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Energy dependent fully covariant approach
In many cases an unambiguous partial wave decomposition at fixed energies is

impossible. Then the energy and angular parts should be analyzed together:
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N/D based (D-matrix) coupled channel analysis of the data
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Channels included in D-matrix: πN, ηN , KΛ, KΣ,Δπ, Nσ, N(1685)π, Nρ(770), Nω and

Black Box.
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In the present fits we calculate the elements of the Bij
α using one subtraction taken at

the channel threshold Mα = (m1α +m2α):
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In this case the expression for elements of the B̂ matrix can be rewritten as:
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and D-matrix method equivalent to the K-matrix method with loop diagram with real part

taken into account:

A = K̂(I − B̂K̂)−1 Bαβ = δαβBα



Meson photo-production and electro-production data
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The zero-trajectories of the denominator of the amplitude

DEN(s) = det(I − B̂K̂)
N∏
i=1

(M2
i − s)

for the S11 partial wave
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The zero-trajectories of the denominator of the amplitude for the P13 partial wave
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The included meson photoproduction data

DATA 2011-2019 added in 2020-2024

πN → πN ampl. SAID Hoehler (energy fixed)

π−p → ππN dσ/dΩ (π0π0n, π+π−n,π−π0p)

π−p → ηn dσ/dΩ

πp → KΛ,KΣ dσ/dΩ, P ,β

πp → ωn dσ/dΩ

γp → πN dσ/dΩ,Σ, T, P,E,G,H (π0p, π+n)

γp → ηp dσ/dΩ,Σ, F, T , P,H,G,E

γp → η′p dσ/dΩ, Σ

γp → KΛ, KΣ dσ/dΩ, Σ, P, T, Cx, Cz , Ox′ , Oz′ , Tx, Tz

γp → π0π0p dσ/dΩ,Σ, E, Ic, Is Σ, E, T, P,H, F, Px, Py

γp → π+π−p dσ/dΩ Ic, Is dσ/dΩ(2.4 GeV) Px, Py (CLAS)

γp → ωp dσ/dΩ,Σ, ρkij , E,G (CB-ELSA), Σ, P,T,F,H (CLAS) Taken explicitly

γn → ΛK,Σ−K dσ/dΩ (CLAS), E (CLAS) Σ, G (CLAS)

γn → π−p dσ/dΩ,Σ, P , E,Σ (CLAS)

γn → ηn dσ/dΩ (CB-ELSA, MAMI),Σ, dσ/dΩ (h = 1
2
) (CB-ELSA)

γn → π0n dσ/dΩ



Minimization methods

1. The two body final states πN, γN → πN, ηN,KΛ, KΣ, ωN,K∗Λ: χ2 method.

For n measured bins we minimize

χ2 =
n∑
j

(σj(PWA)− σj(exp))
2

(Δσj(exp))2

Present solution for γp reaction χ2 = 69435 for 46644 points. χ2/NF = 1.49

2. Reactions with three or more final states are analyzed with logarithm likelihood

method. πN, γN → ππN, πηN . The minimization function:

f = −
N(data)∑

j

ln
σj(PWA)

N(recMC)∑
m

σm(PWA)

This method allows us to take into account all correlations in many dimensional

phase space. Above 1 000 000 data events are taken in the fit.



The fit of the CLAS data on γp → π+π−p. The acceptance corrected data are shown
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The comparison of the results obtained with fit of the 9-one dimensional projections

and maximum likelihood method for the γp → π+π−p. The acceptance corrected data

are shown

W= 1738 MeV

0

0.05

0.1

1000 1250 1500
0

0.05

0.1

0.15

1000 1250 1500
0

0.05

0.1

400 600 800

0

0.05

0.1

0.15

-1 0 1
0

0.05

0.1

0.15

-1 0 1
0

0.1

0.2

-1 0 1

0

0.05

0.1

0.15

0 2.5 5
0

0.05

0.1

0.15

0 2.5 5
0

0.025

0.05

0.075

0.1

0 2.5 5



It seems that including polarization data needs indicate the presence of the structure in

the P31 partial wave
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The zero-trajectories of the denominator of the amplitude for the P31 partial wave
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Electro-production of pseudoscalar mesons

e−
e−

p

π+

n

A = ω∗Jμω′ū(kf )γμu(ki)
e

q2

|A|2 = JμJ
∗
ν

e2

2Q4

(
2KμKν +

q2

2
gμν − 1

2
qμqν + ihεμναβqαKβ

)
dσ

dΩfdεfdΩπ
= Γ

dσv

dΩπ
Γ =

α

2π2

εf
εi

|kγ |
Q2

1

1− ε

dσv

dΩπ
=

dσT

dΩπ
+ εL

dσL

dΩπ
+
[
2εL(1 + ε)

] 1
2
dσTL

dΩπ
cosΦπ + ε

dσTT

dΩπ
cos 2Φπ

+ h
[
2εL(1− ε)

] 1
2
dσTL′

dΩπ
+ h(1− ε2)

1
2
dσTT ′

dΩπ

εi, ki,εf , kf - momenta of the initial and final electrons (K = 1
2
(ki + kf )). 
q and Θe are evaluated in the

lab. frame. h is the helicity of the incoming electron. Amaldi et a1 1979, Donnachie and Shaw 1978



The included meson electro-production data

DATA Mass range (MeV) Q2-range (GeV2) Observables

γp → π0p 1160-1340 0.16-0.32 σTeL,σTL,σTT

γp → π0p 1160-1790 0.4-0.90 σTeL,σTL,σTT , Phi

γp → π+n 1160-1340 0.16-0,32 σTeL,σTL,σTT

γp → π+n 1160-1680 0.3-0.6 σTeL,σTL,σTT

γp → ηp 1500-1740 0.3,0.80 σTeL,σTL,σTT

γp → KΛ 1600-1850 0.65,1.0 σTeL,σTL,σTT



Siegert theorem

The behavior of the multipoles at physical threshold (pion momentum 
q → 0) and

pseudothreshold (Siegert limit, photon momentum 
k → 0) is connected due to gauge

invariance. It imposes the following model-independent relations:

(EI
L+, L

I
L+) → kLqL (L ≥ 0) (1)

(M I
L+,M

I
L−) → kLqL (L ≥ 1) (2)

(LI
L−) → kq (L = 1) (3)

(EI
L−, L

I
L−) → kL−2qL (L ≥ 2)

At Q2 = −(W −m)2 because of no direction is defined for 
k = 0, the electric and

longitudinal multipoles are no longer independent.

EI
L+/L

I
L+ → 1 and EI

L−/L
I
L− → −L/(L− 1) k → 0



The description of the γ∗p → π0p data
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The description of the γ∗p → π0p data
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The description of the γ∗p → π0p data
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The description of the γ∗p → π0p data
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The description of the γ∗p → π0p data
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The description of the γ∗p → π0p data
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The description of the γ∗p → ηp data
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The description of the γ∗p → ηp data
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The form factors for the P33(1232) state
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The form factors for the F15(1680) state
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The form factors for the D13(1520) state
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The form factors for the S11(1535) state
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The form factors for the D15(1675) state
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The form factors for the S11(1650) state
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The form factors for the P11(1440) state
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The form factors for the P11(1710) state

-10

-5

0

5

10

15

20

25

30

35

40

0 0.5 1 1.5 2 2.5 3

P11(1710)    A1/2(Q
2) [10-3 GeV-1/2]

SAID

BnGa

-35

-30

-25

-20

-15

-10

-5

0

0 0.5 1 1.5 2 2.5 3

P11(1710)    S1/2(Q
2) [10-3 GeV-1/2]

SAID

BnGa



SUMMARY

• The new BG2024 solution, which describes 208 data sets is obtained.

• The new polarization data on the double pion photoproduction provide an important

constrain for the data analysis.

• The analysis of the electro-production data on the basis of latest solutionis is close

to the finish line. But still there are some problems in the very low and very high

mass region and error estimation is in progress.

• The combined analysis of the all single meson photo- and electro-production data is

in progress.


