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Nucleon: Proton&Neutron
Proton

Image by Arpad Horvath
https://commons.wikimedia.org/w/index.php?
curid=637353

• Nature’s most fundamental bound state;
• Proton(p): u + u + d
• Neutron(n): d + d + u

2 / 20

https://commons.wikimedia.org/w/index.php?curid=637353
https://commons.wikimedia.org/w/index.php?curid=637353


sAERADELAT
S
RE
IE
D
D
N
U
A

TRE

宴

*

EN
TIC
PH
 

T
ANC
ORE
EAR
 

C
OPE
THE
uCL
 

E
EUR
FOR
INN
 

<NE
呻

n
g
o
 

D
N

＿

＿

FON
BRu

E-mail: yao.zhaoqian@gmail.com

Nucleon: Proton&Neutron
Proton

Image by Arpad Horvath
https://commons.wikimedia.org/w/index.php?
curid=637353

• Nature’s most fundamental bound state;
• Proton(p): u + u + d
• Neutron(n): d + d + u

2 / 20

https://commons.wikimedia.org/w/index.php?curid=637353
https://commons.wikimedia.org/w/index.php?curid=637353


sAERADELAT
S
RE
IE
D
D
N
U
A

TRE

宴

*

EN
TIC
PH
 

T
ANC
ORE
EAR
 

C
OPE
THE
uCL
 

E
EUR
FOR
INN
 

<NE
呻

n
g
o
 

D
N

＿

＿

FON
BRu

E-mail: yao.zhaoqian@gmail.com

Nucleon: Proton&Neutron
Proton

Image by Daniele Binosi
https://arxiv.org/pdf/2403.08088.pdf

• Consists of three valence-quark and infinitely
many gluons and sea-quarks.

• The nucleon bound-state problem can be
addressed by three-quark six-point Schwinger
function.

• Continuum Schwinger function methods
(CSMs)...Dyson-Schwinger equations(DSEs)
provide a widely used approach to Schwinger
function.
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CSMs: Gap Equation - one quark

• Dressed quark propagator

S−1(p) = iγ · pA(p2) + B(p2)

• Gap Equation

S−1(p) = Z2iγ · p + Z4mζ19 + Z2
2

∫ d4q
(2π)4

g2Dµν(p − q)λ
a

2
γµS(q)λ

a

2
Γν(q, p).

4 / 20



sAERADELAT
S
RE
IE
D
D
N
U
A

TRE

宴

*

EN
TIC
PH
 

T
ANC
ORE
EAR
 

C
OPE
THE
uCL
 

E
EUR
FOR
INN
 

<NE
呻

n
g
o
 

D
N

＿

＿

FON
BRu

E-mail: yao.zhaoqian@gmail.com

CSMs: Gap Equation - one quark

• Dressed quark propagator

S−1(p) = iγ · pA(p2) + B(p2)

• Gap Equation

S−1(p) = Z2iγ · p + Z4mζ19 + Z2
2

∫ d4q
(2π)4

g2Dµν(p − q)λ
a

2
γµS(q)λ

a

2
Γν(q, p).

4 / 20



sAERADELAT
S
RE
IE
D
D
N
U
A

TRE

宴

*

EN
TIC
PH
 

T
ANC
ORE
EAR
 

C
OPE
THE
uCL
 

E
EUR
FOR
INN
 

<NE
呻

n
g
o
 

D
N

＿

＿

FON
BRu

E-mail: yao.zhaoqian@gmail.com

CSMs: Gap Equation - one quark

• Dressed quark propagator

S−1(p) = iγ · pA(p2) + B(p2)

• Gap Equation

S−1(p) = Z2iγ · p + Z4mζ19 + Z2
2

∫ d4q
(2π)4

g2Dµν(p − q)λ
a

2
γµS(q)λ

a

2
Γν(q, p).

−1

= +

=

+=

+=

−1

K

K

K

4 / 20



sAERADELAT
S
RE
IE
D
D
N
U
A

TRE

宴

*

EN
TIC
PH
 

T
ANC
ORE
EAR
 

C
OPE
THE
uCL
 

E
EUR
FOR
INN
 

<NE
呻

n
g
o
 

D
N

＿

＿

FON
BRu

E-mail: yao.zhaoqian@gmail.com

CSMs: Bethe-Salpeter Equation - two quarks

• Mesons appear as poles in the 4-point
Schwinger function;

• Mesons amplitude satisfy a homogeneous
integral equation ... Bethe-Salpeter
equation (BSE).

• P2 = −m2 is total momentum. m is the
meson mass. p(q) is relative momentum
between valence quarks.

Γ(p;P) =
∫

q
K(p, q)Sa(q+)Γ(q;P)Sb(q−)
−1

= +

=

+=

−1

P P

p+

q+

q
− p

−

P

p+

q+

q
− p

−

P

k

k
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CSMs: Faddeev Equation - three quarks

• Baryons appear as poles in the
six-point Schwinger function.

• Baryons amplitude satisfy a
homogeneous integral
equation...Faddeev Equation

• P2 = −m2 is total momentum of
system. m is the baryon mass. p
and q are relative momentum.

ΨABCD(p, q,P) =
3∑

i=1

Ψ
(i)
ABCD(p, q,P)

Ψ
(3)
ABCD(p, q,P) =

∫
k

KAA′BB′(k)SA′A′′(k1)SB′B′′(k̃2)

×ΨA′′B′′CD(p(3), q(3),P),

P

p1

p2

p3

α

β

γ

= Σ{1, 2, 3}

P

p1

p2

p3

α

β

γ

ΨΨ

G
k

S

S
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CSMs: Faddeev Equation - three quarks
• Faddeev Amplitude

ΨABCD(p, q,P) =

 1∑
ρ=0

ψρ
αβγI(p, q,P)⊗ Fρ

abcd

⊗ ϵrst√
6
,

• the color term ϵrst√
6

fixes the baryon to be a color singlet;
• the flavor terms Fρ

abcd are the quark model SU(2) representations.
F0 : mixed − antisymmetric, F1 : mixed − symmetric;

F0 F1

p 1√
2
(udu − duu) 1√

6
(2uud − udu − duu)

n 1√
2
(udd − dud) 1√

6
(udd + dud − 2ddu)

• ψρ
αβγI is the spin-momentum Faddeev amplitude.

7 / 20
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CSMs: Faddeev Equation - three quarks
• Spin-momentum Faddeev amplitude

It can be expressed in terms of the basis Xi,αβγI(p, q,P) which satisfy the
orthogonal relation

1

4
Tr[Xi,βαδγXj,αβγδ] = δij,

reading

ψρ
αβγI(p, q,P) :=

64∑
i

fρi (p2, q2, z0, z1, z2)Xi,αβγI(p, q,P),

fρi (to be determined) depend on the five Lorentz-invariant variables.

p2; q2; z0 = p̂T · q̂T; z1 = p̂ · P̂; z2 = q̂ · P̂.

8 / 20
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CSMs: Faddeev Equation - three quarks

• The dominant contributions to
ψρ
αβγI(p, q,P) are given by

S± := Λ±γ5C ⊗ Λ+;

A± :=
1√
3
γ5γ

α
TΛ±γ5C ⊗ γ5γ

α
TΛ+.

Λ+(P̂) = 1
2(1 + γ · P̂) is the

nucleon’s positive-energy
projector.

f0S+
f0S−

0th

1st

2 nd

3rd

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

p/GeV

0th
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2 nd

3rd

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6
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0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

-0.4
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0.0
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1.0

p/GeV

0th

1st

2 nd

3rd

0.0 0.5 1.0 1.5 2.0

0.00

0.02

0.04
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p/GeV

First four Chebyshev moments in the variable z1 of the dressing functions
evaluated at q = 0. All the amplitudes normalise by f0S+

(p = 0).
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Electromagnetic form factors
Electromagnetic currents:
The nucleon electromagnetic current has the following form(N = p,n)

Jµ(Q) = iΛ+(pf)(F1(Q2)γµ +
F2(Q2)

2mN
σµνQν)Λ+(pi)

Q = pf − pi is the incoming photon momentum. FN
1,2 are the Dirac and Pauli form

factors.

The charge and magnetisation distributions are (τ = Q2/[4m2
N]):

GN
E = FN

1 − τFN
2 , GN

M = FN
1 + FN

2 .

10 / 20
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Jµ(Q) = iΛ+(pf)(F1(Q2)γµ +
F2(Q2)

2mN
σµνQν)Λ+(pi)

Q = pf − pi is the incoming photon momentum. FN
1,2 are the Dirac and Pauli form

factors.
The charge and magnetisation distributions are (τ = Q2/[4m2

N]):

GN
E = FN

1 − τFN
2 , GN

M = FN
1 + FN

2 .
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Electromagnetic form factors
Electromagnetic currents

-=[J
(3)
n′n]

µ
δ′δ

S

S

Γµ

S S

G

Γµ

S

S S

SS

S

ΨΨ ΨΨ

• Γµ is the dressed-photon+quark vertex.

• The complete current has three terms: Jµ(Q) =
∑

a=1,2,3 Ja
µ(Q).
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Electromagnetic form factors Moment and radii

herein Exp. SPM
µp 2.23 2.793
µn −1.33 −1.913
⟨r2E⟩p 0.788 0.7070(7) 0.717(14)
⟨r2E⟩n −0.0621 −0.1160(22)
⟨r2M⟩p 0.672 0.72(4) 0.667(44)
⟨r2M⟩n 0.661 0.75(2)

• The magnetic moments are ∼ 25% small.
• It is worth highlighting the prediction

⟨r2E⟩p > ⟨r2M⟩p

accords with SPM analyses of existing
form factor data.

Magnetic moments:

µN = GN
M(Q2 = 0).

Radii:

⟨r2E,M⟩N = −6
d ln GN

E,M(Q2)

dQ2

∣∣∣∣∣
Q2=0

,

⟨r2E⟩n = −6Gn′
E (Q2)|Q2=0

12 / 20
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Electromagnetic form factors GN
E,M(Q2)
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• Faddeev equation predictions
for each nucleon form factor.

• Gn
E(Q2) is difficult to explain

because of its sensitivity to
details of the neutron wave
function.
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Electromagnetic form factors µpGp
E(Q2)/Gp

M(Q2)
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• Q2 ≲ 4GeV2, directly calculated results agree well
with experiment.

• Q2 ≳ 4GeV2, two sets of SPM results:
(I) independent SPM analyses of Gp

E,M;
(II) SPM analysis of the ratio µpGp

E/Gp
M.

• Both methods yield compatible results and agree
with all available data within mutual uncertainties.
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Electromagnetic form factors µpGp
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Electromagnetic form factors zeros
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• proton

SPM I: Q2
Gp

E−zero = 8.37+1.68
−0.81 GeV2 ,

SPM II: Q2
Gp

E−zero = 9.59+2.09
−0.85 GeV2 .

The averaged result: Q2
Gp

E−zero = 8.86+1.93
−0.86 GeV2.

• neutron
No signal is found for a zero in
µnGn

E(Q2)/Gn
M(Q2).
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Electromagnetic form factors zeros
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Electromagnetic form factors Flavour separation
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• The flavour separation of the charge and
magnetisation form factors (eu = 2/3, ed = −1/3):

Gp
E = euGpu

E + edGpd
E , Gn

E = euGpd
E + edGpu

E .

• Gp
E possesses a zero because Gpu

E /Gp
M falls with

increasing Q2 whereas Gpd
E /Gp

M is positive and
approximately constant.

• Gn
E does not exhibit a zero because eu > 0,

Gpd
E /Gp

M is large and positive, and |edGpu
E | is always

less than euGpd
E .
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Electromagnetic form factors Flavour separation
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• The flavour separation of the Dirac and Pauli
form factors:

Fu
i = 2Fp

i + Fn
i ,

Fd
i = Fp

i + 2Fn
i ,

with, i = 1, 2.

• A zero is projected in Fd
1 at

Q2
Fd
1−zero = 5.73+1.46

−0.49 GeV2.

This matches the result in the quark+diquark
picture : Q2 = 7.0+1.1

−0.4 GeV2.
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Summary

• Electromagnetic form factors GN
E,M

• a zero is predicted in Gp
E: Q2

Gp
E−zero = 8.86+1.93

−0.86 GeV2.

• Gn
E does not exhibit a zero.

• Flavour separation Fu,d
1,2

• a zero is predicted in Fd
1: Q2

Fd
1−zero = 5.73+1.46

−0.49 GeV2.
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Outlook

Based on Faddeev equation, we can study
• baryon electroweak form factors, nucleon gravitational form factors;
• spectrum/structure of octet baryons;
• PDAs/PDFs of baryons;
• hybrid meson......
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Appendix

• The key element is the quark+quark scattering kernel, for which the RL
truncation is obtained by writing:

K rs
tu(k) = Gµν(k)[iγµ

λa

2
]ts[iγν

λa

2
]ur , (1a)

Gµν(k) = G̃(y)Tµν(k) , (1b)

k2Tµν(k) = k2δµν − kµkν , y = k2.r, s, t, u represent colour, spinor, and flavour
matrix indices.
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Appendix

G̃(y) = 8π2

ω4
De−y/ω2

+
8π2γmF(y)

ln
[
τ + (1 + y/Λ2

QCD)
2
] , (2)

where γm = 12/25, ΛQCD = 0.234GeV, τ = e2 − 1, and
F(y) = {1− exp(−y/Λ2

I )}/y, ΛI = 1GeV. We employ a mass-independent
(chiral-limit) momentum-subtraction renormalisation scheme.
Contemporary studies employ ω = 0.8GeV. With ωD = 0.8GeV3 and renormalisation
point invariant quark current mass m̂u = m̂d = 6.04MeV,

mπ = 0.14GeV;

mN = 0.94GeV;

fπ = 0.094GeV.
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Electromagnetic form factors µNGN
E(Q2)/GN

M(Q2)
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• In isospin symmetry, the flavour separation of the
charge and magnetisation form factors (eu = 2/3,
ed = −1/3):

Gp
E = euGpu

E + edGpd
E , Gn

E = euGpd
E + edGpu

E .

• Gp
E possesses a zero because Gpu

E /Gp
M falls steadily

with increasing Q2 whereas Gpd
E /Gp

M is positive and
approximately constant.

• Gn
E does not exhibit a zero because eu > 0,

Gpd
E /Gp

M is large and positive, and |edGpu
E | is always

less than euGpd
E .
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Flavor amplitudes

state FMA FMS

p 1√
2
(udu − duu) 1√

6
(2uud − udu − duu)

n 1√
2
(udd − dud) 1√

6
(udd + dud − 2ddu)

Table: Baryon octet flavor amplitudes; we define λ1λ2λ3 := λ1 ⊗ λ2 ⊗ λ3, and, u† := (1 0),
d† := (0 1).
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