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1. Hadrons beyond the conventional quark model 

2. Questions from the quark model: where are the 

genuine color-singlet multiquark states?

3. Quark model states vs. hadronic molecules

4. Some crucial issues to be noted



Exotics of Type-I: 
JPC are not allowed by Q Q̀ configurations, e.g. 

0--,1-+é

Å Direct observation

Exotics of Type-II: 
JPC are the same as Q Q̀ configurations

Å Outnumbering of conventional QM 

states? 

Å Peculiar properties?

ñExoticsò of Type-III: 
Leading kinematic singularity can cause 

measurable effects, e.g. the triangle singularity. 

Å Whatôs the impact?

Å How to distinguish a genuine state from 

kinematic effects?

1. Hadrons beyond the conventional quark model 
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Chart plotted by Fengkun Guo

Production processes in experiment
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Genuine color-singlet multiquark states vs. hadron molecules 

Tetraquark vs. hadronic molecule

Pentaquark vs. hadronic molecule

Status 

rating

**** ὢσψχςȟὤ σωππ

*** ὣτςφπȾὣτςσπ, 
ὖτττπȟὖττυχȟὖτσρςȟὝ σψχφȟ
ὢφωππ

** ‪ σψςσȟὢτρτπȟὢτςχτȟ
ὢτυππȟὢτχππȟὤ τσφπȟὤ ττσπȟ
ὤ τπυπȟὤ τςυπȟὤ τςππȟὤ τπςπ
ὤ ρπφρπȟὤ ρπφυπȟὣτφφπȟ
ὢφςππȟὢχςππé

* ὣτππψȟὤ σωψυȟὤ τπππȣ

Why we do not see rich spectra arising from genuine color-singlet multiquark states? 
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2. Questions from the quark model: where are the genuine color-

singlet multiquark states?
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Heavy quarkonium spectrum vs. fully-heavy genuine color-singlet 

tetraquark states in the quark model

Ὕ
ὴ

ςά
ȟ

Potential smearing factor

Hamiltonian in a non-relativistic quark model :

Coulomb Spin-spin correl.  

Å Cornell model

Å Godfrey-Isgur model

Å A lot of recent development é
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1 fm

ὠὶ

ὶ

The size of most of those heavy quarkonia is less than 1 fm

which indicate the dominance of the OGE potential. 

Success of the Cornell model
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Godfrey and Isgur, PRD32, 189 (1985)W.J. Deng et al., PRD95, 034026 (2017)

[8] T. Barnes, S. Godfrey, and E. S. Swanson, PRD 72, 054026 (2005).

[11] B. Q. Li and K. T. Chao, PRD 79, 094004 (2009).

╓╓z

The QM state Ⱶ╬ ╟is about 60 MeV higher than the physical state ╧ .  
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1 fm

ὠὶ

ὶ

When applied to multiquark systems, itôs often argued 

that the linear confinement potential is a long-ranged 

dynamics. Thus, it can be neglected in heavy flavor 

system. 

ḗ

For instance, the size of J/psi is about 0.4 fm and 

contributions from the confinement potential is relatively 

small and can be absorbed into the effective constituent 

quark mass. But for higher states, the confinement 

potential cannot be neglected. 
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Å The linear confinement potential increases with the excitation quantum numbers, while the Coulomb 

potential decreases. Their combined contribution drives the instability of the excited states.

Å How do these energy terms evolve with the increased constituent degrees of freedom? 

Energy decomposition of the low-lying charmonium states

W.J. Deng, H. Liu, L.C. Gui, X.H. Zhong, PRD95, 034026 (2017)

M. S. Liu, Q. F. Lu, X. H. Zhong and Q. Zhao, PRD 100, 016006 (2019)

For ὐȾ‪,   ḗπȢτω

The ratio increases quickly for 

excited states.

For ‪ςὛ, ḗρȢως

ὐȾ‪

‪ςὛ
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Fully-heavy tetraquarksas ideal exotic candidates

LHCb Collaboration, arXiv:2006.16957v1 [hep-ex]
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Unbound fully-heavy tetraquarks:

1. J.~P.~Ader, J.~M.~Richard and P.~Taxil, Phys.\ Rev.\ D {\bf 25}, 2370 (1982)

2. J.~M.~Richard, A.~Valcarce and J.~Vijande, Phys.\ Rev.\ D {\bf 95}, 054019 (2017); Phys.\ Rev.\ C 

{\bf 97}, 035211 (2018)

3. M.~Karliner, S.~Nussinov and J.~L.~Rosner, Phys.\ Rev.\ D {\bf 95}, 034011 (2017)

4. J.~Wu, Y.~R.~Liu, K.~Chen, X.~Liu, and S.~L.~Zhu, Phys.\ Rev.\ D {\bf 97}, 094015 (2018)

5. M. S. Liu, Q. F. Lu, X. H. Zhong and Q. Zhao, Phys. Rev. D 100, 016006 (2019). 

6. M.S. Liu, F.X. Liu, X.H. Zhong and Q. Zhao, 2006.11952 [hep-ph].

7. X.Z. Weng, X.L. Chen, W.Z. Deng, and S.L. Zhu, arXiv:2010.05163v1 [hep-ph]

Bound fully-heavy tetraquarks:

1. L.~Heller and J.~A.~Tjon, Phys.\ Rev.\ D {\bf 32}, 755 (1985)

2. R.~J.~Lloyd and J.~P.~Vary, Phys.\ Rev.\ D {\bf 70}, 014009 (2004)

3. N.~Barnea, J.~Vijande and A.~Valcarce, Phys.\ Rev.\ D {\bf 73}, 054004 (2006); 

4. M.~N.~Anwar, J.~Ferretti, F.~K.~Guo, E.~Santopinto and B.~S.~Zou, Eur.\ Phys.\ J.\ C {\bf 78}, 647 

(2018)

5. Y.~Bai, S.~Lu and J.~Osborne, Phys.Lett.B 798 (2019) 134930
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ATLAS Colla., arXiv:2304.08962v1 [hep-ex] 

di-ὐȾ‪

ὐȾ‪-‪ςὛ
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Constituent quark models:
X. Jin et al., Eur.Phys.J.C 80 (2020) 11, 1083

G. Yang, J.L. Ping, J. Segovia, Symmetry 12 (2020) 11, 1869

X.Z. Wen et al., Phys.Rev.D 103 (2021) 3, 034001  [only the color-magnetic 

interaction included]

Q.F. Lyu et al., Eur.Phys.J.C 80 (2020) 9, 871 [Extended relativized quark 

model]

M.C. Gordillo, F. De. Soto, J. Segovia, Phys.Rev.D 102 (2020) 11, 114007 

[Difussion Monto Carlo mechod]

M.S. Liu, F.X. Liu, X.H. Zhong, Q. Zhao, 2006.11952 [hep-ph]

F.X. Liu, M.S. Liu, X.H. Zhong, and Q. Zhao, PRD 104, 116029 (2021)

G.J. Wang, L. Meng, M. Oka, S.L. Zhu, PRD 104, 036016 (2021)

J. Hu, B.R. He, and J.L. Ping, Eur.Phys.J.C 83 (2023) 7, 559

Coupled-channel approach:
X.K. Dong, V. Baru, C. Hanhart, F.K. Guo, A. Nefediev, 

Phys.Rev.Lett. 126 (2021) 13, 132001

C. Gong, M.C. Du, Q. Zhao, X.H. Zhong, B. Zhou, Phys.Lett.B

824 (2022) 136794

Z. Zhang et al., Phys.Rev.D 105 (2022) 5, 054026

Z.H. Guo, J.A. Oller, Phys.Rev.D 103 (2021) 3, 034024

C. Gong, M.C. Du, Q. Zhao, Phys.Rev.D 106 (2022), 054011

Diquark model:
M.A. Bedolla et al., Eur.Phys.J.C 80 (2020) 11, 1004

J.F. Giron, R.F. Lebed, Phys.Rev.D 102 (2020) 7, 074003

M. Karliner, J.L. Rosner, Phys.Rev.D 102 (2020) 11, 114039

R.N. Faustov, et al., Universe 7 (2021) 4, 94

H.W. Ke, X.H. Liu, Y.L. Shi, Eur.Phys.J.C 81 (2021) 5, 427

Hybrid tetraquark:
L.B. Wang and C.F. Qiao, Phys.Lett.B 817 (2021) 136339

QCD sum rules:
Z.G. Wang, Int.J.Mod.Phys.A 36 (2021) 02, 2150014

Q.N. Wang, Z.Y. Yang, W. Chen, Phys.Rev.D 104 (2021) 

11, 114037

R.H. Wu et al., JHEP 11 (2022) 023

Production and decay mechanisms:
C. Becchi, A. Giachino, L. Maiani, E. Santopinto, Phys.Lett.B 811 

(2020) 135952

J.Z. Wang, D.Y. Chen, X. Liu, T. Matsuki, Phys.Rev.D 103 

(2021) 7, 071503

R.L. Zhu, Nucl.Phys.B 966 (2021) 115393

RafağMaciuğaet al., Phys.Lett.B 812 (2021) 136010

Y.Q. Ma and H.F. Zhang, 2009.08376 [hep-ph]

F. Feng et al., Phys.Rev.D 106 (2022) 11, 114029

V. P. Gonçalves, Bruno D. Moreira,  Phys.Lett.B 816 (2021) 136249

Now, all the calculated masses are above the di-

charmonium threshold!
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Typical fully-heavy tetraquark system with color-spin-flavor symmetry

Ὕ ὗὗὗὗ ὧὧӶὧӶὧȟὦὦὦὦȟὧὧὦὦȟὦὧὦӶὧȟὦὧӶὧӶὧȟὦὧὦὦȟȣ

ïideal candidates for genuine tetraquark states

Stability of the four-body system:

ὓ τά Ą stable ὓ τά Ą unstable.
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Typical fully-heavy tetraquark system with color-spin-flavor symmetry

Ὕ ὗὗὗὗ ὧὧӶὧӶὧȟὦὦὦὦȟὧὧὦὦȟὦὧὦӶὧȟὦὧӶὧӶὧȟὦὧὦὦȟȣ

Diquark (anti-diquark) configurations:

Å Spin: ςṧς ρ τ

Å Color: σṧσ σ φȠσṧσ σ φ

Å Flavor: ὗὗ ὗὗ ὗὗ Ⱦς; ὗὗ ὗὗ ὗὗ Ⱦς



19



20

Reminder of the Hamiltonian adopted

Ὕ
ὴ

ςά

Hamiltonian in a non-relativistic quark model:

Color matrix elements:
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Dynamic feature for fully-heavy tetraquark system

m1

m2

m3

Ⱪ

►

Ⱪ

Jacobi coordinate

m4

Ⱪ

Ⱪ

Trial wavefunction for the ground states expanded 

by a series of Gaussian functions: 

Jacobi coordinates: 

E. Hiyama, Y. Kino, and M. Kamimura, Gaussian 

expansion method for few-body systems, Prog. 

Part. Nucl. Phys. 51, 223 (2003).

M. S. Liu, Q. F. Lu, X. H. Zhong and Q. Zhao, 

PRD 100, 016006 (2019). 

M.S. Liu, F.X. Liu, X.H. Zhong and Q. Zhao, 

2006.11952 [hep-ph], PRD 109, 076017 (2024).
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The contributions from each part of the Hamiltonian of the ὧὧӶὧӶὧ
and ὦὦὦὦsystems in units of MeV with ὒ π.

Predicted masses (MeV) for the ὧὧӶὧӶὧsystem compared with other models.

(M. S. Liu, Q. F. Lu, X. H. Zhong and Q. 

Zhao, Phys. Rev. D 100, 016006 (2019.)

Å The confining potential contributes a 

positive energy and cannot be 

neglected. 

Å This implies that the four-quark 

systems are located above the two-

heavy meson thresholds. 

Å The treatment of the confinement 

potential seems to distinguish 

models in the literature.
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[11] W. Chen, H. X. Chen, X. Liu, T. G. Steele, and S. L. Zhu, Phys. Lett. B 773, 247 (2017).

[12] J. P. Ader, J.M. Richard, and P. Taxil, Phys. Rev. D 25, 2370 (1982),
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[24] A. V. Berezhnoy, A. V. Luchinsky, and A. A. Novoselov, Phys. Rev. D 86, 034004 (2012).

[25] Z. G. Wang, Eur. Phys. J. C 77, 432 (2017).

[26] Z. G. Wang and Z. Y. Di, arXiv:1807.08520.

[27] V. R. Debastiani and F. S. Navarra, Chin. Phys. C 43, 013105 (2019).

[29] J. Wu, Y. R. Liu, K. Chen, X. Liu, and S. L. Zhu, Phys. Rev. D 97, 094015 (2018).

[30] C. Hughes, E. Eichten, and C. T. H. Davies, Phys. Rev. D 97, 054505 (2018).
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Predicted mass spectra for the ὧὧӶὧӶὧ, ὦὦὦὦand ὦὦӶὧӶὧsystems.

The transition between color representations ṧ and ṧ seems to be small. 

G.J. Wang, L. Meng, M. Oka, S.L. Zhu, PRD 104, 036016 (2021)
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For excited states of the 4-quark system, the spectra become complicated and crowded. 

M.S. Liu, F.X. Liu, X.H. Zhong and Q. Zhao, 2006.11952 [hep-ph], PRD 109, 076017 (2024).

F.X. Liu, M.S. Liu, X.H. Zhong, and Q. Zhao, PRD 104, 116029 (2021)
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First orbital excitation states

The radial part of the wavefunction is expanded with a 

series of harmonic oscillator functions:

where

Parameter Ὠ is oscillator length and is related to the 

harmonic oscillator frequency ‫ :  

ρ

Ὠ
ὓ‫

The number of harmonic oscillator functions ὲis fitted 

together with Ὠ with ὰ ρȟςȟȣὲ, via  relation: 

Ὠ Ὠ ὥ ȟwith ὥthe ratio coefficient.

m1

m2

m3

Ⱪ

►

Ⱪ

Jacobi coordinate

m4

Ⱪ

Ⱪ

With ╢ πȟρȟς, and ╛ ρ, the total spin of a 

tetraquark state can be: ╙ ╢ ╛ πȟρȟςȟσ.
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Predicted masses for the P-wave ὧὧӶὧӶὧstates. ‚ȟ‚ stands for a configuration containing both ‚and ‚-mode 

of orbital excitations, while ‚ stands for a configuration containing ‚-mode of orbital excitation.

X(6900) 

mass 

region
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The contributions from each part of the Hamiltonian of the ὧὧӶὧӶὧsystems in units of MeV with ὒ ρ.

Å One still sees significant 

contributions from the confinement 

potential which push the energy 

level further beyond the two-heavy 

meson thresholds. 



29



30

F.X. Liu, M.S. Liu, X.H. Zhong, and Q. Zhao, PRD 104, 116029 (2021)

Predicted mass spectrum for the 2S- and 3S-wave Ὕ ӶӶstates



Energy decomposition for the π states in the ground state, and first and second radial 

excitations

Fast growth of the linear confinement potential with the excitation quantum numbers

For π , 

ὠ

ὠ
ḗπȢχχͯπȢψρ

ὠ

ὠ
ḗρȢσφͯρȢωσ

ὠ

ὠ
ḗρȢψυͯσȢστ

F.X. Liu, M.S. Liu, X.H. Zhong, and Q. Zhao, PRD 104, 116029 (2021)

╢

2╢

3╢



Stability of the fully-heavy tetraquark states: 

ÅRearrangement decays Open channel decays

ὓ τά ςὓ Ӷ ὓ τά ςὓ Ӷ ςὓ ὓ τά ὓ Ӷ ςὓ

Å Two pion production

Broad widths are expected for higher excitation multiquark states.
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Å States above the meson pair thresholds can decay via the fall-apart decay mechanism. 

Å For the fully-charmed tetraquark states, the calculation suggests that the ground states are above the 

charmonium pair thresholds.  
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The spatial size of the tetraquark states can be learned by calculating the root mean square radius ộὶỚ

Overall compact structures are observed.

X(6450) 

mass 

region
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X(6900) 

mass 

region
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3. Quark model states vs. hadronic molecules



Dynamics that can contribute in additional to the potential quark model Hamiltonian  

: two-hadron kinetic energy. 

: two-hadron reduced mass. 

: transition amplitude between the elementary component and two-hadron state.  

Wave function in momentum space: 

Normalization of the physical wavefunctionleads to the interpretation of the states mixings: 

²ŜƛƴōŜǊƎΩǎ ŎƻƳǇƻǎƛǘŜƴŜǎǎ 
theorem:

Y
h1

h2

▌▄██



Formation of hadronic molecules

Given that the inverse range of force b>> g(=(2mEB)
1/2), theintegral can be 

evaluated model independently for the case of S-wave coupling:

Y
h1

h2▌▄██ l▌

In the kinematic region of near threshold, a fixed Ὁ and sufficiently large Ὣ imply a maximized 
rate for …Ⱦ‗. Note:Only with Ὁ ᴼπ, can it lead to ‗O π. Otherwise, the physical state will 
always be associated with a compact component. 

= + + +é

T matrix for the two continuum hadron scattering:  

The molecular property, to some extent, needs a 
reasonably good understanding of the short-
range component of the physical state. 



Quark-rearrangement couplings and final-state interactions

ⱶ
h1όtΣ ±Σ !Σ Χύ 

h2όtΣ ±Σ ! Χύ ▌ █

▌ █

h1

h2

ⱶ Y
h1

h2

▌▄██ l▌

Bare couplings 

from QM

Physical couplings taking 

into account the FSIs

Unitarization of the FSI by solving the LS equation may generate structures near threshold, i.e. bound state, 

virtual state, or resonance. Tremendous efforts and a lot of publications on the hadronic molecules in recent 

years.
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S wave thresholds and effects on the lineshapes

F.-K. Guo, C. Hanhart, U.-G. Meissner, Q. Wang, Q. Zhao, B.-S. Zou, Rev. 
Mod. Phys. 90, 015004 (2018)
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Å Very rich spectra are expected.

Å The form of diquark DoF can lead to 

very different results for the 

tetraquark production and decay.

Å A strong coupling for a tetraquark

state into a nearby S-wave threshold 

may need unitarization which will still 

introduce a molecular component into 

the wavefunction.

Å Limited number of states close to threshold.

Å Possible mixing with the kinematic 

singularity, but can be clarified by energy 

dependence of the lineshape measurement. 

Å Unitarization is crucial and EFT can be 

implemented. However, whether or not a 

molecular state can be formed would 

depend on the detailed dynamics. 

Y

h1

h2

4. Some crucial issues to be noted
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FB23 Website

http://fb23.ihep.ac.cn/


