the exchange of charged 

vector 𝜌 meson, which provides attractive (repulsive) 

interaction for 𝐼 = 0 (𝐼 = 1)
✓ This is in qualitative agreement with phenomenological studies 

(Dong et al. CTP73 (2021) 125201,  Feijoo et al, 

PRD104(2021)114015)

𝒑𝐜𝐨𝐭 𝜹𝟎 𝒑 =
𝟏

𝒂𝟎
+
𝟏

𝟐
𝒓𝟎𝒑

𝟐 + 𝓞 𝒑𝟒

𝐼 = 0: attractive𝐼 = 1: repulsive

Schematic quark diagrams
15

B. Investigation of the isospin-dependent interaction of 𝐷𝐷∗ scattering 
(S. Chen et al., Phys. Lett. B 833, 137391 (2022) )



• (2+1)-flavor QCD on the 964 lattice with 𝑚𝜋 = 146.4 MeV, L=8.1 fm
• Calculate the correlation functions  

𝑅 Ԧ𝑟, 𝑡 = 𝑒 𝑚𝐷∗+𝑚𝐷 𝑡

Ԧ𝑥

0 𝐷∗ Ԧ𝑥 + Ԧ𝑟, 𝑡 𝐷 Ԧ𝑥, 𝑡 ҧ𝒥 0 0 =

𝑛

𝐴𝑛𝜓𝑛 Ԧ𝑟 𝑒−𝛥𝐸𝑛 𝑡 +⋯

• The function 𝑅(Ԧ𝑟, 𝑡) satisfies the Shrödinger-type equation
1 + 3𝛿2

8𝜇
𝜕𝑡
2 − 𝜕𝑡 − 𝐻0 +⋯ 𝑅 Ԧ𝑟, 𝑡 = න𝑑Ԧ𝑟′𝑈 Ԧ𝑟, Ԧ𝑟′ 𝑅 Ԧ𝑟, 𝑡 , 𝐻0 = −

𝛻2

2𝜇
, 𝜇 =

𝑚𝐷∗𝑚𝐷

𝑚𝐷∗ +𝑚𝐷
, 𝛿 =

𝑚𝐷∗ −𝑚𝐷

𝑚𝐷∗ +𝑚𝐷

• Takes the leading term of derivative expansion of the non-local 𝑈(Ԧ𝑟, Ԧ𝑟′)

𝑈 Ԧ𝑟, Ԧ𝑟′ ≈ 𝑉 Ԧ𝑟 𝛿 Ԧ𝑟 − Ԧ𝑟′ , 𝑉 𝑟 = 𝑅−1 Ԧ𝑟, 𝑡
1 + 3𝛿2

8𝜇
𝜕𝑡
2 − 𝜕𝑡 − 𝐻0 +⋯ 𝑅 Ԧ𝑟, 𝑡

• The 𝐷𝐷∗ potential in the 𝐼, 𝐽𝑃 = (0,1+) channel is attractive.

• Short range: attractive diquark-antidiquark (ത𝑢 ҧ𝑑 − 𝑐𝑐)
Long range: two-pion exchange is favored:

𝑉𝑓𝑖𝑡
𝐵 𝑟;𝑚𝜋 = σ𝑖=1,2𝑎𝑖𝑒

− Τ𝑟 𝑏𝑖
2
+ 𝑎3

1

𝑟
𝑒−𝑚𝜋𝑟

2
⋯

• Different from phenomenological expectation that 𝜌-exchange dominates?

C. Hadron-hadron interaction potential——HALQCD approach (Y. Lyu et al., Phys. Rev. Lett. 131 (2023))

16

Nambu-Bethe-Salpeter 

wave function



• Using the derived potential, the S-wave phase shifts 𝛿0 is 

obtained by solving the Schrödinger equation of 𝐷𝐷∗

system, which is put into the ERE

𝑝 cot 𝛿0 𝑝 =
1

𝑎0
+
1

2
𝑟0𝑝

2 + 𝒪 𝑝4

• Extrapolate to the physical 𝑚𝜋, 

𝑉𝑓𝑖𝑡
𝐵 𝑟;𝑚𝜋 → 𝑉𝑓𝑖𝑡

𝐵 𝑟;𝑚𝜋
phys

one gets

consistent with the large negative scattering length 𝑎0
of a bound state (𝑘 = 𝑖𝜅pole). 

• This result is consistent with the extrapolated 𝑎0 using the 

existing lattice results. 
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𝐴

𝐶

𝐵
𝐷

D: Y. Ikeda et al. (HALQCD)
Phys. Lett. B 729 (2014) 84-90



✓ The gray band: the theoretical obtained 

by using 𝑉𝑓𝑖𝑡
𝐵 (𝑟;𝑚𝜋) at 𝑚𝜋 = 146.4MeV

✓ The red band: 𝐷0𝐷0𝜋+ mass spectrum 

obtained by chiral extrapolated 

𝑉𝑓𝑖𝑡
𝐵 (𝑟;𝑚𝜋) at 𝑚𝜋 = 135.0MeV

✓ Consistent with the trend of evolution 

from a near-threshold virtual state into a 

loosely bound state. 
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• Fit to the 𝐷0𝐷0𝜋+ mass spectrum of LHCb

experimental data 

To summarize,

✓ The existing lattice results of 𝑇𝑐𝑐
+ 3875 relevant studies are consistent with each other;

✓ These results support the existence of a 𝐷𝐷∗ bound state in the 𝐼 = 0 channel.
✓ The interaction potential study (C）suggests that the two-pion exchange dominates the long 

range interaction, while study (B) supports the charged-𝜌 exchange that provides an 

attractive interaction for 𝐼 = 0 𝐷𝐷∗ system near the threshold, as expected by phenomenological

studies. 
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New singularities emerge in the on-shell partial-wave 
amplitudes at imaginary values of 𝑘2 = 𝑘′2 = 𝑝2 < 0:

𝑝𝑙ℎ𝑐
1𝜋 2

≈
1

4
Δ𝑀 2 −𝑚𝜋

2

A lhc introduces nonanalyticity to 𝑝 cot 𝛿 and sets the 
upper bound on the convergence radius of ERE (𝑝 cot 𝛿

acquires an imaginary part for 𝑝2 < 𝑝𝑙ℎ𝑐
1𝜋 2

). 

Stars: resonance poles.
Dots: virtual states poles  

One Pion Exchange (OPE) 

D. One-pion-exchange left hand cut issue (M.-L. Du et al., PRL131(2023)131901)



2020

M.-L. Du et al., 
PRL131 (2023) 131901

Case studies on 𝑇𝑐𝑐
+(3872)

relevant 𝐷𝐷∗ scattering. The 
data points are from lattice 
QCD calculation (M. 
Padmanath et al. 
PRL129(2022)032002)

L. Meng et al., 
PRD 109 (2024) L071506

Similar to the discussion above. 
The difference is that, the 
lattice finite volume energy
levels are used to fix the 
parameters in the EFT involved. 
Then prediction of the EFT (red 
curves) are compared with ERE 
with out OPE.
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2. Lattice QCD studies on X(3872)

• X(3872）found in 2003 by Belle, quite a lot 

of XYZ particles observed afterwards

𝒎𝑿 = 𝟑𝟖𝟕𝟏. 𝟔𝟓 ± 𝟎. 𝟎𝟔 𝐌𝐞𝐕
𝚪𝐱 = 𝟏. 𝟏𝟗 ± 𝟎. 𝟐𝟏 𝐌𝐞𝐕

𝑰𝑮𝑱𝑷𝑪 = 𝟎+𝟏++

• X(3872) decays mainly to 𝑫𝟎ഥ𝑫𝟎∗, a small 

fraction to 𝑱/𝝍𝝎, and also isospin violating 

𝑱/𝝍𝝆

• Intensive and extensive phenomenological 

studies

• Interpreted as a 𝒄ത𝒄, a 𝑫ഥ𝑫∗ molecule or a 

tetraquark

• Main point of view:  𝑫ഥ𝑫∗ + 𝒄ത𝒄

S. Prelovsek, PRL111(2013)192001,    H. Li, et al, arXiv: 2402.14541(hep-lat)

• Lattice QCD studies on 𝑫ഥ𝑫∗ and 𝒄ത𝒄 coupled 
channel effects.

• 𝑱/𝝍𝝎 channel is observed to be negligible

• 𝑚𝜋 = 266 MeV
(S. Prelovsek, PRL111(2013)192001)

A shallow bound state is observed 

𝑎0 = −1.7 ± 0.4 𝑓𝑚,
𝑟0 = 0.5 ± 0.1 𝑓𝑚
𝐸𝐵 = −11 ± 7 MeV

May correspond to 𝑋 3872

• 𝑚𝜋 = 250, 306, 360, 417 MeV
(H. Li, et al, arXiv: 2402.14541(hep-lat))

Follow the strategy in the study above

New interpretation of the lattice energy levels

A likely bound state and a hint of a resonance 

around 4.0 GeV.
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A.  Existence of a bound state below 𝐷ഥ𝐷∗ threshold

Leuscher formula for 𝑆-wave scattering

𝑝 cot 𝛿0(𝑝) =
2

𝜋 𝐿
𝒵00 1; 𝑞2 , 𝑞2 ≡

𝐿

2𝜋

2

𝑝2

𝐸𝑛 𝑝𝑛 = 𝑚𝐷
2 + 𝑝𝑛

2 + 𝑚𝐷∗
2 + 𝑝𝑛

2

Effective range expansion (ERE):

𝑝 cot 𝛿0 𝑝 =
1

𝑎0
+
1

2
𝑟0𝑝

2

Pole singularity of the scattering amplitude (in the infinite volume):
𝒯 ∝

1

𝑝 cot 𝛿0 𝑝 − 𝑖𝑝
• Solving ERE with 𝐸2 and 𝐸3, we can obtain the parameters (𝑎0, 𝑟0)

• Using the derived (𝑎0, 𝑟0) as the approximation in the 𝑉 → ∞ limit, then the pole equation gives the banding 
energy  𝐸𝐵 = 𝐸𝐷ഥ𝐷∗ 𝑝𝐵 − 𝑚𝐷 +𝑚𝐷∗ , where 𝑝𝐵 satisfies  𝑝𝐵 cot 𝛿0(𝑝𝐵) − 𝑖 𝑝𝐵 = 0.
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• 𝑬𝟐 :  The lattice energy is lower than the 𝐷ഥ𝐷∗ threshold by 20 MeV or even more.
• 𝒂𝟎:  Large negative, implies a bound state. 
• 𝒓𝟎:  Small positive, implies the compositeness 𝑋 ∼ 1 up to a 𝒪(𝑝2) correction 
• (Y. Li et al., PRD105(2022)L071502). 
• The bound state is predominantly a 𝐷ഥ𝐷∗ molecule.
• Maybe suffering from the Left Hand Cut (lhc) issue. 

(M.-L. Du et al., PRL131(2023)131901, L. Meng et al., arXiv:2312.01930 [hep-lat])
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To summarize on the bound state:

• 𝒎𝝅 = 𝟒𝟏𝟕 𝐌𝐞𝐕 :  Free from the OPE lhc issue, a bound state exists in the 𝑉 → ∞ limit 
𝐸𝐵 = −1.3−1.0

+0.8 𝑀𝑒𝑉, 𝑋 ≈ 1 + 𝒪(𝑝2)
This pole may correspond to 𝑋(3872), which is mainly a 𝐷ഥ𝐷∗ molecule. 

• 𝒎𝝅 < 𝟑𝟔𝟎 𝐌𝐞𝐕 :  OPE lhc may have the effects on the existence and the pole position of a bound 
state. 

• If the OPE lhc effects are similar to the case of 𝑇𝑐𝑐
+(3872) relevant scattering in that, ERE can give a 

ballpark description of the 𝑝2 behavior of  𝑝 cot 𝛿0, the singularity induced by OPE lhc permit the 
existence of a bound state, and result in a smaller binding energy. 
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B.  A possible resonance below 4.0 GeV

Where is 𝝌𝒄𝟏(𝟐𝑷) ?

T. Barnes et al.,PRD72(2005)054026

a) Non-relativistic quark model expects 𝜒𝑐1(2𝑃) with a 
mass around 3.95 GeV. 

b) 𝑋(3872) is likely a  𝐷ഥ𝐷∗ molecule.
c) There should be a state that has a large component 

of 𝜒𝑐1(2P). 
d) It might appear as a resonance. 
e) The dynamics for the 𝐷ഥ𝐷∗ scattering in 0+1++

channel

Meson exchange Charmonium mediation 
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• 𝑬𝟑 :  Gives a scattering phase around 𝛿 𝐸3 ∼ 90∘;
• 𝑬𝟒:   Gives a scattering phase close to 𝛿 𝐸4 ∼ 180∘. 
• Exactly as the expectation of the generalized Levinson’s theorem. 
• Hint at the existence of a resonance. 
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The possible existence of a resonance below 4.0 GeV

• Breit-Wigner ansatz for a resonance :

𝒯 ≈
1

cot 𝛿0 − 𝑖
∼

1

𝑚𝑅 − 𝐸 −
𝑖Γ𝑅
2

,

• Resonance parameters derived through 

𝛿0 𝐸 = arctan
Γ𝑅

2 𝑚𝑅 − 𝐸

by using 𝐸3 and 𝐸4.

• Caution: The parameters (𝑚𝑅 , Γ𝑅) may      
change, since they are derived from 

only 
two energy levels. 

• Only one experimental observation    
𝑋(3940):

𝑚𝑋 = 3942 9 MeV
Γ𝑋 = 37−17

+27 MeV
(Belle, PRL98(2007)082001;  

PRL100(2008)202001) Be caution that the resonance parameters may change !
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Related phenomenological studies

• Considering the mixing between 𝐷ഥ𝐷∗ and 𝜒𝑐1(2𝑃). 

𝒎𝑹 (MeV) 3910-3925 3995 3990 3958

Γ𝑅 (MeV) 5 − 70 72 ∼ 60 ~17

Ref. E. Cincioglu et al., 
EPJC76(2016)576

F. Giacosa et al., 
IJMPA34(2019)195017

3

Q. Deng et al., 
2312.10296

G.J. Wang et al., 
2306.12406

E. Cincioglu et al., 
EPJC76(2016)576

Q. Deng et al., 2312.10296

Spectral function:

𝜔 𝑀 =
1

2𝜋

Γ

𝑀 −𝑚𝑅
2 + Γ2/4
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3. Lattice QCD studies on 𝑍𝑐(3900)

BESIII, PRL110(2013)252001

a. 𝑫ഥ𝑫∗ scattering (Y. Chen et al., PRD89(2014)094506,  PRD92(2015)054507) 

Single channel Lüscher’ method, weak repulsive interaction.

b. Spectroscopy study （S. Prelovsek et al., PRD91(2015)014504）
No additional energy levels except for the interacting 𝐷ഥ𝐷∗ scattering states 

c. Potential matrix  and scattering amplitudes 

(Y. Ikeda et al (HAL Collab.), PRL117(2016) 242001)

HALQCD method, 𝐷ഥ𝐷∗ − 𝑱/𝝍𝝅 − 𝜼𝒄𝝆 coupled channel effects

Interaction potentials——Off-diagonal potentials (𝑫ഥ𝑫∗ − 𝑱/𝝍𝝅,𝑫ഥ𝑫∗ − 𝜼𝒄𝝆)
are  important.  

𝑚𝜋 = 410 − 710 MeV, 𝑍𝑐(3900) may not be a usual resonance but a threshold  

cusp.

d. 𝑫ഥ𝑫∗ − 𝑱/𝝍𝝅 coupled channel scattering (T. Chen et al., CPC43(2019)103103

Strong coupling effect between 𝐷ഥ𝐷∗ and 𝐽/𝜓𝜋 channels.

Lüscher’ method and Ross-Shaw method is applied to analysis the finite volume 

energies. 

Do not support the existence of a narrow near-threshold resonance

e.   More scrutinized lattice QCD investigation is desired.   Belle, PRL110(2023)252002
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𝐶𝛼𝛽 Ԧ𝑟, 𝑡 = 

Ԧ𝑥

0 𝜙1
𝛼 Ԧ𝑥 + Ԧ𝑟, 𝑡 𝜙2

𝛽
Ԧ𝑥, 𝑡 𝐽𝛽 0 0

=

𝑛

𝜓𝑛
𝛼 Ԧ𝑟 𝐴𝑛

𝛽
𝑒−𝑊𝑛𝑡

𝑅𝛼𝛽 Ԧ𝑟, 𝑡 ≡ 𝐶𝛼𝛽 Ԧ𝑟, 𝑡 𝑒 𝑚1
𝛼+𝑚2

𝛼 𝑡

−
𝜕

𝜕𝑡
− 𝐻0

𝛼 𝑅𝛼𝛽 Ԧ𝑟, 𝑡 =

𝛾

Δ𝛼𝛾න𝑑𝑟′𝑈 Ԧ𝑟, 𝑟′ 𝑅𝛾𝛽 𝑟′, 𝑡

𝑈𝛼𝛽 Ԧ𝑟, 𝑟′ ≈ 𝑉𝛼𝛽 Ԧ𝑟 𝛿 Ԧ𝑟 − 𝑟′ + 𝒪 ∇2

𝑡𝛼𝛽 Ԧ𝑝𝛼, Ԧ𝑝𝛽;𝑊𝑐𝑚 = 𝑉𝛼𝛽( Ԧ𝑝𝛼, Ԧ𝑝𝛽)

+

𝛾

න𝑑 Ԧ𝑞𝛾
𝑉𝛼𝛾 Ԧ𝑝𝛼, Ԧ𝑞𝛾 𝑡𝛾𝛽 Ԧ𝑞𝛾, Ԧ𝑝𝛽;𝑊𝑐𝑚

𝑊𝑐𝑚 − 𝐸𝛾( Ԧ𝑞𝛾) + 𝑖𝜖

Im 𝑓𝛼𝛼 𝑊𝑐𝑚 = −𝜋𝜇𝛼Im 𝑡𝛼𝛼 𝑊𝑐𝑚

Y. Ikeda et al (HAL Collab.), PRL117(2016) 242001



V.  Summary

• The present status of the lattice studies on glueballs is briefly overviewed. The lattice results of 

masses of glueballs and their productions rates in 𝐽/𝜓 radiative decays provide important 

theoretical inputs for experiments. 

• Hybrid decays are now investigated in lattice QCD . 

• The existing lattice QCD results relevant to 𝑇𝑐𝑐
+(3875) are consistent with each other 

and support the existence of a shallow 𝐷𝐷∗ 𝐼 = 0 bound state. 

• However, the one-pion-exchange left hand cut issue should be considered in analyzing lattice 

data.

• Lattice QCD studies find evidence for a 0+1++ bound state below 𝐷ഥ𝐷∗ threshold, which may 

correspond to 𝑋(3872)
• For 𝑍𝑐 3900 , no consensus has been reach in the lattice QCD community. 
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Thank you for your Attention!


