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QCD: Basic Facts

» QCD is characterized by two emergent phenomena:

confinement and dynamical generation of mass (DGM).

! !

* Quarks and gluons not isolated in nature.
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* Emergence of hadron masses (EHM)

from QCD dynamics

> Formation of colorless bound states: “Hadrons”

> 1-fm scale size of hadrons?

Higgs mechanism
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QCD: Basic Facts

» QCD is characterized by two emergent phenomena: Locp = Z Gi[1u Dy +mslg; + 3G5,Gh,
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* Emergence of hadron masses (EHM)
from QCD dynamics
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QCD: Basic Facts

» Confinement and the EHM are tightly connected with QCD’s running coupling.

(figure: D. Binosi’s courtesy!)
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Modern picture of QCD coupling. ‘Effective Charge’

Combined continuum + QCD lattice analysis

Cx : Fully dressed valence quarks
express all hadron’s properties




Parton distributions: energy scales

CH > CH

@ Q Resolution Scale

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

(quasiparticles) (partons)




Parton distributions: energy scales

(M, = M,)

* Fully-dressed valence
quarks

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here
(e.g. large-x behavior of the PDF)
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Parton distributions: energy scales

CH

@

(M, = M)

* Fully-dressed valence
quarks

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here
(e.g. large-x behavior of the PDF)

U™ (z; C) 0~ (1-z)P =2

* CSM results produce:

> EHM-induced dilated distributions

> Soft end-point behavior
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Parton distributions: energy scales

C > CH
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* Unveiling of glue and
sea d.o.f.

> Experimental data is given here.

> The interpretation of parton distributions from
cross sections demands special care.

> In addition, the synergy with lattice QCD and
phenomenological approaches is welcome.



Parton distributions: energy scales

Conway:1989fs Aicher:2010ch Sufian:2020vzb
Latiice CS I E615-Original
0.5
[ E615-Rescaled
— []4 (ASV)

;03 ﬁlﬁihﬁﬂﬁﬁf!ﬂ

* Unveiling of glue and
sea d.o.f.
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> Experimental data is given here.
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> The interpretation of parton distributions from
cross sections demands special care.
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phenomenological approaches is welcome.




Parton distributions: energy scales

CH

Resolution Scale

g

Evolution equations

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here _ _ o
(e.g. large-x behavior of the PDF) > The interpretation of parton distributions from

cross sections demands special care.

- Experimental data is given here.

.y — > In addition, the synergy with lattice QCD and
uﬂ(:ii:; C) ;ral (] — ;,[;)-d =2+7(¢) phenomenological approaches is welcome.



Parton distributions: energy scales

CH

Resolution Scale

g

Evolution equations

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here _ _ o
(e.g. large-x behavior of the PDF) > The interpretation of parton distributions from
cross sections demands special care.

- Experimental data is given here.
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DGLAP: All orders evolution
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DGLAP: All orders evolution

Assumption: define an effective charge such that

Raya:202lzrz Starting from fully-dressed Sea and Gluon content unveils,
L ozotdt quasiparticles, at (y ) as prescribed by QCD
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DGLAP leasiag=aigias cvolution\equations

> Not the LO QCD coupling but an effective one.

> Making this equation exact.

> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)




DGLAP: All orders evolution

Assumption: define an effective charge such that
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Not the LO QCD coupling but an effective one.

> Making this equation exact.

> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)




DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions:
Yh(x) = qu(z) + qu(x )
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DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: ¥4 (z) = qu(z) + gu()
H — EHE H
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Valence-quark PDF in Mellin space
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DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: ¥4 (z) = qu(z) + gu()
H — EHE H
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DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions:
Xh(z) = qu(z) + gu(z)
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DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions:
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DGLAP: All orders evolution

Implication 1: valence-quark PDF
¢ dz
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Direct connection bridging from hadron to experimental
scale: only one input is needed to evolve “all’ the Mellin
moments up and reconstruct the PDF.
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This ratio encodes the
information of the charge



DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence-quark PDF
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This ratio encodes the

Direct connection bridging from hadron to experimental Information of the charge
and use isospin

scale: only one input is needed to evolve “all’ the Mellin :
moments up and reconstruct the PDF. symmetry (pion case)
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DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence-quark PDF
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This ratio encodes the
Direct connection bridging from hadron to experimental information of the charge
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scale: only one input is needed to evolve “all’ the Mellin :
moments up and reconstruct the PDF. symmetry (pion case)
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DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence-quark PDF
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This ratio encodes the

Direct connection bridging from hadron to experimental information of the charge
and use isospin

scale: only one input is needed to evolve “all’ the Mellin :

moments up and reconstruct the PDF. symmetry (pion case)
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Capitalizing on the Mellin moments of asymptotically large order:
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DGLAP: All orders evolution

Implication 1: valence-quark PDF
T
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DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

* Since isospin symmetry limit implies:
(g2 tlyem = . - q(z;Ch) = q(1 — z; Cn)

= i}(” _|_ l}
 Odd moments can be expressed in terms
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DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

¢ En+1f_1 * Since isospin symmetry limit implies:
{-'3-’-3”'1"1}‘?: = HQ:I:;EW) I[] ) : q(z; Cu) = q(1 — z; Cw)
4 n+1l
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j=0,1,... J

 Odd moments can be expressed in terms
of previous even moments.



DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

Sndl ;. 1 * Since isospin symmetry limit implies:
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{;z,r""*"l}ﬁ — 2{“ ] g(z; Ca) = q(1 — =; (o)
: n+ 1
) * Odd moments can be expressed in terms
s N - | of previous even moments.
3 (P (20D ) (@igg () )R8
i bt b « Thus arriving at the recurrence relation on
j=0,1,...

the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .



DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

241 * Since isospin symmetry limit implies:
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] e Thus arriving at the recurrence relation on
j=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .

_ {mn}iﬁ
Reported lattice moments Ha
agree very well with the Ref. [99] Eq. {:1?}

recursion formula 0.230(3)(7) 0.230
0.087(5)(8) 0.087
0.041(5)(9) 0.041
0.023(5)(6) 0.023
0.014(4)(5) 0.015
0.009(3)(3) 0.009

0.0078
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[99] C. Alexandrou et al., PRD104(2021)054504



DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

241 * Since isospin symmetry limit implies:
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a symmetric one at the initial scale .
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recursion formula and so 0.230 3)(7} 0.230

also does and estimate for [:

the 7-th moment from lattice 0.087(5)(8) 0.087
0.041(5)(9) 0.041
(

reconstruction.
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D.D14(4)(5) 0.015
0.009(3)(3) 0.009
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DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

* Since isospin symmetry limit implies:

A8 T
(s = ((22)i,) q(z; Cu) = q(1 — z; Cw)
: 2(n+1)
5 * Odd moments can be expressed in terms
L ¢ : of previous even moments.
: . o 1
IS R PO ) .
_ J’ ﬁ e Thus arriving at the recurrence relation on
j=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .
Reported lat (2"
ported lattice moments Moments computed from: P. Barry et al.,
agree very well with the n| Ref. [99] Eq. [:1?} PRL127(2021)232001
recursion formula and so ——
also does and estimate for 110.230(3)(7) 0.230 4 % '
the 7-th moment from lattice 210.087(5)(8) 0.087 x & 58
reconstruction. 310.041(5)(9) 0.041 RS 3 . % f I . iy
. 410.023(5)(6) 0.023 b ¥
Moments from global fits can = vV 5l -
be also compared to the 0 D'D14(4)(5) 0.015 T | # '
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7/0.0065(24) 10.0078 - W
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DGLAP: All orders evolution

Implication 3: physical bounds (pion case). i isospin symmetry, implying:
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DGLAP: All orders evolution

Implication 3: physical bounds (pion case). i isospin symmetry, implying:

| L - q(z; Cu) = q(1 — z: Cp)

o < (@ (20} ) 8

on — W Mo  Lower bound is imposed by considering
the limit of a system of two strongly

T massive and maximally correlated) partons:

q(z; ) = 0(z — 1/2)



DGLAP: All orders evolution

Implication 3: physical bounds (pion case). i isospin symmetry, implying:

1 . — ] q(z;Ch) = q(1 — z;C)
— ™) (Ol 17N M <
on — e Heor = 1<€=n » Lower bound is imposed by considering
the limit of a system of two strongly
T T massive and maximally correlated) partons:
Q'(IE ﬁH) = IS(T — ]/2) Q(T CH) = | « Upper bound comes out from considering

the opposite limit of a weekly interacting
system of two (then fully decorrelated)
partons:



DGLAP: All orders evolution

Implication 3: physical bounds (pion case), Keeping isospin symmetry

implying:
1 - 1 q(z;¢) = q(1 — z; ()
— < (1 ) (<2L} )~ /M <
7L e = 1<€=n « Lower bound is imposed by considering

the limit of a system of two strongly
massive and maximally correlated) partons:
both carry half of the momentum.

* Upper bound comes out from considering
the opposite limit of a weekly interacting
system of two (then fully decorrelated)
partons: all the momentum fractions are
equally probable.

J00:2019bzr Sufian:2019bol Alexandrou:2021mmi

n [61] [62] [63)]

1 0.254(03) 0.18(3) 0.23(3)(7)

2 0.094(12) 0.064(10) 0.087(05)(08)
3 0.057(04) 0.030{05) 0.041{05)(09)
| 0.023(05)(06)
5 0.014(04)(05)
6 0.009(03)(03)

n Lattice moments verifying the recurrence relation too.



DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: . _
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DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: . _
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DGLAP: All orders evolution °

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: . _
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Sea-quark PDF Full singlet and sea ¢ ¢ ; ;
i) - n n - N
{:1?”‘)%” = (:1?”*}'%:j — {:r”)g” (&0, = Z{I }E*}_, AT )5y = Z{T ;‘3}:!

el - H q q



DGLAP: All orders evolution

Implication 4: glue and sea from valence M, = Cy, Vq

5 Ee = 216
QE i {‘Lﬂ ) g_}“” — ( n"-::u 2 Hf { ::{j ) {"L”} Ljf'f
¢z \ (a" }gH You Vg (=™

All quarks active



DGLAP: All orders evolution

Implication 4: glue and sea from valence

216
g—?iﬂ {'Lﬂ LH = f::u gﬂfﬁluq ) <'=L”}LH
dc }{]‘H i f}{qn r}ﬂg {-\,'E:” qH
L“r v S}‘l + ﬂ” Sﬂ Ey (SE - S:;Ei_)
( Y o (S2—=85%) oZSP+alsh
}kn . A.r
ﬂi = An )‘.”
n . 2”1- -ri:n',r
P = e

% = [S(Cu, OPE/

_ (A = %) (AL — 7o)
2npyg, (AT — AZ)

Bos

R

;"'»'_Irq —_ f;H, ."G’q

All quarks active

(zm)si )
(2™ )si

)



DGLAP: All orders evolution °

Implication 4: glue and sea from valence M,=¢g, Y
ﬂ vl All quarks active
gii {»L LH s, ZTlf’}“q ) {1 )l'_:H
dcﬁ >i]'H Tgu h.fgg {;{:ﬂ ?]'H

||<7|

5, Y1 (@S eanst g (5t-5) | ( G
e ) Umor s arsmvanss )| oo
}'ﬂ _Aur; =- = l 2 (I'™) — De i

B = 2”’f lug

S TS

St = [S(Ca, Q)2 T

on {}‘“ _ f}";;u](}‘.” i ﬁ.’r::u]

Mg T mn ﬁﬂg{)“n }




DGLAP: All orders evolution

Implication 4: glue and sea from valence

Ei {_Lﬂ LH
i ) )
( L” ) ( Sn ‘l‘ﬂi“ Sn
(8™

(57 - s1)

Zﬂfhlfuq

Yo

Vo

Tg u

B {:r:”)g-_: I
{mﬂ ;}IH

Ey (SE _Sifi-)

noQn n Qn
a S" + o +S T

||<7|

)(°

,. 1 |

IR St 17 n = -1*1 E: \/ ~Tr2 (I'") — Det (')
= = /\\” )‘.” 2!

3” = 2“-1' 'r“ﬁ'

L Ey — )E:!'_ ‘:l,li

St = [S(Ca, Q)2 T

on {}‘“ _ f}";;u](}‘.” i ﬁ.’r::u]

Mg T mn ﬁﬂg{)“n }

i"»i{q —_ CH, ."G’q

All quarks active

{ n)CH
0



DGLAP: All orders evolution

Implication 4: glue and sea from valence M, = Cy, Vq

¢ ¢ All quarks active
gﬂi {:E”}EH — ( ﬁu’{::u Zﬂff}iu,r ) <:E”)EH
‘ - T g
dcﬂ <$T1>EH Tgn r}ﬂ:-‘] {mﬂ ;}]'H
( a S* + o S%
|JI-.. g

s (57 - 1)

n\Ch In terms of the moments for the
E {z }q sum of all valence-quark
q distributions at hadronic scale

n__ o~ ) 1 ) n

ﬂ’i = :I:}‘- -’ur: :!:=-l11 I{:F ] \/—_’ETI Ii]._' }—DLT(F )
/\\” )‘.”
3” = 2”1- 'ri“?
Mg T /\n. An

St = [S(Ca, Q)2 T

on {}‘“ _ f}";;u](}‘.” i ﬁ.’r::u]

Mg T mn ﬁﬂg{)“n }




DGLAP: All orders evolution °

Implication 4: glue and sea from valence My = Cu, Vg
All quarks active
ggi {:I:n}g:H ( ¥ Zﬂff}“ff ) {:I:”)éﬁ
g2\ (o) oy You Vg (=)o

e

H—-&

o

Hﬁ

s
| <« |

T it n o
ﬂ—I—b— 25 {*’-—S—k n\C In terms of the moments for the
E ( } sum of all valence-quark
q

(I")g” Bex (5% = S5T) distributions at hadronic scale
" 1 [ |
n :I:}‘ﬂ - .f“:r; z!r: — Trl11 {Fu] - J—le [F”} = Dl:"t {l_l”)
ayp = /\\” - )l.” 2 4
Compute all the moments i T
L p— 2nsYy SEadiiag and reconstruct: = glue DF 1
/\n A 25t ]
s ] sea DF
1'” )"--t-,{_ruu h:"? 3
= [S(CH, Q)] X 15
(' (f TE TE % 1[’-
gn., — {}‘ - Tuu](}‘u - ﬁ.’rme] 5f
TR T gy, O - AT) of T me—
0.001 : : 1.0




DGLAP: All orders evolution °

Implication 4: glue and sea from valence My = Cu, Vg
All quarks active
ggi {:I:n}g:H ( ¥ Zﬂff}“ff ) {:I:”)éﬁ
g2\ (o) oy You Vg (=)o

e

H—-&

ok

Hﬁ

s
| <« |

n gon n on
ﬂ_|_b_ o {TE_S_,, Z( H}C In terms of the moments for the
q

p sum of all valence-quark
(I")g” Bex (5% = S5T) distributions at hadronic scale
o 1 I |
ol = i}m” — L =5Tr (%) + \/ 7 T2 (T%) — Det (B%)
/\\” —. )l.”
Compute all the moments i ]
3n 2n Yy 2y and reconstruct: e glue DF 1
b ¥ /\n ;,kn 257 '
A% [y s [ sea DF
A I
St = [S(Car, QP = | X 15/
{I}EH E i
qH < 10}
7l 71 Tt ol .
f HE _ {}‘ - "]’uu](}‘u - .’me] of
o el AAT —AZ) of, Al i —
The only required input is the the momentum fraction at the 0.001 , : 1.0

probed empirical scale!! X



DGLAP: All orders evolution

i"»i{q —_ CH, .‘I'n_l'(q

Implication 4: glue and sea from valence
All quarks active

CE d {:E”}éH e ( ﬁu’{::u ZH'ff}iﬂj ) <EL )if—f
d¢? CL'“}gH i T;ﬁ r}ﬂg {iﬂﬂ 9H
(:}:”}%” ﬂ'ﬁ_SE + EF-T_}'SE; n\¢y N terms of the moments for the
— y (133' } sum of all valence-quark
ny ¢ 2T n . q
(:.17 ')g” Mgz (S_ = S+) q distributions at hadronic scale
AL =7 r = STy () + \/ ~Ty2 (P) — Det (%)
ay = ikn_;!‘ il 1 ’“
M n=1 case e 3 4 /4
.'.iﬁﬂ — n 'l “‘1 ny =4 {i}}:” = Z{ }rm + (1}.,” - = 75 = (S(¢H, C)]
/\ e q
.4 A
Atk i _ T/

St = (8w, 1%/

. = {}‘“ - T;;u](}‘i B ﬁ.’r-::-u]

R ongyn, (N - AR)
The only required input is the the momentum fraction at the
probed empirical scale!!




DGLAP: All orders evolution ’

Implication 4: glue and sea from valence M, = Cy, Vq
¢ ¢ All quarks active
QE d {:E”>EH = ( Af::u Zﬂf’}“q ) <:E”)¥H
i T
g2\ (o) oy i You Vg (=)o
(33“}%” "fh'-"—|—*5’E T ﬁf—lsi n\¢y N terms of the moments for the
¢ — = . ” Z( } sum of all valence-quark
(:.17”)5,” 5> (S_ = S+') q distributions at hadronic scale
AL =N n = I () & \/ " T2 (I) — Det (D)
= Szt i=3 1 :
n=1 case ; 3 4 r
gr = —ius nr—d | @F, =l + G -:«‘:,-, =+ ;[ (Ca, )"
Mg ),Ln ;,kn f .
¥ == S
St = (B ™ {1 )
- G | @ <x>:; 2z,
aa . AR =15 AR =905) Ref.[55] [}412{_5&) 0.449(19) 0.138(17)
i 2n 5y, (AT — M) Herein | 0.40(4)  0.45(2)  0.14(2)

The only required input is the the momentum fraction at the

bed rical el Z-F. Cui et al., arXiv:2006.1465
probed empirical scale!!



DGLAP: All orders evolution ’

Implication 4: glue and sea from valence M, = Cy, Vq
¢ ¢ All quarks active
QE d {:E”>EH = ( hf::u 2?’1_}"}1”‘, ) <:EH)EH
‘ T
d¢? <$TE>F€H i You  Tgg {mﬂ}gh'
(xn}%” oy ST +alSY n\¢y N terms of the moments for the
¢ — an - - Z( } sum of all valence-quark
(Iﬂ)gﬁ 5> (S_ = S+') q distributions at hadronic scale
AL~ n = STy (T + \/ ~Ty2 (P) — Det (%)
= Szt L =3 - :
2 ™ 2npvny n=1 case oY 916 e 3 4 7/4
an = = . —_ -t -
Ry = nod | @ =D+ :u,, 1, ?[ (¢, )]
; g =z Bl
s% = [SiGme) (1 )
- G | () <w>:; (2) %
an _ (AL = %) (AL — 7o) Ref [55] | 0.412(36) 0.449(19) 0.133(17)
g 2n 5y, (AT — M) Herein | 0.40(4)  0.45(2)  0.14(2)

The only required input is the the momentum fraction at the

bed rical el Z-F. Cui et al., arXiv:2006.1465
probed empirical scale!!

R.S. Sufian et al., arXiv:2001.04960



DGLAP: All orders evolution

i"»i{q —_ CH, .‘I'n_l'(q

Implication 4: glue and sea from valence
All quarks active

CE d {:E”}éH e ( ﬁu’{::u ZH'ff}iﬂj ) <EL )if—f
d¢? CL'“}gH i T;ﬁ r}ﬂg {iﬂﬂ 9H
(:}:”}%” ﬂ'ﬁ_SE + EF-T_}'SE; n\¢y N terms of the moments for the
— y (133' } sum of all valence-quark
ny ¢ 2T n . q
(:.17 ')g” Mgz (S_ = S+) q distributions at hadronic scale
AL =7 r = STy () + \/ ~Ty2 (P) — Det (%)
ay = ikn_;!‘ il 1 ’“
M n=1 case e 3 4 /4
.'.iﬁﬂ — n 'l “‘1 ny =4 {i}}:” = Z{ }rm + (1}.,” - = 75 = (S(¢H, C)]
/\ e q
.4 A
Atk i _ T/

St = (8w, 1%/

Qan_ {}‘“ - T;;u](}‘i B ﬁ.’r-::-u]

| —

R ongyn, (N - AR)
The only required input is the the pion momentum fraction at
the probed empirical scale (assuming charge universality)!!




DGLAP: All orders evolution

Implication 4: glue and sea from valence M, = Cq, Vq
/|
¢ ¢ All quarks active
QE dg {:ET!.}%H = ( Af{:;u Zﬂf?ﬂq ) <T‘ )LH
d¢ (2" )gp i You  Vog (=)o
(33”}%” oy S” +al 5 n\Cy N terms of the moments for the
¢ = e " i Z(ﬁ?’ } sum of all valence-quark
i Pgx (S_ = S_F) q distributions at hadronic scale
AL — T A W \/IT"' () — Det (I'™)
T Il = — 1T - |- 1) — 5 i
oy = == /\\” - )‘.” % 2 4 .
. 2 " n=1 case B . opak o 3
"'jiﬂ - ,\n ;.;:z ny =4 (@ }L” (Zooo {i}‘{}” (Z=o0 T
4
% 7 o
- aq f —— —_
S;Ii_ = [S(gﬁﬁ [:)]Aifm“ { }J” e |

Asymptotic limit: G. Altarelli, Phys. Rep. 81, 1 (1982)
T T T ol
{}‘ - f}'uu](}‘— - .’me]

[y
|
TEE T anpyn (AR — )
The only required input is the the pion momentum fraction at

the probed empirical scale (assuming charge universality)!!




DGLAP: All orders evolution

Implication 4: glue and sea from valence M, = Cy, Vq
¢ ¢ All quarks active
QE d {:ET!.}%H = ( Af::u ZHJFF}H{; ) <T‘ )LH
d T
di? | {2%)54 i You Vg (&™) gu
(33“}%” ﬂiSE o5 ﬁf—lsi n\¢y N terms of the moments for the
¢ — = . ” Z( } sum of all valence-quark
(:.17”)5,” 5> (S_ = S+') q distributions at hadronic scale
e » = Ly (I'™) + \/ Ly (I'") — Det (I')
T — (T — = LF - | = — e (I
ay = == /\\” - )l.” * 2 1
2n " n=1 case e B E
-'-iﬁy - ,\n ;::z ny =4 ( }L” (2= {i}‘{}” (2—=o0 T
4
@ ,=_ 7

qH (200 i
Asymptotic limit: G. Altarelli, Phys. Rep. 81, 1 (1982)

St = (8GO

R [ | ) .
‘ HE _ {}‘ ?uu](}‘n -’me] (:r”}f,” = {x”} S o= AT on = D, forn>1
Mo = “H (2400 oo UH 02 g
* g”’f Iﬂg{}‘i . }'Ej

. : . owing to A% = ()
The only required input is the the pion momentum fraction at

the probed empirical scale (assuming charge universality)!!



DGLAP: All orders evolution

Implication 4: glue and sea from valence M, = Cy, Vq
¢ All quarks active
CE d {.Lﬂ LH _ 5 R Zﬂf’}“q ) {fL )LH
6% | {a™)5s i ’Tﬂn Vag (™) gn
33'” *5“ + ol Su n\C In terms of the moments for the
= - " Z( } sum of all valence-quark
(:t. ')g” S -5 ) q distributions at hadronic scale
AL =N n = I () & \/ " T2 (I) — Det (D)
o = i,w_;;‘ £ =3 e L
2 " n=1 case
R, = ——— =4 36(x
Mg ),Ln A L ST (J_’) = é 5(‘1:)
ﬂ = A% /1 e Iz
1 . + Tara
= [S(Ca, Q)] 416(x)
Tl Tl mn mn JH (I) ‘-’: ? 4 H
¢ . {}‘ - Tuu](}‘u i ﬁ.’rme] (“—co L
R ongyn, (N - AR)

The only required input is the the pion momentum fraction at
the probed empirical scale (assuming charge universality)!!



DGLAP: All orders evolution

10

Implication 5: correlating glue and sea

(xﬂ-)g:” o} 8% +a28F py, (52— S%)
(e ) N\ G(R—87) of5R-ons?

)

(mn}gjrif

(2" s

;"Urq —_ f_.:H, 1'5'([]

All quarks active

|
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DGLAP: All orders evolution

Implication 5: correlating glue and sea My = (g, Vg

All guarks active

( o [SE]T + on [S31 a5, ([S21T - [s31) ) ( (@)%, ) _ ( (=")5, )
«:

grs ([5217! - [5217")  om[s2]7! +oz (s3] / \ @) (255

GH

The equation can be easily inverted
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DGLAP: All orders evolution

Implication 5: correlating glue and sea My = (g, Vg

All guarks active
o [S2]7° +on [S3]7Y a2, ([S2)7° - [3]) ( (2™, ) B ( (2§ )
g (8207 - [827Y)  on 8217t +onsB)T ) \ @

The equation can be easily inverted and, relying on the hadronic scale definition, delivers a
constraint for all Mellin moments of glue and sea at any experimental scale:

{In}i (I”}Qgﬂ o {Q:FH.}E“ HESE e ﬂigi
{:{?”)gl_r (:1?”}5# [ ;,:E (SE — Sfﬁ)
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DGLAP: All orders evolution

Implication 5: correlating glue and sea My = (g, Vg
All quarks active

nj—:— [Su]—l +am [Su]—l ‘E-q ([Sn] [Sn]—l) ( (:1'”)%}{ ) _ ( {IL‘“}%;{ )
g ([2] 7 = [5217")  en 2] +a 57 ) \ (a5 0

The equation can be easily inverted and, relying on the hadronic scale definition, delivers a
constraint for all Mellin moments of glue and sea at any experimental scale:

{Ing‘w _ (:1?”}":5 + {21”%1“ ol ST Foal 5t
(g, g s (S2 = 5%)
g = 4
v 4 » . (E:B}{E,J {ﬁ)‘%ﬂ} {m}%ﬂ} (:c}?;} {:B}EEL’ ]
3 ¢ NLO [0.53(2) 0.14(4) 0.34(6)|1.15(14) -0.14(13
@, _ @6, +@n, _ 7+ (225 NLL-Cos |0.47(2) 0.14(5) 0.39(6) |1.11(16) -0.11(16)
()5 ()5, . ({gx}i )”‘* NLL-Exp|0.46(2) 0. 16(5} 0.38(6)|1.15(12) -0.14(13)
¢ NLL-dM |0.46(3) 0.15(7) 0.40(5)|1.12(22) -0.11(18)




All-orders DGLAP: hard-wall thresholds

11

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

\.‘_ Ef T El{ﬂgj (] I g

'L :Iﬂr{_,-g {-T }g” B :1?." f}.““ {J >§}” q - "H-, d‘.l 8
-2 d nyv§ n{‘CE] ! N - i I
G (If.,_? {'1 E}'; A At {q-'uu (‘T l.}{‘Ef;f T EH[{-: = ﬂquﬂ:.'”” {‘1 >Er”}

-2

2 d : a(¢?)
-2 1 = Z NS AT (o
S nr{’.! {‘E ”}mr = A { I.:;“ {‘!“}}.1}, + f;;:‘;{'t ”}gn}

o

Consider, for the sake of simplicity, three flavors and { < M,

i [ — T T — T T P i
,-.rw - f]'fu,-u! Tg-:;r T Tgt-:! qu T Tug_
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All-orders DGLAP: hard-wall thresholds

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

2 Gy = -2 o = ==
dLE 1H 4;]. TH g =u, d: 5
ﬂf(( . c,‘
@, = -2 Ems,
I'LITCE H 4 W

s d (@) (@ (m ) (@ ) (O
: da‘?( @y )'“ 4 ('r;‘u Voo )( @ ) 4 (“r;“ai{fﬂ”}%;;)

Consider, for the sake of simplicity, three flavors and { < My, such that the singlet combinations can
be rearranged and the strange decoupled from the light flavors.



All-orders DGLAP: hard-wall thresholds

11

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

s @ pair . oW0) g Yag = Yuur Ygg = Ygur Ygg = Yug
12 <1 }fm e AT 1 ’-!m {‘I }tm
aq 0 g = u,d,s
d ~a(¢?)
2 AV n C
C dgg {I >E*‘;; 4 'Tuu{m }
CE d <I }EH ol = _{I{:CE) (T::u 4'.}(33 ) {mn}Eu}d
a2 \ (z");, m \ Y Y )\ @),

Consider, for the sake of simplicity, three flavors and { < My, such that the singlet combinations can

be rearranged and the strange decoupled from the light flavors. Specializing for the averaged momentum
fraction.

In pion’s (proton’s) case (z)e8 =0
@)%; =0
3 11/8
(@&H)_ 17+ 77 15
(z)S_ | 8 11/8
= (1- (S, ")

H

W { d
S (¢, ) = exp (— Lo [ fa(zﬂ))



All-orders DGLAP: hard-wall thresholds -

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

2i{1,n ¢ = _“_{{:2} {_I n} T';F = f]"::u! T;Lq — T,‘;“’ T;lg = T::Q
d{? il AT ’-!m i i g=u 3.

~a(¢?)
EIICE {I } == Aqr T’mu{mﬂ}{;

, d [ (@ - o) [y \ (@) oD (O
. dﬁ?( @y )"“ 4 ('r;‘u Yoo )( @y ) 4 (“r;lu{fﬂ”}%;)

Consider, for the sake of simplicity, three flavors and { < My, such that the singlet combinations can

be rearranged and the strange decoupled from the light flavors. Specializing for the averaged momentum
fraction.

In pion’s (proton’s) case (z)e8 =0 In kaon’s case (after some algebra) ()52 = 50
()%, =0 (@)5: = 50 S[cH,C}
) 3 11/8 3
( (@) ) (37 mbed ( @5 ) (11t o - @,
{ﬂ:}c, B 8 11/8 {I} E s 11/8
- 11(1—[S¢ e = (1 S, 1)

H

W { d
S (¢, ) = exp (— Lo [ fa(zﬂ))



All-orders DGLAP: hard-wall thresholds -

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

2i{1,n ¢ = _“_{{:2} {_I n} T';F = f]"::u! T;Lq — T,‘;“’ T;lg = T::Q
d{? il AT ’-!m i i g=u 3.

~a(¢?)
EIICE {I } == Aqr T’mu{mﬂ}{;

, d [ (@ - o) [y \ (@) oD (O
. dﬁ?( @y )"“ 4 ('r;‘u Yoo )( @y ) 4 (“r;lu{fﬂ”}%;)

Consider, for the sake of simplicity, three flavors and { < My, such that the singlet combinations can

be rearranged and the strange decoupled from the light flavors. Specializing for the averaged momentum
fraction.

In pion’s (proton’s) case (z)e8 =0 In kaon’s case (after some algebra) ()52 = 50
(@)%, =0 (@), = 20 5i¢H=C}
' 3 11/8 3
¢ 1 8
s . (1 - (8, ¢1™*) o /- \ = (1 - iS{cH,c}l”“‘)
‘d
S (¢u,C) = exp (— Lo [ fatzﬂ) (@ey = D, (@)%
B g=u.d.s.¢c



All-orders DGLAP: hard-wall thresholds

11

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

o Ef e El{ﬂgj 1 T g

'L-:I Hl'{;j {I }g” B :1?’." f}.““ {J >§}” q - "H-, d‘.l S, C
-2 d LT _ n{ﬂgj 1Y - [ A remyl
Q. df.,_.z {'t }E}'; o A { fu (‘1 :}Ef;f + 25'[{-: ﬂ-'rf;:] gy {‘1 >_:,r”}

o5 : a(¢?) Z
""3 g I:\. = et Lo Ext F ':: LT o
§ d{:.&' {‘I ”}!HJ' = A I.:;“ {‘E ”}}_'.:}'I ik I.:;ﬂ {'t ”}gh’

o

In general, at any momentum scale { = M. and again specializing for the averaged momentum
fraction, the solutions are:

i [ — T T — T T P i
,-.rw - f]'fuu! Tg.:;r - Tgu! qu T Tug_
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All-orders DGLAP: hard-wall thresholds

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

Yoo = Yowr Ygg = Yqur Tag = Tug
[

:-{ ”}rm = T T 4rx Tuu {:1'”}511 qg = u,d,s,c
-2 d AN e n{ﬂgj 1Y - G
G (f.t'._:.z {‘t }E}'; B _T { T <“! }E‘l + QE{{& B ‘1” ] -!Hj{ >:,r”}

o
-2 it ” 4
4 d__cﬁ{:t-' }.Ern — {n;-n E { '~ 7 +f}w{* }JH}

In general, at any momentum scale { = M. and again specializing for the averaged momentum
fraction, the solutions are:

< )cm = {Iﬁﬁg(gﬁa ¢) {:{:}HH = % _T(ME,ME) [{Zm}E:]TM

r(My, M.) = = [(22)26e) 77 = 2% [(2) ) ™ [(2a)2 2‘”’“‘" o [(a) e 2aytee] /10

Capitalizing on the universality of the effective charge, all hadrons’ momentum fraction averages can
be expressed in terms of pion’s ones.
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All-orders DGLAP: hard-wall thresholds

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

i [ — T T — T T P i
’qu - f]'fuu! Tg.:;r - Tgu! qu T Tug_

W El{ﬂéj T I
:l { }q” == = A Tuu {‘1 H”;” q=1u, d, s, C
-2 d AN e n{ﬂgj 1Y - JnE
Q. df._,_.z {'t }E}'; o A { fu (‘1 }th + 2{9[{5 *1” j -!Hj{ >:,r”}

g d : a(¢?)
-2 if Tl T n
: n’-_ﬁg{:t’ o =~ Tou D {2 }” + %08 Yo

o

In general, at any momentum scale { = M. and again specializing for the averaged momentum
fraction, the solutions are:

4
< }{HJ‘ = {I>gii5(<ffﬁ C] {m}{“f == _T(MggMc) I:{Z.T}E_]de
T{ﬂ’fs-.Mr:} 1?.} [{2 }uﬂ ?,-"d 2:?5 [{ }M] —3/16 [{ }u, Eaflﬁ [{21__},\,_{ {?E};Ti”]_a’”ﬁ
> <TismMal = _11?25 (22" + ;—ﬁ (2] =/

3 (always) active flavors
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All-orders DGLAP: hard-wall thresholds

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

i [ — T T — T T P i
’qu - f]'fuu! Tg.:;r - Tgu! qu T Tug_

W El{ﬂéj T I
:l { }q” == = A Tuu {‘1 H”;” q=1u, d, s, C
-2 d AN e n{ﬂgj 1Y - JnE
Q. df._,_.z {'t }E}'; o A { fu (‘1 }th + 2{9[{5 *1” j -!Hj{ >:,r”}

g d : a(¢?)
-2 if Tl T n
: n’-_ﬁg{:t’ o =~ Tou D {2 }” + %08 Yo

o

In general, at any momentum scale { = M. and again specializing for the averaged momentum
fraction, the solutions are:

4
< }{HJ‘ = {I>gii5(<ffﬁ C] {m}{“f == _T(MggMc) I:{Z.T}E_]de
T(M,, M,) = 1?.} [{2 }u, ~T/4 _ 2‘;5 [{ }M ] —3/16 [{ }u, 2,};15 [{2:.-:}""-” {h};}i«]_a“ﬁ
3 (always) active flavors 0
> T{CH:{:H] T ;

: - 4 (always) active flavors
Thus recovering the previous result! ( ys)
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All-orders DGLAP: hard-wall thresholds

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

i [ — T T — T T P i
’qu - f]'fuu! Tg.:;r - Tgu! qu T Tug_

LT U‘.{'CE) T n
:l { }q” = A Tuu {‘1 H”;” q=1u, d, s, C
-2 d AN e n{ﬂgj 1Y - [
Q. df._,_.z {‘t }E}'; o A { fu (‘1 }th + 2{9{{5 ‘1” ] -!Hj{ >:,r”}

2 d a(¢?)
2 if Tl n
: n’-_ﬁg{:t’ o =~ Tou D' }” + %08 Yo

o

In general, at any momentum scale { = M. and again specializing for the averaged momentum
fraction, the solutions are:

(@), = <m>g§15(cﬂ,a (@ = 7 — 7(My, M.) [(22)5, ]

r(My, M) = — o [(2)20e] 7 = 2% [(20) €] /" [z E"“‘-"+_[{zx>m (2z)Me] /16

7/4

8 0
(@)% = @5y — (@)= 0(C — My)5- /;f o(2)(a);, S(2 )



All-orders DGLAP: hard-wall thresholds

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

i [ — T T — T T P i
’qu - f]'fuu! Tg.:;r - Tgu! qu T Tug_

aft — ['l'{'CE)n.” .
ﬂr{-' 19 { }q” == A Fuu {‘1 H”;” q=1u, d, s, C
-2 d AN n{ﬂgj T ey -
Q. df._,_.z {J' }E}'; A A {q-'uu (‘T }th + 2{9{{5 = ‘1” ] -!Hj{ >§r”}

2 d a(¢?)
2 if Tl n
: n’-_ﬁg{:t’ o =~ Tou D' }” + %08 Yo

o

In general, at any momentum scale { = M. and again specializing for the averaged momentum
fraction, the solutions are:

(TVon = {I}Eﬁ}'S(‘ZH,C] (z)S,, = % — (M., M,) [{Zm}f‘:]m

r(My, M.) = = [(22)26e) 77 = 2% [(2) ) ™ [(2a)2 2‘J””""+—[{zss>*‘*f (22)20]

dz . ,
(@)% = @) — (@)= 00— My)5- / a(2)(2);, S(2 )

—-3/16

> Z :I:}Sq =z —|— T(M,, M) {25‘5} TH Z(m}mf




All-orders DGLAP: hard-wall thresholds
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Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

i [ — TL T — T T — T
’qu - f]'fuu! Tg.:;r - Tgu! qu o Tug_

W U‘.{'CE) T n
:l{ }q” = A Tuu {‘1 Hi;; q=1u, d, s, C
.2 d G _ “'{ﬂzj AN S - 4
S d¢? . }E?; T 4w { Fuu (2 }E" +20(C — My)y fw{ >tm}

o
-2 it ” 4
4 d__cﬁ{:t-' }.Ern — {n;-n E { '~ 7 +f}w{* }JH}

In general, at any momentum scale { = M. and again specializing for the averaged momentum
fraction, the solutions are:

< }:,ru = {IPE}I}TS(‘:H*.- C] <j"}q” = —T(ﬁr‘fs,ﬂﬁf{,_} [{Ex}ﬁﬁlfﬂi

r(My, M) = — o [(2)20e] 7 = 2% [(20) €] /" [z E"“‘"+_[{zx>m (2z)Me] /16

(2)%s, = (@5, — (25, =0(C — Mg)3- f L a(22)(@)z, S(2,C)
»Z% =—+T{ M,, M) [(2z)5_ ] qu”

Momentum conservation



All-orders DGLAP: Pauli blocking

12

PDFs DGLAP evolutions equations, expressed by the corresponding massless
splitting functions

5. a(¢?) [dy g T
@ = 02 [ Lh(2) aiw)

T Y

ﬂﬂf_ﬁ i(z) = ”'{CE]/I”E P Z)ze () +2P5 . (2 ) gu(w)
EECE H L+ = e . y =] Yy H i =i y JH )

5 d a(¢?) [ dy X o
2 : ¥ =i ¥
( EGH{T} = Aot ‘/!- ? g E L|il| (UJ‘ + [ gi—g E ‘?H(:’f}

Modeling the Pauli-blocking contribution:

Prfd—y'[z} = |:P"|'" g(2) + ﬁq\-"ﬁ“ =8 (;

H

)| occ - a4

1

el o
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All-orders DGLAP: Pauli blocking

PDFs DGLAP evolutions equations, expressed by the corresponding massless
splitting functions, after converting to Mellin space

2
.:i[;{ g, = ~2)m amyg,

4
d n ﬂr(cz n f..mn n [: n
EE{I }é;ﬂ_ — = 4?1,) {qu{‘T’ }%;{_ +2&(C_ qu |}]"'qg+5'?ﬂ'nﬂ (‘;—)“ {ﬂ: }gn}

d ] &(CJ mn T mn
CE&F{:E }‘:,T ) {Z ’fgq{ﬂ: } + ng{:"-: }g“} 3
Modeling the Pauli-blocking contribution: Momentum conservation

V3n Ygg T Vgq = EZ Yag T Ygg = Z 6, =0
q q

2+ 3n + n?
1
1+ (t—1)2

(2

I

g =

D(t) =
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All-orders DGLAP: Pauli blocking

PDFs DGLAP evolutions equations, expressed by the corresponding massless
splitting functions, after converting to Mellin space

d 2
(2 dcg { ﬂ>{; = _&-'-E:ET )Tg?q{mn}{ﬁ
d ol
EE{IH}E*} = == flfr) {ﬁq{mn}gi +20(¢ — My) {"f’?g + 040D (Ciﬁ)] {mn}gn}

I

d ] &(CJ mn T T
Cz'dc_g{m }‘:,T ) {Z ’fgq{j: } + ng{:"-: }g“} 3
Modeling the Pauli-blocking contribution: Momentum conservation

V3n Ygg T Vgq = EZ Yag T Ygg = Z 6, =0

2+ 3n + n?
1
1+ (t—1)2

Equations and solutions for »_(z)§, and (z);,, remain the same, while:

) | ¢ dz ’. ! r|1. [
q e / T“{:H} lug i J‘rjru'ﬂ.u"i-:]I( {: ):| I-j' ..n' . { C}]
J NIl = CH

g =

D(t) =

e

(™)
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All-orders DGLAP: Pauli blocking

PDFs DGLAP evolutions equations, expressed by the corresponding massless
splitting functions, after converting to Mellin space

d 2
Gt = &Er)’f?q@“}i

d a(¢? L)
s = - Er ) {ﬁq{mn};*‘r Rl {ﬁg + ((i) ] {mn}g“}

I

2
CE%@”}‘:“ H(C ) {Z'rgq{f} +’r§,‘g{:ﬂ“}§w} ;

i V3n Tag T Vgq = EZ Yeg T Vg9 = Z 0, =0
" 24 3n+ n? q q
1
D(t) = — ¢ 2 ftde_ g | VB (¢ :
1 o {'f 1:’ { }Suﬂ-! — 3?1_ ,,;‘” = (3 } 1 2 51} CH {“T}gf*g[z? {] 1
Particularly, for the pion 1
momentum fractions, and (z }.5_ =0((—-M }371,] o(2?) [1 + /36D (( )} (z}5.5(2,€)
with: o
i g e =i 22 ¢ 1 {'iz
ba=0s=8==6,/2:8:=0. | (5)§. =6(C— M. )311- Za(#)(a);, ()




All-orders DGLAP: Polarized distributions

13

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
O-th order

o d
szi'!.f}}{izﬁ = )
, d ~0 ”{C [1]Ye . H{CE} LY 4
('[-: F i GG(” } )< >ﬁﬂ =4 A ('I' }‘En
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All-orders DGLAP: Polarized distributions

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
O-th order

2 0 _
g ff{ﬁ:z{ }"EH =
2 d 70 “(‘f ¢ _ 2oC?), o
(C F i (” ) (@ >§H =4 e ( }ﬁﬁ
In general, at any momentum scale ¢ = M

5 - 12 o a —
-l(_;}j' g {ilfﬂ}gu i {J._U}E{H{ {E ([5-{(‘.”? J{H}]—Hu,-"dl o 1) [.{‘?{ﬂ,'r__” .11-1’-5-:]]_51"{'53 [.“3’{;1.!‘,,_{]]_”’{53

1 I L " —76132 . 12 fiass ~75/32
+ 5 ([5(,11;, M,.)] 1) [S(M.,¢)] oos ([5(.-11;1:}] 1) }

v . {1’}1’ Vi G dz o
Sy <) = b = exp (5 [ St

“IqQH
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All-orders DGLAP: Polarized distributions

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
O-th order

2 &
g fflf‘3< }iﬁ =
2 d ~0 SN o OCT) 0
(¢ 22 + 30 S Y @), = 15D @)
In general, at any momentum scale My, < (< M
“[]!f - {ITU}%H - {ru;lg.:!
12 a ) = 4
IINe Chr 87/32 81/32 —81/32

AGl = (27) = (27) { (["'{CH M )] )[‘5 M, ¢)] "‘ﬁ([ Vs, )] 1)}




All-orders DGLAP: Polarized distributions

13

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for

0-th order
5 d
2 0
¢ rff.::?{l' }iH g
2 d |~ SN o OCT) 0
({: E * Ilgg(”f} 4 <*1' >E” =% 4 (i. }EH
In general, at any momentum scale (g < ¢ < M, :
Gy = {;xr”}fﬁ” = {;a-r”}g; ;
l(’*f - {1.{}}4: _ E{r[]}f:n ([‘H(C (H--HT;'.’IE N l)
- -E’?.r 29 & EH H>571
¢
3 L}
‘5'1'{('”*4:‘) — { }ﬂl”

=
{3};;?,

Yo [* d2 o
=l —a(z*)
P | . f:” Fat
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All-orders DGLAP: Polarized distributions

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
O-th order

2 g
g fflf‘3< }iﬁ =
o d 20 &(C*) ), ove (SIPY:
(C d¢? + ag(n1) 47 @) =4 4 ( }"‘EH
In general, at any momentum scale (g < (, and neglecting the mass thresholds
Ao = (Iu}%” = {H-‘u:'g; 19
f 75/32
— -1 = 4
A = 60, = g | B (SO 1)
=H o —81/32 B
3 (IS(M,,¢)] 1) ny =3
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All-orders DGLAP: Polarized distributions

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
O-th order

2 C 0
g ”;[:2 { }EH
2 d | ~p a(¢?) 0\ ¢ a(¢?) ¢
( =5+ YgelBr) = (@) =4 ( %
d¢ L 47 gH 4 Y H
In general, at any momentum scale (g < ¢, and neglecting the mass thresholds: A [CT18]+ no thresholds
S N1 1N S 1 1Y & Ya2022]+no
“:“]” o (J. }Eu - {J. :lﬂf:; B Ehl’GShOll’S
AGS, = (29 = (@)% ] 125 f: iR C [Ya2022]+[Chen2022]
il'Ij' — aks 3” — sl :;_.'.q _l_ Y o
- ([5(_,-1;“__(}]—1‘1-“” _ 1) ng=3 D [Ya2022]+ thresholds
¢ _ s _ - - Abelian anomaly corrected:
ag. 0.74(11) 0.74(11) 0.65(02) 0.65(02)
; ~¢ ¢ n[t::]' r,j

A B C D
AGS 2.27(30) 1.50(25) 1.33(15) 1.41(16)

S Y
{L}”” = exp (— o / iH'I::«:'])
0.20(11) 0.38(11) 0.33(04)  0.32(04) ()" or ., 2

qH




All-orders DGLAP: Polarized distributions o

Polarized PDFs DGLAP evolutions equations

COMPASS| R E—
D| e
2 P0E — Gf B
¢ rfifE{ }"EH_U B -
o d :r} “(CE ¢ a((?) CT18-A[ - . =L .
(C FJF () (@ >fiH =4 A <' 01 02 03 04 05
.
A

In general, at any momentum scale (g < ¢, and neglecting tne mass mnresnoias: A [CT18]+ no thresholds

oS o 11 <SS s (Y 5 Ya2022]+no
”':?JH = (2 }'_E” = (@ }"fi, 119 B Ehreshollls
-75/32 »
AGS, = (0% — e | BB EExs) 1) ny=4  azozzpiChenz02
*H — !
o = h é ([S[ﬂfﬁ- {:}]—513’33 = 1) ng=3 D [Ya2022]+ thresholds
= - - Abelian anomaly corrected:
at 0.74(11) 74(11) 0.65(02) 0.65(02)
= gl = el
A B C D L S ™

AGS 2.27(30) 1.50(25) 1.33(15) 1.41(16)
{L}ﬂ'n _ - Taq

= _ g E‘:}{ll( : / ﬁﬂl[’fi])
ag, 0.20(11) 0.38(11) 0.33(04) 0.32(04) £ 2T Jey %

qH




Reverse engineering the PDF data
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Pion PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

squares fit to the data.

" (3foil; ) = nfa®i (1 - 2) (1 + afa?)

/ - 5 3 2) Generate new values a,, distributed
{“ |£ = SIS } randomly around the best fit.

Normalization
Free parameters

3) Using the latter set, evaluate:

i'f [“’f] C

i T

05 OMNL
: $ Asv ]
~ 0.4t

M;

1 =
};‘f 0 3 HII{{ ﬂ}#ﬂﬁ 1 \ Data point with error
EE; | : ﬁ I1 4) Accept a replica with probability:
¢ 02 !]:H]I -. P[TE ”f} 1}.’9 e /2
: III Trx | P=—"— Pyd) = y?E-1g—¥/2
0.1 0w ] P(x3;d) T(d/2)"
BOb. B .

00 02 04 06 08 10 OSEvolebackio(y  Raneat (2-5).
¥ Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]
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Pion PDF: ASV analysis of E615 data

> Applying this algorithm to the ASV data yields:

(average)
'D E Hean values (of moments) and errors
) CSM 8.5, 2.7T5144 = 18 o p 18.299833, B.BRLATALS ], [9.1950587, 8. 9ATI544E8 ) |B.147895, B.0DGEEID ),
'DE B.187374, B.BBGBESSY], (8.8835108, B.BBS3d834 |, [8.9068711, B.6padsad |

00547511, ©.00409628) , (0.0456496 , 0.00360041] , (0,6386394, 0,00320660

v The produced moments are compatible with a
symmetric PDF at the hadronic scale.

v It seems it favors a soft end-point behavior just
like the CSM result.

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Pion PDF: ASV analysis of E615 data

16

> Applying this algorithm to the ASV data yields:

Hean valugs (of moments) and érrars

v The produced moments are compatible with a

symmetric PDF at the hadronic scale.

v It seems it favors a soft end-point behavior...

just like the CSM result.

B.2199833, B.eaE4TEES,

8.5, 2. 75144 107V,
0.0835168, 0.00532834),

B.187d74, 0.0B0EEST ],
Q0547511 ©. 004809028 , (0.0456496, 0.00360041], (0.8

9.199987, 9. 80735448,

B.142895, B.BBGEEIL],

6. 8668T1L, B.BB48596 ),

JB6394, 0. 00320660

v Then, we can reconstruct the moments produced by
each replica, using the single-parameter Ansatz:

u"(r:(y) = nmpn(l + x

esM e

*(1-z)*/p%)

”X‘i;sfti ) |

0.4

0.6



Pion PDF: dM NLL analysis of E615 data
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> Applying this algorithm to the original data yields: (average)
lean values (of moments) and errors, oy
0.4 . .

0.5, 252187« 10°17), (0.331527, 6.00803273), (0.247615, 6.0110893
(8,19784, 8.0121977), (9.165066, 0.6124911}, {0.141928, 0.0124198),

'8.124755, 8.8121811], (8.111521, 6.8118683), (8.181821, 6.8115275],
(8.8924926, 0.8111824 ), [0,085431, 0.018845), (0.0794897, 8.0105214),

(SCI)

lements from SCI, O

8.5, 9,332885, ©,245317, ©.199231, ©.165865, 0., 142056, 0,124215, 0,11935,
B8.0952657, 0.0907203, 6.0826552, 0.0T62T21, 0.6TBL035, 0.0660661, 0.0619225)

v The produced moments are compatible with a
symmetric PDF at the hadronic scale.

X But also exhibit agreement with the SCI results.

gsci(z; Cg) =1 0.0L . . . , Y

(8.0744232, 0.0062142), (0.8700521, 0.00992435], [0.0662432, 6.00965182) |



Kaon PDF

18

> Let us assume the data can be parameterized
with a certain functional form, i.e.:

K, ¢ : r
(3 ]a); €) = izl (1 - 2)° (1 + a5e”)
Pion’s free parameters: {as]i = 1,2,3}

P &
Kaon'’s : O g

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a,, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:
N . 3 2
P (17 (5 [0]; C5) — uy)*
=)y e T
= ’
2
p _ POC:d)

- {lf‘g}d,ﬁ]ﬁ. ;F..-"'.-E—lv—y,-"'.-l
o Plxsd) ;

, P(y;d) = mﬂ

5) And for the kaon in terms of data for

by

Ric/= (25| aSi | ;G u¥ (z; [of®, o, ad];)
Kim % |B3K)285) T e [ 5]
i |:.,J' . :“e !:|

6) Accept replicas with probabilities
pr:ﬁ y p‘tl Iey = ’p;ﬁ K/ p‘t.ﬁ_—r

7) Evolve back to { zy and repeat (2-7)



18

Kaon PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

K, 3
1 (:L‘; [ﬂ:i]; C = ﬂ{; “l (1 — :r)ﬂ? (1 + ﬂ'gﬂjz) 2) Use u/u” data to fix the only free parameter
' for the kaon
Pion’s free parameters: {f.lﬂ:fi = 1.2.3} 3) Generate new values a,, distributed
Kaon's - ¢ randomly around the best fit parameters
aons:. A3k 4) With these values, evaluate for the pion:

4 (xy; [eu]; G5) — u)?
f=z ff&?

=1

P(x?;d)
e 1 i )
* P(xg:d)

{I;'lr?}{”:! .”dl.-"'.i— 1(-._39’."'"‘3
rap?  ©

5) And for the kaon in terms of data for
cs uk (e u‘l‘ n‘;' nlhj
6) Accept replicas with probab|I|t|es

P A T A SR DR pTII.:ph-rrpu_r
00 02 04 08 08 1.0 Twr Fuc=PRenlu,

X 7) Evolve back to { zy and repeat (2-7)
Data from [Badier et al. Phys. Lett. B 94, 354 (1980)]

P(y;d) =
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Kaon PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-
K, C ¢ ¢ squares fit to the ASV data for the pion.
u (x; [ﬂi]:. L= ﬁE;}:“l (1 —x)*2(1+ g-,i:rz) 2) Use u®/u™ data to fix the only free parameter
cr. ' for the kaon
Pion’s free parameters: {f.l'i- |'£ = 1,2 3} 3) Generate new values a,, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:
Jh'lr . E
2 _ o (0™ (@ [0n); G5) — ;)
X = Z 2
"'EF

{=1
P E;Jr_ 1/2 df2
P= O3 d) P(y:d) = (172

= POgid) rdf)”

e - &
Kaon'’s : O g

df2-1,-y/?

5) And for the kaon in terms of data for

uk (e '_:\{E"- :15", o35 )

Ric/x (,r: [n;{_;,.- ] !Cn) - u™(z; [a E”
6) Accept replicas with probabilities

0.0 . Fug P’H;{ - pﬂh‘_frpﬂﬂ
00 02 04 06 0.8 1.0

7) Evolve back to (77 and repeat (2-7)



Kaon PDF
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> Let us assume the data can be parameterized

with a certain functional form, i.e.:

.f,fn(:r; Bl ) = ﬂf:}:“f(l - :1:)“5(1 +- ugf)

Pion’s free parameters: {aS|i = 1,2

P &
Kaon'’s : O g

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

2 A HHEARS “J
X = Z {5‘2
1=1 [
Pl d) (L1202 s 5 o
B=mia—s, Plyid) = “Z=ey/ 2 eV
Plxsd)” r(d/2)

5) And for the kaon in terms of data for
H{ o [k o~ CR J

e s |. alll i “I o B “”‘l
R_ﬂ'__-'r (‘! 1 [ni‘tﬂ-] Li::-') - TR [_Jf I: ]

6) Accept replicas with probabilities
:D“ﬂ ’ ’P'u.h_ = pﬂﬂ'_ferﬂ

7) Evolve back to (77 and repeat (2-7)
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18

> Let us assume the data can be parameterized
with a certain functional form, i.e.:

.f,fn(:r; Bl ) = ﬂf:}:“f(l - :1:)“5(1 +- ugf)

Pion’s free parameters: {aS|i = 1,2,3}

Kaon’s : n-f*; -
1.5}
1.0}
0.5! 7 (@ Ci) = B2 (= Cu))
DSE/BSE
0.0l

» Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u*/u™ data to fix the only free parameter
for the kaon

3) Generate new values a, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

2 A HHEARS “J
X = Z {5‘2
1=1 [
Pl d) (L1202 s 5 o
B=mia—s, Plyid) = “Z=ey/ 2 eV
Plxsd)” r(d/2)

5) And for the kaon in terms of data for
H{ [ o J

e s |. ol ui “I o B “”‘l
R_ﬂ'__-'r (‘! 1 [ni‘tﬂ-] Li::-') - TR [_Jf I: ]

6) Accept replicas with probabilities
:D“ﬂ ’ ’P'u.h_ = pﬂﬂ'_ferﬂ

7) Evolve back to (77 and repeat (2-7)
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Kaon PDF: DSE/BSE

U (x:8)

3
X
"
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
X x X
Symmetry-preserving DSE computation of the valence-quark DA [L. Chang et al., Phys.Lett.B737(2014)23]
and PDE: [M. Ding et al., Phys.Rev.D101(2020)054014]
[J. Xu et al., Work in progress]
gHi(x:;¢) = ;"'u-'pt.r/ ﬁj:{.ﬁ',?:lﬂpl[ﬂ',-,,,:(;} S(ks:€)
S dl: u - (1l — x)
§ oo , wr(z;u) =ngln(1+ o ;
b {ﬂ' ' =y [FH {'i":rp}:. c]'ﬂ'[k?,l:{)j } 3 > F ¥
. o " . . . ] T mj[l N m}z
Computation the ~ 8 Mellin moments and parametrization | #"(z:;{u) =ngln |1+ AL
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Kaon PDF: DSE/BSE

U (x:8)

3
X
“in
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
X x X
Symmetry-preserving DSE computation of the valence-quark DA [L. Chang et al., Phys.Lett.B737(2014)23]
and PDE: [M. Ding et al., Phys.Rev.D101(2020)054014]
[J. Xu et al., Work in progress]
gHi(x:;¢) = ;"'u-'pt.r/ ﬁj:{.ﬁ',?:lﬂpl[ﬂ',-,,,:(;} S(ks:€) ]
J dke " z(l —=x)
Eﬂﬂ[:a:; ':H] = ﬂ'-;pa:{]' o IT}EJED oH 1
¥

>

&) ) :
X {” " oL [F ! {'icr;:}:. (::I:_::I'[A”l:}' } :
E'JJE.'” H = | 2 2 -:Fl:]. o -:Il.}
o 4 — F j R
1 §" (x;¢n) = ny z*(1 — x) t‘:xp( e )

Computation the ~ 8 Mellin moments and parametrization
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Kaon PDF: DSE/BSE

U (x:8)

s*%(%:Zw)

02 04 06 08 1.0
X

02 04 06 08 10 00
b4

04 06 08 10 0.0

00 02
X
Symmetry-preserving DSE computation of the valence-quark DA [L. Chang et al., Phys.Lett.B737(2014)23]
[M. Ding et al., Phys.Rev.D101(2020)054014]
[J. Xu et al., Work in progress]

and PDF:

gi(x:¢) = ;'"'n"pt-l'/ ﬁ::“'ra:'mpurﬁri:'c} S(ky: C) ;
o i u :E{l = J:]
5 ¢ (z:Cn) = n,z(l — x)exp ( v ) ;
X An gy (L Oz ki O]} = F::H; ~ 7)
L \L gH[:;I:;f:H] = Tig I:?{l — :ﬂ]z exp (E o = )
) )

n
Computation the ~ 8 Mellin moments and parametrization

Then, capitalizing on the LFWF overlap representation:
M2[1 - apz(l —z)]
‘ ? 5 'ﬁqP{E-.-gH] ¢

(k2 + M2[1 - apz(l — z)])
2
/Tﬁk;ﬁ’p{m il il e Vﬁ M, op(x;:¢n) = ferpPp(z; Ch)

"’i"qp (, ki? CH) = 4ﬁﬂMﬂ

@ (x; Cu))?

P 2
F@itn) = [ Tork Wb(akLin)I? = p 2RO




Kaon PDF: DSE/BSE w0

1.0 00 02 04 06 08 1.0
X

. Chang et al., Phys.Lett.B737(2014)23]

1. Ding et al., Phys.Rev.D101(2020)054014]

. Xu et al., Work in progress]

oo/ . '
00 02 04 06 08 10 &w=nt-ae(*27).
X @i ly) =n,x [l—mjﬂ‘xp( ':IPET l‘})

Then, capitalizing on the LFWF overlap representation:

, M2[1 - apz(l —z)]
_— _ " g — o
. e P T .

d2k, (6% (x; Cr))?

2
/Tﬁk;";’P{ K3 i¢n) = ﬁ Ph(aiCn) = ForePp(@iCn) 1" @tn) = [ Tk Wh(mkLi G = 125 = ey
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Kaon PDF: DSE/BSE

1.5F
—1.0
szs
L3
S 05!
0.0t ; . i ; = -
00 02 04 )4 08 08 1.0
X
Symmetry-prese tt.B737(2014)23]
and PDF: .D101(2020)054014]
Jress]
Hiz:{) = N.tr
1 JJ AE ! ! ! ! ] P (.‘E{l = I])
¢ Ty 00 02 04 06 038 1.0°\ & J°
| ) ¥ i (:rl:l — ﬂ:})
Computation o
Then, capitalizing on the LFWF overlap representation:
M2[1 —apz(l — 2
Vo b Car) = o, —a L —eet 0B oy

.

d?k
1673

/

wP( k 1'CH]

v

[85(2; Cur))?
1 —-apz(l —x)

U‘E M2 (1 - apz(l — z)))
a2k,

«.HE
IEHTH

W (2 k25 Cm )I° =

o#p (% Cu) = fpre@p (i Ch) q" (z; ) =f
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Kaon PDF: DSE/BSE

U (%)

1.5F
1.0 30
0.5+ | —

5 | "% 2.0
0.0t

00 02 04 06 08 10
X
Symmetry-preserving DSE compt

and PDF:

7(2:0) = Nt | 52(ky) 5 (i , |
PGS 00 d |
ok, Uw \Koni 0.0 0.2 0.4 0.6 0.8 1.0

Computation the 8 Mellin mo X

% fn -

Then, capitalizing on the LFWF overlap representation:

, M2[1 - apz(l —z)]
q (g 2, = m .
‘ ﬂ?P( 7kl:'€H} 4‘”& AL" (ki +M§[l —CEP-T'U _:E]]]

g‘aEqP{I:. Crr) ¢

@ (x; Cu))?

2 d*k
[ S o) = LMo tn) = forePhatn) (@) = [ ook Wkl = 25 2O







Summary

- The EHM is argued to be intimately connected to a Pl effective charge which enters a conformal

regime, below a given momentum scale, where gluons acquiring a dynamical mass decouple from
interaction.

~ Capitalizing on the latter, two main ideas emerge: (1) the identification of that decoupling with a
hadronic scale at which the structure of hadrons can be expressed only in terms of valence
dressed partons; and (ii) the reliability of an all-orders evolution scheme to describe the splitting of
valence into more partons, generating thus the glue and sea, when the resolution scale decreases.

~ Key implications stemming from both ideas have been derived and tested for the pion PDFs.
Grounding on them, Lattice QCD and experimental data have been shown to confirm CSM results.

» The robustness of the approach based on all-orders evolution from hadronic to experimental scale
has been proved with its application to the pion, kaon and proton cases. A model featuring massless
evolution for quark flavors activated after a hard-wall threshold and accounrting for Pauli blocking has
been solved analytically, and seen to expose some of the main results implied by the approach.

| et need
i

To be continued...
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QCD effective charge
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Then, we define:
a(k?) = —=——: a(0) = 0.97(4)
In ﬂaﬂ
| Myep |

where

.."H'[-IE-'E = El{.l-]] = fi'.",:'; = [].:;-L'.;L{?:] {::E'ﬁ\."r

defines the screening mass and an associated
wavelength, such that larger gluon modes

decouple.
Then, we identify: (y := mgq(1 £+ 0.1)

Modern continuum & lattice QCD analysis in the gauge
sector delivers an analogue “Gell-Mann-Low” running
charge, from which one obtains a process-independent,
parameter-free prediction for the low-momentum
saturation

* No landau pole

* Below a given mass scale, the interaction become scale-
independent and QCD practically conformal again (as in
the lagrangian).

1.0 e |
0.8} %
- [ Saturation
= 0.6}

= aal
Sy Hadron Scale

02 (g
o] A B
0.01 0.1 1 10
k / GeV




QCD effective charge

1.0 The strength of the charge defines
f ' de input for the evolution
0.8t :
"~ Saturation 21n (¢;/Agen)

..-""5 0.6} S(Cu,{r) = [2] s d%ﬁ-[t}
E 0 4 - ; H QoD
S Y"1 Hadron Scale UV fall

0.2 CH ¢ (@(¢s))g = %v:{p (—%SKH.&]) = (.20(2)

0.0, e . 5

0.01 0.1 1 10

k/GeV



QCD effective charge

B

*

S

1.0 : - The strength of the charge defines
0.8} ' | deinput for the evolution
" Saturation i 2In ({r/Agen)
0.6 ; S(¢u,6) = | ata(t)
i J J2In (¢ /Aqep)
0.4}
. Hadron Scale UV iall
jol! - = V7] 8.
0.2 _ CH | @G = 5 €XPp (—ﬁf"{{};-i:ﬂ) =|0.20(2)
0.0L, it} : 1 [z-F. Cui et al, EPIC80(2020)11,1064]
0.01 0.1 1 10 [z-F. Cui et al, EPJA57(2021)1,5]

k/GeV

Then, the glue, valence- and sea-quark DFs can
be predicted, with no tuned parameter, on the
ground of the effective charge definition, from the
LFWF (or, equivalentely, from a symmetry-
preserving DSE/BSE computation of the valence-
guarks Mellin moments

[M. Ding et al, CPC44(2020)3,031002]

os[ } 1}

= X 8&nlx {5}

1 - Xgnlx &)
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— Lattice G5
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Pion PDF: from CSM (DSEs) to the experiment

13

Symmetry-preserving DSE computation of the
valence-quark PDF:

[L. Chang et al., Phys.Lett.B737(2014)23]
[M. Ding et al., Phys.Rev.D101(2020)054014

4" (@:¢) = Notr [ 62 (k) T (e €) S (ks ©)

of e
i
i s {” j.lil [F |:: :r;:; (: L:J ‘:} }

q6(x:Ch) = EI.I,.EE.:-EU — x)?

L x [1 — 2.9342¢/2(1 — z) + 2.2911 z(1 — )]

a(z:Q) ~ (1-2/O (1+0(1 - 7))

B(Cp) =2
Farrar, Jackson, Phys.Rev.Lett 35(1975)1416
Berger, Brodsky, Phys.Rev.Lett 42(1979)940

* The EHM-triggered broadening shortens the
extent of the domain of convexity lying on the

neighborhood of the endpoints, induced too by the trM

QCD dynamics

|t cannot however spoil the asymptotic QCD
behaviour at large-x (and, owing to isospin
symmetry, at low-x)

2.D [Hl llr't.] |J"~| |"r4r|:cl1ur|
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Pion PDF: from CSM (DSEs) to the experiment

13

Symmetry-preserving DSE computation of the
valence-quark PDF:

[L. Chang et al., Phys.Lett.B737(2014)23]
[M. Ding et al., Phys.Rev.D101(2020)054014

¢"(2:€) = Netr / 5% (k) TP (kg €) S (ki €)

)
i x {n- ke [F (ks Q)S (ky: 0]}

q6(x:Ch) = EI.I,.SE.:-EU — x)?

L x [1 — 2.9342/2(1 — z) + 2.2911 (1 — )]

a(z:Q) ~ (1-2/O (1+0(1 - 7))

B(Cp) =2
Farrar, Jackson, Phys.Rev.Lett 35(1975)1416
Berger, Brodsky, Phys.Rev.Lett 42(1979)940

* The EHM-triggered broadening shortens the
extent of the domain of convexity lying on the
neighborhood of the endpoints, induced too by the
QCD dynamics

|t cannot however spoil the asymptotic QCD
behaviour at large-x (and, owing to isospin
symmetry, at low-x)
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Proton PDF: from CSM (DSEs) to the experiment -

An analogous symmetry-preserving DSE
computation of the valence-quark PDFs within
a proton, based on diquark-quark approach:
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]




Proton PDF: from CSM (DSEs) to the experiment -

An analogous symmetry-preserving DSE
computation of the valence-quark PDFs within
a proton, based on diquark-quark approach:
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]

Producing an isovector distribution in fair
agreement with lattice results
[H-W. Lin et al., arXiv:2011.14791]

[Wy-dV1(&3)




Proton PDF: pion and proton in counterpoint o

ngn-xzﬂpl:{ﬂhﬂﬂ p=

B 42 L

= | <

S |

& 1%

| %504 1%

| % &
T R R R T

5 X
pion u" dr gq" S¥ 54 A S
{xh 24.0(1.1) 24.001.1) 41.0(1.2) 3.3(3) 3.3(3) 2.65(22) 1.33(5)
(2 9.5(7) 9.5(7) 3.7(1) 0.27(1) 0.27(1) 0.21(1) 0.092(2)
{xtye 4.7(4) 4.7(4) 0.92(6) 0.057(1) 0.057(1) 0.044(0) 0.018(1)
{x)% 22.1(1.0) 22.1(1.0) 42.9(1.0) 3.7(3) 3.7(3) 3.002) 1.83(6)
(x5 8.4(6) 8.4(6) 3.5(1) 0.27(1) 0.27(1) 0.22(1) 0.120(3)
(Y 4.003) 4.003) 0.82(5) 0.056(0) 0.056(0) 0.044(0) 0.022(1)
proton uF dr g° 55 35 Sq Sy

(X} 32.9(1.4) 15.000.7) 40.9(1.1) 2.9(2) 3.7(3) 2.64(22) 1.32(5)
{xty 8.7(6) 3.6(2) 2.4(1) 0.14(1) 0.21(1) 0.13(0) 0.059(2)
{x}yé 2.9(3) 1.1(1) 0.39(2) 0.019(0) 0.030(1) 0.019(0) 0.008(0)
{x} 30.4(1.3) 13.8(0.6) 42.8(1.0) 3.3(3) 4.1(3) 3.002) 1.82(6)
(2 77(5) 32(2) 2.2(1) 0.15(1) 0.21(1) 0.14(0) 0.075(2)
() 2.5(2) 0.9(1) 0.35(2) 0.019(0) 0.028(0) 0.019(0) 0.010(1)
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