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AMPLITUDE RELATION

The intensity is related to the amplitude via
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I(E) = ⇢(E) |f(E)|2

 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found
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 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found

1

Need to reconstruct the analytic structure of the 
intensity from values at energy bins

SPM INTERPOLATOR
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2 SPM ANALYTIC 
CONTINUATION
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CM (E) =
P (E)

Q(E)

and simply let  take on complex values!E

Pole structure will provide an approximation to the 
one of the original intensity

3 Propagate uncertainties through resampling
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BESIII data

AMPLITUDE RELATION

The intensity is related to the amplitude via
<latexit sha1_base64="aObGSqPe4uVHWjNSl1pKkMgEDFA=">AAACDHicjVDLSgMxFM34rPVVdekmWIS6KTOlaDdCQQTdVbAP6Iwlk2Y6oZkHyR2hTPsBbvwVNy4UcesHuPNvzLRdqCh44MLhnHNJ7nFjwRWY5oexsLi0vLKaW8uvb2xubRd2dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru8OzzG/fMql4FF7DKGZOQAYh9zgloKVeoXhZOj/Cp9iWfpQxWzAPxtjT3JZ84MP4pqJTVtmcAv9NimiORq/wbvcjmgQsBCqIUl3LjMFJiQROBZvk7USxmNAhGbCupiEJmHLS6TETfKiVPvYiqScEPFW/bqQkUGoUuDoZEPDVTy8Tf/O6CXg1J+VhnAAL6ewhLxEYIpw1g/tcMgpipAmhkuu/YuoTSSjo/vL/K6FVKVvH5epVtVivzevIoX10gErIQieoji5QAzURRXfoAT2hZ+PeeDRejNdZdMGY7+yhbzDePgG4JZjn</latexit>

I(E) = ⇢(E) |f(E)|2

 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found

1

Need to reconstruct the analytic structure of the 
intensity from values at energy bins

SPM INTERPOLATOR
<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}

<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DNSelect a subset                  to construct the interpolator
<latexit sha1_base64="TqAQfypV5ODkp5FKlfdXQvhlttM="></latexit>

CM (E) =
I1

1 +
a1(E � E1)

1 +
a2(E � E2)

1 +
· · ·

1 +
· · ·

aM�1(E � EM�1)

<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DMwith

2 SPM ANALYTIC 
CONTINUATION

<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)

and simply let  take on complex values!E

Pole structure will provide an approximation to the 
one of the original intensity

3 Propagate uncertainties through resampling
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S-WAVE 
INTENSITY

<latexit sha1_base64="Ocvr06c6GNyhOGF11ZEdQq5FHzE=">AAACBXicbVBLSwMxGMz6rPW16lEPwSJ4qrtS1GPRi3iqYB/QXUs2zbahSTYkWaGUXrz4V7x4UMSr/8Gb/8Z0uwdtHUgYZr6PZCaSjGrjed/OwuLS8spqYa24vrG5te3u7DZ0kipM6jhhiWpFSBNGBakbahhpSUUQjxhpRoOrid98IErTRNyZoSQhRz1BY4qRsVLHPbg5CaSmMDAJDHqIcwQDSe+97Oq4Ja/sZYDzxM9JCeSoddyvoJvglBNhMENat31PmnCElKGYkXExSDWRCA9Qj7QtFYgTHY6yFGN4ZJUujBNljzAwU39vjBDXesgjO8mR6etZbyL+57VTE1+EIypkaojA04filEEbeVIJ7FJFsGFDSxBW1P4V4j5SCBtbXNGW4M9GnieN07J/Vq7cVkrVy7yOAtgHh+AY+OAcVME1qIE6wOARPINX8OY8OS/Ou/MxHV1w8p098AfO5w+0JZdx</latexit>
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BESIII data

AMPLITUDE RELATION

The intensity is related to the amplitude via
<latexit sha1_base64="aObGSqPe4uVHWjNSl1pKkMgEDFA=">AAACDHicjVDLSgMxFM34rPVVdekmWIS6KTOlaDdCQQTdVbAP6Iwlk2Y6oZkHyR2hTPsBbvwVNy4UcesHuPNvzLRdqCh44MLhnHNJ7nFjwRWY5oexsLi0vLKaW8uvb2xubRd2dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru8OzzG/fMql4FF7DKGZOQAYh9zgloKVeoXhZOj/Cp9iWfpQxWzAPxtjT3JZ84MP4pqJTVtmcAv9NimiORq/wbvcjmgQsBCqIUl3LjMFJiQROBZvk7USxmNAhGbCupiEJmHLS6TETfKiVPvYiqScEPFW/bqQkUGoUuDoZEPDVTy8Tf/O6CXg1J+VhnAAL6ewhLxEYIpw1g/tcMgpipAmhkuu/YuoTSSjo/vL/K6FVKVvH5epVtVivzevIoX10gErIQieoji5QAzURRXfoAT2hZ+PeeDRejNdZdMGY7+yhbzDePgG4JZjn</latexit>

I(E) = ⇢(E) |f(E)|2

 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found

1

Need to reconstruct the analytic structure of the 
intensity from values at energy bins

SPM INTERPOLATOR
<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}

<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DNSelect a subset                  to construct the interpolator
<latexit sha1_base64="TqAQfypV5ODkp5FKlfdXQvhlttM="></latexit>

CM (E) =
I1

1 +
a1(E � E1)

1 +
a2(E � E2)

1 +
· · ·

1 +
· · ·

aM�1(E � EM�1)

<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DMwith

2 SPM ANALYTIC 
CONTINUATION

<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)

and simply let  take on complex values!E

Pole structure will provide an approximation to the 
one of the original intensity

3 Propagate uncertainties through resampling
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S-WAVE 
INTENSITY

<latexit sha1_base64="Ocvr06c6GNyhOGF11ZEdQq5FHzE=">AAACBXicbVBLSwMxGMz6rPW16lEPwSJ4qrtS1GPRi3iqYB/QXUs2zbahSTYkWaGUXrz4V7x4UMSr/8Gb/8Z0uwdtHUgYZr6PZCaSjGrjed/OwuLS8spqYa24vrG5te3u7DZ0kipM6jhhiWpFSBNGBakbahhpSUUQjxhpRoOrid98IErTRNyZoSQhRz1BY4qRsVLHPbg5CaSmMDAJDHqIcwQDSe+97Oq4Ja/sZYDzxM9JCeSoddyvoJvglBNhMENat31PmnCElKGYkXExSDWRCA9Qj7QtFYgTHY6yFGN4ZJUujBNljzAwU39vjBDXesgjO8mR6etZbyL+57VTE1+EIypkaojA04filEEbeVIJ7FJFsGFDSxBW1P4V4j5SCBtbXNGW4M9GnieN07J/Vq7cVkrVy7yOAtgHh+AY+OAcVME1qIE6wOARPINX8OY8OS/Ou/MxHV1w8p098AfO5w+0JZdx</latexit>
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BESIII data

AMPLITUDE RELATION

The intensity is related to the amplitude via
<latexit sha1_base64="aObGSqPe4uVHWjNSl1pKkMgEDFA=">AAACDHicjVDLSgMxFM34rPVVdekmWIS6KTOlaDdCQQTdVbAP6Iwlk2Y6oZkHyR2hTPsBbvwVNy4UcesHuPNvzLRdqCh44MLhnHNJ7nFjwRWY5oexsLi0vLKaW8uvb2xubRd2dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru8OzzG/fMql4FF7DKGZOQAYh9zgloKVeoXhZOj/Cp9iWfpQxWzAPxtjT3JZ84MP4pqJTVtmcAv9NimiORq/wbvcjmgQsBCqIUl3LjMFJiQROBZvk7USxmNAhGbCupiEJmHLS6TETfKiVPvYiqScEPFW/bqQkUGoUuDoZEPDVTy8Tf/O6CXg1J+VhnAAL6ewhLxEYIpw1g/tcMgpipAmhkuu/YuoTSSjo/vL/K6FVKVvH5epVtVivzevIoX10gErIQieoji5QAzURRXfoAT2hZ+PeeDRejNdZdMGY7+yhbzDePgG4JZjn</latexit>

I(E) = ⇢(E) |f(E)|2

 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found

1

Need to reconstruct the analytic structure of the 
intensity from values at energy bins

SPM INTERPOLATOR
<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}

<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DNSelect a subset                  to construct the interpolator
<latexit sha1_base64="TqAQfypV5ODkp5FKlfdXQvhlttM="></latexit>

CM (E) =
I1

1 +
a1(E � E1)

1 +
a2(E � E2)

1 +
· · ·

1 +
· · ·

aM�1(E � EM�1)

<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DMwith

2 SPM ANALYTIC 
CONTINUATION

<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)

and simply let  take on complex values!E

Pole structure will provide an approximation to the 
one of the original intensity

3 Propagate uncertainties through resampling
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S-WAVE 
INTENSITY
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BESIII data

AMPLITUDE RELATION

The intensity is related to the amplitude via
<latexit sha1_base64="aObGSqPe4uVHWjNSl1pKkMgEDFA=">AAACDHicjVDLSgMxFM34rPVVdekmWIS6KTOlaDdCQQTdVbAP6Iwlk2Y6oZkHyR2hTPsBbvwVNy4UcesHuPNvzLRdqCh44MLhnHNJ7nFjwRWY5oexsLi0vLKaW8uvb2xubRd2dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru8OzzG/fMql4FF7DKGZOQAYh9zgloKVeoXhZOj/Cp9iWfpQxWzAPxtjT3JZ84MP4pqJTVtmcAv9NimiORq/wbvcjmgQsBCqIUl3LjMFJiQROBZvk7USxmNAhGbCupiEJmHLS6TETfKiVPvYiqScEPFW/bqQkUGoUuDoZEPDVTy8Tf/O6CXg1J+VhnAAL6ewhLxEYIpw1g/tcMgpipAmhkuu/YuoTSSjo/vL/K6FVKVvH5epVtVivzevIoX10gErIQieoji5QAzURRXfoAT2hZ+PeeDRejNdZdMGY7+yhbzDePgG4JZjn</latexit>

I(E) = ⇢(E) |f(E)|2

 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found

1

Need to reconstruct the analytic structure of the 
intensity from values at energy bins

SPM INTERPOLATOR
<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}

<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DNSelect a subset                  to construct the interpolator
<latexit sha1_base64="TqAQfypV5ODkp5FKlfdXQvhlttM="></latexit>

CM (E) =
I1

1 +
a1(E � E1)

1 +
a2(E � E2)

1 +
· · ·

1 +
· · ·

aM�1(E � EM�1)

<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DMwith

2 SPM ANALYTIC 
CONTINUATION

<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)

and simply let  take on complex values!E

Pole structure will provide an approximation to the 
one of the original intensity

3 Propagate uncertainties through resampling
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S-WAVE 
INTENSITY

<latexit sha1_base64="Ocvr06c6GNyhOGF11ZEdQq5FHzE=">AAACBXicbVBLSwMxGMz6rPW16lEPwSJ4qrtS1GPRi3iqYB/QXUs2zbahSTYkWaGUXrz4V7x4UMSr/8Gb/8Z0uwdtHUgYZr6PZCaSjGrjed/OwuLS8spqYa24vrG5te3u7DZ0kipM6jhhiWpFSBNGBakbahhpSUUQjxhpRoOrid98IErTRNyZoSQhRz1BY4qRsVLHPbg5CaSmMDAJDHqIcwQDSe+97Oq4Ja/sZYDzxM9JCeSoddyvoJvglBNhMENat31PmnCElKGYkXExSDWRCA9Qj7QtFYgTHY6yFGN4ZJUujBNljzAwU39vjBDXesgjO8mR6etZbyL+57VTE1+EIypkaojA04filEEbeVIJ7FJFsGFDSxBW1P4V4j5SCBtbXNGW4M9GnieN07J/Vq7cVkrVy7yOAtgHh+AY+OAcVME1qIE6wOARPINX8OY8OS/Ou/MxHV1w8p098AfO5w+0JZdx</latexit>
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BESIII data

AMPLITUDE RELATION

The intensity is related to the amplitude via
<latexit sha1_base64="aObGSqPe4uVHWjNSl1pKkMgEDFA=">AAACDHicjVDLSgMxFM34rPVVdekmWIS6KTOlaDdCQQTdVbAP6Iwlk2Y6oZkHyR2hTPsBbvwVNy4UcesHuPNvzLRdqCh44MLhnHNJ7nFjwRWY5oexsLi0vLKaW8uvb2xubRd2dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru8OzzG/fMql4FF7DKGZOQAYh9zgloKVeoXhZOj/Cp9iWfpQxWzAPxtjT3JZ84MP4pqJTVtmcAv9NimiORq/wbvcjmgQsBCqIUl3LjMFJiQROBZvk7USxmNAhGbCupiEJmHLS6TETfKiVPvYiqScEPFW/bqQkUGoUuDoZEPDVTy8Tf/O6CXg1J+VhnAAL6ewhLxEYIpw1g/tcMgpipAmhkuu/YuoTSSjo/vL/K6FVKVvH5epVtVivzevIoX10gErIQieoji5QAzURRXfoAT2hZ+PeeDRejNdZdMGY7+yhbzDePgG4JZjn</latexit>

I(E) = ⇢(E) |f(E)|2

 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found

1

Need to reconstruct the analytic structure of the 
intensity from values at energy bins

SPM INTERPOLATOR
<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}

<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DNSelect a subset                  to construct the interpolator
<latexit sha1_base64="TqAQfypV5ODkp5FKlfdXQvhlttM="></latexit>

CM (E) =
I1

1 +
a1(E � E1)

1 +
a2(E � E2)

1 +
· · ·

1 +
· · ·

aM�1(E � EM�1)

<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DMwith

2 SPM ANALYTIC 
CONTINUATION

<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)

and simply let  take on complex values!E

Pole structure will provide an approximation to the 
one of the original intensity

3 Propagate uncertainties through resampling
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BESIII data

AMPLITUDE RELATION

The intensity is related to the amplitude via
<latexit sha1_base64="aObGSqPe4uVHWjNSl1pKkMgEDFA=">AAACDHicjVDLSgMxFM34rPVVdekmWIS6KTOlaDdCQQTdVbAP6Iwlk2Y6oZkHyR2hTPsBbvwVNy4UcesHuPNvzLRdqCh44MLhnHNJ7nFjwRWY5oexsLi0vLKaW8uvb2xubRd2dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru8OzzG/fMql4FF7DKGZOQAYh9zgloKVeoXhZOj/Cp9iWfpQxWzAPxtjT3JZ84MP4pqJTVtmcAv9NimiORq/wbvcjmgQsBCqIUl3LjMFJiQROBZvk7USxmNAhGbCupiEJmHLS6TETfKiVPvYiqScEPFW/bqQkUGoUuDoZEPDVTy8Tf/O6CXg1J+VhnAAL6ewhLxEYIpw1g/tcMgpipAmhkuu/YuoTSSjo/vL/K6FVKVvH5epVtVivzevIoX10gErIQieoji5QAzURRXfoAT2hZ+PeeDRejNdZdMGY7+yhbzDePgG4JZjn</latexit>

I(E) = ⇢(E) |f(E)|2

 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found

1

Need to reconstruct the analytic structure of the 
intensity from values at energy bins

SPM INTERPOLATOR
<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}

<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DNSelect a subset                  to construct the interpolator
<latexit sha1_base64="TqAQfypV5ODkp5FKlfdXQvhlttM="></latexit>

CM (E) =
I1

1 +
a1(E � E1)

1 +
a2(E � E2)

1 +
· · ·

1 +
· · ·

aM�1(E � EM�1)

<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DMwith

2

SPM ANALYTIC 
CONTINUATION

<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)

and simply let  take on complex values!E

Pole structure will provide an approximation to the 
one of the original intensity

3

Propagate uncertainties through resampling
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S-WAVE 
INTENSITY

<latexit sha1_base64="Ocvr06c6GNyhOGF11ZEdQq5FHzE=">AAACBXicbVBLSwMxGMz6rPW16lEPwSJ4qrtS1GPRi3iqYB/QXUs2zbahSTYkWaGUXrz4V7x4UMSr/8Gb/8Z0uwdtHUgYZr6PZCaSjGrjed/OwuLS8spqYa24vrG5te3u7DZ0kipM6jhhiWpFSBNGBakbahhpSUUQjxhpRoOrid98IErTRNyZoSQhRz1BY4qRsVLHPbg5CaSmMDAJDHqIcwQDSe+97Oq4Ja/sZYDzxM9JCeSoddyvoJvglBNhMENat31PmnCElKGYkXExSDWRCA9Qj7QtFYgTHY6yFGN4ZJUujBNljzAwU39vjBDXesgjO8mR6etZbyL+57VTE1+EIypkaojA04filEEbeVIJ7FJFsGFDSxBW1P4V4j5SCBtbXNGW4M9GnieN07J/Vq7cVkrVy7yOAtgHh+AY+OAcVME1qIE6wOARPINX8OY8OS/Ou/MxHV1w8p098AfO5w+0JZdx</latexit>
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1st pole (GeV) 2nd pole (GeV) 3rd pole (GeV)

Full exp. error 1.450(15) - i 0.048(11) 1.761(15) - i 0.050(13) /

Experimental data

a) b)
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1.446(18) - i 0.060(19) 1.758(19) - i 0.051(17) 2.018(56) - i 0.072(32) d)

BESIII data

AMPLITUDE RELATION

The intensity is related to the amplitude via
<latexit sha1_base64="aObGSqPe4uVHWjNSl1pKkMgEDFA=">AAACDHicjVDLSgMxFM34rPVVdekmWIS6KTOlaDdCQQTdVbAP6Iwlk2Y6oZkHyR2hTPsBbvwVNy4UcesHuPNvzLRdqCh44MLhnHNJ7nFjwRWY5oexsLi0vLKaW8uvb2xubRd2dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru8OzzG/fMql4FF7DKGZOQAYh9zgloKVeoXhZOj/Cp9iWfpQxWzAPxtjT3JZ84MP4pqJTVtmcAv9NimiORq/wbvcjmgQsBCqIUl3LjMFJiQROBZvk7USxmNAhGbCupiEJmHLS6TETfKiVPvYiqScEPFW/bqQkUGoUuDoZEPDVTy8Tf/O6CXg1J+VhnAAL6ewhLxEYIpw1g/tcMgpipAmhkuu/YuoTSSjo/vL/K6FVKVvH5epVtVivzevIoX10gErIQieoji5QAzURRXfoAT2hZ+PeeDRejNdZdMGY7+yhbzDePgG4JZjn</latexit>

I(E) = ⇢(E) |f(E)|2

 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found

1

Need to reconstruct the analytic structure of the 
intensity from values at energy bins

SPM INTERPOLATOR
<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}

<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DNSelect a subset                  to construct the interpolator
<latexit sha1_base64="TqAQfypV5ODkp5FKlfdXQvhlttM="></latexit>

CM (E) =
I1

1 +
a1(E � E1)

1 +
a2(E � E2)

1 +
· · ·

1 +
· · ·

aM�1(E � EM�1)

<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DMwith

2

SPM ANALYTIC 
CONTINUATION

<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)

and simply let  take on complex values!E

Pole structure will provide an approximation to the 
one of the original intensity

3

Propagate uncertainties through resampling
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S-WAVE 
INTENSITY

<latexit sha1_base64="Ocvr06c6GNyhOGF11ZEdQq5FHzE=">AAACBXicbVBLSwMxGMz6rPW16lEPwSJ4qrtS1GPRi3iqYB/QXUs2zbahSTYkWaGUXrz4V7x4UMSr/8Gb/8Z0uwdtHUgYZr6PZCaSjGrjed/OwuLS8spqYa24vrG5te3u7DZ0kipM6jhhiWpFSBNGBakbahhpSUUQjxhpRoOrid98IErTRNyZoSQhRz1BY4qRsVLHPbg5CaSmMDAJDHqIcwQDSe+97Oq4Ja/sZYDzxM9JCeSoddyvoJvglBNhMENat31PmnCElKGYkXExSDWRCA9Qj7QtFYgTHY6yFGN4ZJUujBNljzAwU39vjBDXesgjO8mR6etZbyL+57VTE1+EIypkaojA04filEEbeVIJ7FJFsGFDSxBW1P4V4j5SCBtbXNGW4M9GnieN07J/Vq7cVkrVy7yOAtgHh+AY+OAcVME1qIE6wOARPINX8OY8OS/Ou/MxHV1w8p098AfO5w+0JZdx</latexit>
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1st pole (GeV) 2nd pole (GeV) 3rd pole (GeV)

Full exp. error 1.450(15) - i 0.048(11) 1.761(15) - i 0.050(13) /

Experimental data

a) b)
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1.446(18) - i 0.060(19) 1.758(19) - i 0.051(17) 2.018(56) - i 0.072(32) d)

BESIII data

AMPLITUDE RELATION

The intensity is related to the amplitude via
<latexit sha1_base64="aObGSqPe4uVHWjNSl1pKkMgEDFA=">AAACDHicjVDLSgMxFM34rPVVdekmWIS6KTOlaDdCQQTdVbAP6Iwlk2Y6oZkHyR2hTPsBbvwVNy4UcesHuPNvzLRdqCh44MLhnHNJ7nFjwRWY5oexsLi0vLKaW8uvb2xubRd2dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru8OzzG/fMql4FF7DKGZOQAYh9zgloKVeoXhZOj/Cp9iWfpQxWzAPxtjT3JZ84MP4pqJTVtmcAv9NimiORq/wbvcjmgQsBCqIUl3LjMFJiQROBZvk7USxmNAhGbCupiEJmHLS6TETfKiVPvYiqScEPFW/bqQkUGoUuDoZEPDVTy8Tf/O6CXg1J+VhnAAL6ewhLxEYIpw1g/tcMgpipAmhkuu/YuoTSSjo/vL/K6FVKVvH5epVtVivzevIoX10gErIQieoji5QAzURRXfoAT2hZ+PeeDRejNdZdMGY7+yhbzDePgG4JZjn</latexit>

I(E) = ⇢(E) |f(E)|2

 : right hand cut at threshold and possibly 
 other branch cuts (opening of channels)

f

Analytic continuation can access the unphysical 
Riemann sheet where resonant poles are found

1

Need to reconstruct the analytic structure of the 
intensity from values at energy bins

<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DNSelect a subset                  to construct the interpolator

SPM INTERPOLATOR
<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}

<latexit sha1_base64="TqAQfypV5ODkp5FKlfdXQvhlttM="></latexit>

CM (E) =
I1

1 +
a1(E � E1)

1 +
a2(E � E2)

1 +
· · ·

1 +
· · ·

aM�1(E � EM�1)

<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DMwith

2

SPM ANALYTIC 
CONTINUATION

<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)

and simply let  take on complex values!E

Pole structure will provide an approximation to the 
one of the original intensity

3

Propagate uncertainties through resampling
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<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}
<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DN
<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)
<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DM
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Nearly exact cancellation between poles and zeros

<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}
<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DN
<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)
<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DM
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Exact data
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Nearly exact cancellation between poles and zeros

Adding uncertainties
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Need to separate noise poles from signal poles

<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}
<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DN
<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)
<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DM
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Nearly exact cancellation between poles and zeros

Adding uncertainties
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Need to separate noise poles from signal poles

<latexit sha1_base64="8Wwit9hXIrZCyBqbyJXhw4fGvMI="></latexit>

DN = {(Ei, Ii = I(Ei)), i = 1, . . . , N}
<latexit sha1_base64="UTvD0jCUFlId7vkRTG6dc1XF5j0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJFuyzowo1SwT6gCWEyvWmHTh7OTIQSunbjr7hxoYhbv8Cdf+O0zaK2HrhwOOde7r3HTziTyrJ+jKXlldW19cJGcXNre2fX3NtvyjgVFBo05rFo+0QCZxE0FFMc2okAEvocWv7gcuy3HkFIFkf3apiAG5JexAJGidKSZx45IVF9GWRXI+/GkakvQcHDjHjrmSWrbE2AF4mdkxLKUffMb6cb0zSESFFOpOzYVqLcjAjFKIdR0UklJIQOSA86mkYkBOlmk1dG+EQrXRzEQlek8ESdnchIKOUw9HXn5MZ5byz+53VSFVTdjEVJqiCi00VByrGK8TgX3GUCqOJDTQgVTN+KaZ8IQpVOr6hDsOdfXiTNs7J9Xq7cVUq1ah5HAR2iY3SKbHSBauga1VEDUfSEXtAbejeejVfjw/icti4Z+cwB+gPj6xdaQptL</latexit>

DM ✓ DN
<latexit sha1_base64="pgVcSxf+47WyjNJh/EEFMF39f1U=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSnajVAoghuhBXuBdhgyaaYNzVxIMkIZ6sZXceNCEbe+hTvfxkzbhbYeSPj4/3NIzu/FnEllWd/Gyura+sZmbiu/vbO7t28eHLZklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xvVMr/9QIVkUXivxjF1AjwImc8IVlpyzeOae1e8Ob/u+QKTtK5xkjay2zULVsmaFloGew4FmFfdNb96/YgkAQ0V4VjKrm3FykmxUIxwOsn3EkljTEZ4QLsaQxxQ6aTTDSboTCt95EdCn1Chqfp7IsWBlOPA050BVkO56GXif143UX7FSVkYJ4qGZPaQn3CkIpTFgfpMUKL4WAMmgum/IjLEOgulQ8vrEOzFlZehdVGyL0vlRrlQrczjyMEJnEIRbLiCKtxCHZpA4BGe4RXejCfjxXg3PmatK8Z85gj+lPH5A6DVlRE=</latexit>

CM (E) =
P (E)

Q(E)
<latexit sha1_base64="6iCgsHeUtCa4/sBiG5CAM5JoHG4=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkaDdCoQq6KFSwD2hCmEwn7dDJJMxMhBL6FW78FTcuFHEr7vwbp2kX2nphmMM593LPPX7MqFSW9W0sLa+srq3nNvKbW9s7u+befktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/rA20dsPREga8Xs1iokboj6nAcVIacozT2teHRavPQpP4CW81b8TRAIx5kBNOpRDJ0RqIIP0auzVPbNglays4CKwZ6AAZtXwzC+nF+EkJFxhhqTs2las3BQJRTEj47yTSBIjPER90tWQo5BIN83OGsNjzfSgtqMfVzBjf0+kKJRyFPq6M/M4r03I/7RuooKKm1IeJ4pwPF0UJAyqCE4ygj0qCFZspAHCgmqvEA+QQFjpJPM6BHv+5EXQOivZ56XyXblQrcziyIFDcASKwAYXoApuQAM0AQaP4Bm8gjfjyXgx3o2PaeuSMZs5AH/K+PwBg4CdJg==</latexit>

CM (Ei) = Ii8 Ei 2 DM
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S-WAVE 
INTENSITY

<latexit sha1_base64="Ocvr06c6GNyhOGF11ZEdQq5FHzE=">AAACBXicbVBLSwMxGMz6rPW16lEPwSJ4qrtS1GPRi3iqYB/QXUs2zbahSTYkWaGUXrz4V7x4UMSr/8Gb/8Z0uwdtHUgYZr6PZCaSjGrjed/OwuLS8spqYa24vrG5te3u7DZ0kipM6jhhiWpFSBNGBakbahhpSUUQjxhpRoOrid98IErTRNyZoSQhRz1BY4qRsVLHPbg5CaSmMDAJDHqIcwQDSe+97Oq4Ja/sZYDzxM9JCeSoddyvoJvglBNhMENat31PmnCElKGYkXExSDWRCA9Qj7QtFYgTHY6yFGN4ZJUujBNljzAwU39vjBDXesgjO8mR6etZbyL+57VTE1+EIypkaojA04filEEbeVIJ7FJFsGFDSxBW1P4V4j5SCBtbXNGW4M9GnieN07J/Vq7cVkrVy7yOAtgHh+AY+OAcVME1qIE6wOARPINX8OY8OS/Ou/MxHV1w8p098AfO5w+0JZdx</latexit>
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PRECISION 
TEMPERATURE 
METROLOGY

VIRIAL COEFFICIENTS

Describe the deviation from ideal-gas behavior
<latexit sha1_base64="abekBPsRr4lDSgrJtciAO8XAAwI=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAIlUKZKVK7EYrduKzSG3TGkkkzbWhmMiQZoQx9Cze+ihsXirjVnW9jpp2Ftv4Q+PKfc0jO74aMSmWa30ZmbX1jcyu7ndvZ3ds/yB8edSSPBCZtzBkXPRdJwmhA2ooqRnqhIMh3Gem6k0ZS7z4QISkPWmoaEsdHo4B6FCOlrUG+bHsC4TicxbYYc3jXml1Zpeti6zy5lhop3FdKNh5yJQf5glk254KrYKVQAKmag/yXPeQ48kmgMENS9i0zVE6MhKKYkVnOjiQJEZ6gEelrDJBPpBPP95rBM+0MoceFPoGCc/f3RIx8Kae+qzt9pMZyuZaY/9X6kfJqTkyDMFIkwIuHvIhBxWESEhxSQbBiUw0IC6r/CvEY6aCUjjKnQ7CWV16FTqVsVcvV24tCvZbGkQUn4BQUgQUuQR3cgCZoAwwewTN4BW/Gk/FivBsfi9aMkc4cgz8yPn8AnQWeTA==</latexit> p

⇢RT
= 1 +B(T )⇢+ C(T )⇢2 + · · ·
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Describe the deviation from ideal-gas behavior
<latexit sha1_base64="abekBPsRr4lDSgrJtciAO8XAAwI=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAIlUKZKVK7EYrduKzSG3TGkkkzbWhmMiQZoQx9Cze+ihsXirjVnW9jpp2Ftv4Q+PKfc0jO74aMSmWa30ZmbX1jcyu7ndvZ3ds/yB8edSSPBCZtzBkXPRdJwmhA2ooqRnqhIMh3Gem6k0ZS7z4QISkPWmoaEsdHo4B6FCOlrUG+bHsC4TicxbYYc3jXml1Zpeti6zy5lhop3FdKNh5yJQf5glk254KrYKVQAKmag/yXPeQ48kmgMENS9i0zVE6MhKKYkVnOjiQJEZ6gEelrDJBPpBPP95rBM+0MoceFPoGCc/f3RIx8Kae+qzt9pMZyuZaY/9X6kfJqTkyDMFIkwIuHvIhBxWESEhxSQbBiUw0IC6r/CvEY6aCUjjKnQ7CWV16FTqVsVcvV24tCvZbGkQUn4BQUgQUuQR3cgCZoAwwewTN4BW/Gk/FivBsfi9aMkc4cgz8yPn8AnQWeTA==</latexit> p
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2(µ)H SPECTROSCOPYE

s

p

V ~ - 1/r

Finite size correction: time 
spent inside the nucleus

probability of lepton inside proton 

muon ~ 200 heavier than electron 
~107 more sensitive to rp 
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<latexit sha1_base64="V9C9n9SgnWJ1mlHsCoESL57RWdQ=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmgckS5id9CZDZmaXmVkhLPkELx4U8eoXefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2UmKoaRDxWPOqHXSbU9m/XIlqPpzkL9JBZZo9MvvvUHCMonKMkGN6QZ+asOcasuZwGmplxlMKRvTIXYdVVSiCfP5qVNy4pQBiRPtSlkyV79O5FQaM5GR65TUjsxPbyb+5nUzG9fCnKs0s6jYYlGcCWITMvubDLhGZsXEEco0d7cSNqKaMuvSKf0vhNZZNbio+jfnlXptGUcRjuAYTiGAS6jDNTSgCQyG8ABP8OwJ79F78V4XrQVvOXMI3+C9fQJgE43T</latexit>

µ
<latexit sha1_base64="rZUIM2t7/oo9bPv/cGI1GTUWug8=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV1RzDHgxWMC5gHJEmYnvcmY2ZllZlYIS77AiwdFvPpJ3vwbJ4+DioIFDUVVN91dUSq4sb7/4a2srq1vbBa2its7u3v7pYPDllGZZthkSijdiahBwSU2LbcCO6lGmkQC29H4eua371EbruStnaQYJnQoecwZtU5qYL9UDir+HORvUoYl6v3Se2+gWJagtExQY7qBn9owp9pyJnBa7GUGU8rGdIhdRyVN0IT5/NApOXXKgMRKu5KWzNWvEzlNjJkkketMqB2Zn95M/M3rZjauhjmXaWZRssWiOBPEKjL7mgy4RmbFxBHKNHe3EjaimjLrsin+L4TWeSW4rPiNi3KtuoyjAMdwAmcQwBXU4Abq0AQGCA/wBM/enffovXivi9YVbzlzBN/gvX0CzCKM5g==</latexit>

e

2THE PROTON RADIUS PUZZLE



CODATA 2014

ep scattering

H spectroscopy

ep scattering

μH spectroscopy

μH spectroscopy

rp [fm]

���� ���� ���� ���� ���� ���� ����

���� ���� ���� ���� ���� ���� ����

CODATA 2014

ep scattering

H spectroscopy

H spectroscopy

ep scattering

μH spectroscopy

μH spectroscopy

H spectroscopy

PRad

H Lamb shift

H spectroscopy

μD spectroscopy

���� ���� ���� ���� ���� ���� ����

���� ���� ���� ���� ���� ���� ����

1 ep ELASTIC SCATTERING
point-like probe, QED only  

electric and magnetic form factor encode the shape  
of the proton 

<latexit sha1_base64="G9JwxT7eGgWrNCP9FUTRN9pPQ+8=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUhqrXEhFFzosoJ9QBPKZDpth84kYWYilFBw46+4caGIW3/CnX/jpC2i1gMXDufcy733BDGjUtn2p7GwuLS8sppby69vbG5tmzu7DRklApM6jlgkWgGShNGQ1BVVjLRiQRAPGGkGw8vMb94RIWkU3qpRTHyO+iHtUYyUljrmPuSd/oVtlU+KzrEHPY7UQPD0ijTGHbNgW+eu41RKMCOVsutCx7In+CYFMEOtY3543QgnnIQKMyRl27Fj5adIKIoZGee9RJIY4SHqk7amIeJE+unkhzE80koX9iKhK1Rwov6cSBGXcsQD3ZndKP96mfif105Uz/VTGsaJIiGeLuolDKoIZoHALhUEKzbSBGFB9a0QD5BAWOnY8jqEuZfnSaNkOaeWfVMuVN1ZHDlwAA5BETjgDFTBNaiBOsDgHjyCZ/BiPBhPxqvxNm1dMGYze+AXjPcvc12WIg==</latexit>

mg = 0.43(1) GeV

<latexit sha1_base64="pvsuaO7apoz/W/CXeAwh49pnatA="></latexit>

d�

d⌦
/ "[Gp

E(Q
2)]2 + ⌧ [Gp

M (Q2)]2

<latexit sha1_base64="qIZTTaQuWOAkOKBnREmrbzF7Tzw="></latexit>

r2p = �6
d

dQ2
Gp

E(Q
2)

����
Q2=0

e−

e−

P
P

γ

1

N. Bezginov et al., Science 365, 1007 (2019)

P. J. Mohr et al. Rev. Mod. Phys. 88, 035009 (2016)

A. Antognini et al., Science 339, 417 (2013)

R. Pohl et al., Nature 466, 213 (2010)

A. Beyer et al., Science 358, 79 (2017)

ep average from P. J. Mohr et al. Rev. Mod. Phys. 88,  
035009 (2016)

H spectroscpopy average from P. J. Mohr et al.  
Rev. Mod. Phys. 88, 035009 (2016)

H. Fleurbaey et al., Phys. Rev. Lett. 120, 183001 (2018)

J. Bernauer et al., Phys. Rev. Lett. 105, 242001 (2010) 

W. Xiong et al., Nature 575, 147 (2019)

A. Grinin et al., Science 370, 1061 (2020)

R. Pohl et al., Science 353, 669 (2016)

2(µ)H SPECTROSCOPYE

s

p

V ~ - 1/r

Finite size correction: time 
spent inside the nucleus

probability of lepton inside proton 

muon ~ 200 heavier than electron 
~107 more sensitive to rp 

<latexit sha1_base64="cB2P5rwl7j0Pc4RkqdOMkYnTEd4=">AAAB/XicjVDLSgMxFM3UV62v8bFzEyxC3ZSpVeyy4MZlBfuAznTIpJk2NMmEJCPUofgrblwo4tb/cOffmD4WKgoeuHA4517u4USSUW0878PJLS2vrK7l1wsbm1vbO+7uXksnqcKkiROWqE6ENGFUkKahhpGOVATxiJF2NLqc+u1bojRNxI0ZSxJwNBA0phgZK4Xuga8pL6lQ+ojJITrpVXmvGrrFStmbAf5NimCBRui++/0Ep5wIgxnSulvxpAkypAzFjEwKfqqJRHiEBqRrqUCc6CCbpZ/AY6v0YZwoO8LAmfr1IkNc6zGP7CZHZqh/elPxN6+bmrgWZFTI1BCB54/ilEGTwGkVsE8VwYaNLUFYUZsV4iFSCBtbWOF/JbROy5Xzsnd9VqzXFnXkwSE4AiVQARegDq5AAzQBBnfgATyBZ+feeXRenNf5as5Z3OyDb3DePgGKqpSY</latexit>

⇠ (rp↵)
3m3 <latexit sha1_base64="upNZhhTuOZ8JnWc6ifk3pcHmW04=">AAAB8nicjVDLSgNBEJyNrxhfUY9eBoPgKeyKYo4BLx4jmAdsljA76U2GzOysM71CCPkMLx4U8erXePNvnDwOKgoWNBRV3XR3xZkUFn3/wyusrK6tbxQ3S1vbO7t75f2DltW54dDkWmrTiZkFKVJookAJncwAU7GEdjy6mvntezBW6PQWxxlEig1SkQjO0Emh6lqh4I6qHvTKlaDqz0H/JhWyRKNXfu/2Nc8VpMglszYM/AyjCTMouIRpqZtbyBgfsQGEjqZMgY0m85On9MQpfZpo4ypFOle/TkyYsnasYtepGA7tT28m/uaFOSa1aCLSLEdI+WJRkkuKms7+p31hgKMcO8K4Ee5WyofMMI4updL/QmidVYOLqn9zXqnXlnEUyRE5JqckIJekTq5JgzQJJ5o8kCfy7KH36L14r4vWgrecOSTf4L19AiEFkR4=</latexit>

m ' me

<latexit sha1_base64="jsPt9Jo8OYkbcSnvm2so/xTgiXc=">AAAB6HicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy5bsA9oB8mkd9rYTDIkGaEM/QI3LhRx6ye5829MHwsVBQ8EDuecy705USq4sb7/4RVWVtfWN4qbpa3tnd298v5B26hMM2wxJZTuRtSg4BJblluB3VQjTSKBnWh8NfM796gNV/LGTlIMEzqUPOaMWic1G7flSlD15yB/kwos4fLv/YFiWYLSMkGN6QV+asOcasuZwGmpnxlMKRvTIfYclTRBE+bzQ6fkxCkDEivtnrRkrn6dyGlizCSJXDKhdmR+ejPxN6+X2bgW5lymmUXJFoviTBCryOzXZMA1MismjlCmubuVsBHVlFnXTel/JbTPqsFF1W+eV+q1ZR1FOIJjOIUALqEO19CAFjBAeIAnePbuvEfvxXtdRAvecuYQvsF7+wSsTozR</latexit>

P
<latexit sha1_base64="jsPt9Jo8OYkbcSnvm2so/xTgiXc=">AAAB6HicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy5bsA9oB8mkd9rYTDIkGaEM/QI3LhRx6ye5829MHwsVBQ8EDuecy705USq4sb7/4RVWVtfWN4qbpa3tnd298v5B26hMM2wxJZTuRtSg4BJblluB3VQjTSKBnWh8NfM796gNV/LGTlIMEzqUPOaMWic1G7flSlD15yB/kwos4fLv/YFiWYLSMkGN6QV+asOcasuZwGmpnxlMKRvTIfYclTRBE+bzQ6fkxCkDEivtnrRkrn6dyGlizCSJXDKhdmR+ejPxN6+X2bgW5lymmUXJFoviTBCryOzXZMA1MismjlCmubuVsBHVlFnXTel/JbTPqsFF1W+eV+q1ZR1FOIJjOIUALqEO19CAFjBAeIAnePbuvEfvxXtdRAvecuYQvsF7+wSsTozR</latexit>

P
<latexit sha1_base64="V9C9n9SgnWJ1mlHsCoESL57RWdQ=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmgckS5id9CZDZmaXmVkhLPkELx4U8eoXefNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2UmKoaRDxWPOqHXSbU9m/XIlqPpzkL9JBZZo9MvvvUHCMonKMkGN6QZ+asOcasuZwGmplxlMKRvTIXYdVVSiCfP5qVNy4pQBiRPtSlkyV79O5FQaM5GR65TUjsxPbyb+5nUzG9fCnKs0s6jYYlGcCWITMvubDLhGZsXEEco0d7cSNqKaMuvSKf0vhNZZNbio+jfnlXptGUcRjuAYTiGAS6jDNTSgCQyG8ABP8OwJ79F78V4XrQVvOXMI3+C9fQJgE43T</latexit>

µ
<latexit sha1_base64="rZUIM2t7/oo9bPv/cGI1GTUWug8=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV1RzDHgxWMC5gHJEmYnvcmY2ZllZlYIS77AiwdFvPpJ3vwbJ4+DioIFDUVVN91dUSq4sb7/4a2srq1vbBa2its7u3v7pYPDllGZZthkSijdiahBwSU2LbcCO6lGmkQC29H4eua371EbruStnaQYJnQoecwZtU5qYL9UDir+HORvUoYl6v3Se2+gWJagtExQY7qBn9owp9pyJnBa7GUGU8rGdIhdRyVN0IT5/NApOXXKgMRKu5KWzNWvEzlNjJkkketMqB2Zn95M/M3rZjauhjmXaWZRssWiOBPEKjL7mgy4RmbFxBHKNHe3EjaimjLrsin+L4TWeSW4rPiNi3KtuoyjAMdwAmcQwBXU4Abq0AQGCA/wBM/enffovXivi9YVbzlzBN/gvX0CzCKM5g==</latexit>

e

2THE PROTON RADIUS PUZZLE



IMPRECISE DATA

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work 
requires smoothing with roughness penalty:  

seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant  
of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

optimal smoothing parameter determined via 
generalised cross validation 



IMPRECISE DATA

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work 
requires smoothing with roughness penalty:  

seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant  
of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

optimal smoothing parameter determined via 
generalised cross validation 

-���� � ���� -���� � ����

PRad 1.1 [GeV] PRad combined

PRad 2.2 [GeV] Mainz low-Q2

𝛿 rp [fm]

Monopole (a.1)

Dipole (a.2)

Gaussian (a.3)

Kelly (b.1)

Arrington (b.2)

Arrington (b.3)

Bernauer (b.4)

Ye (b.5)

Alarcón (c.1)
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ROBUSTNESS



IMPRECISE DATA

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work 
requires smoothing with roughness penalty:  

seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant  
of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

optimal smoothing parameter determined via 
generalised cross validation 
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PRad 1.1 [GeV] PRad combined

PRad 2.2 [GeV] Mainz low-Q2

𝛿 rp [fm]

Monopole (a.1)

Dipole (a.2)

Gaussian (a.3)

Kelly (b.1)

Arrington (b.2)

Arrington (b.3)

Bernauer (b.4)

Ye (b.5)

Alarcón (c.1)
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ROBUSTNESS

1 PRad DATA
lowest yet achieved  

momentum transferred  
<latexit sha1_base64="Da6mV4YAcDSLyo0f11loIjQjbKE=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQvxpkQNeAl4EGPCZgFMpPQ06kkTXoWunuEMMzHePFXvHhwwYMXv8WeJIeY+KDg8V4VVfXckDOpTPPbWFldW9/YzGxlt3d29/ZzB4cNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x3dpn7zEYRkgf+gxiE4Hhn4rM8oUVrq5m6KBctWzANpmZ34vJTYHHCtU8QXbdsjaii8+A4anWLipMbVXGsx6ebyZsGcAC8Ta0byaIZqN/dh9wIaeeAryomUbcsMlRMToRjlkGTtSEJI6IgMoK2pT/QuJ548meBTrfRwPxC6fIUn6vxETDwpx56rO9PD5aKXiv957Uj1y07M/DBS4NPpon7EsQpwmhjuMQFU8bEmhAqmb8V0SAShSuea1SFYiy8vk4aO+bJg1kr5SnkWRwYdoxN0hix0jSroHlVRHVH0hF7QG3o3no1X49P4mrauGLOZI/QHxs8vbmOi1Q==</latexit>

2.1⇥ 10�4  Q2/[GeV2]  6⇥ 10�2

two datasets at different energy beams 
1.1 and 2.2 [GeV] 

<latexit sha1_base64="afx7NtWQk5gp70YorTImlzhGzIM=">AAACH3icbVDLSsNAFJ3Ud31FXboZLIKrkJSq3QgFNy4VrApNDJPppB06k4SZG6GE/Ikbf8WNC0XEXf/GSa3g68DA4ZxzmXtPlAmuwXUnVm1ufmFxaXmlvrq2vrFpb21f6TRXlHVpKlJ1ExHNBE9YFzgIdpMpRmQk2HU0Oq386zumNE+TSxhnLJBkkPCYUwJGCu0jdVt4jleG2YnrtFtNP5Ou47rtsPAlgaGShQYCZenj3pcQyzII7UYVq4D/Em9GGmiG89B+9/spzSVLgAqidc9zMwgKooBTwcq6n2uWEToiA9YzNCGS6aCY3lfifaP0cZwq8xLAU/X7REGk1mMZmWS1o/7tVeJ/Xi+HuB0UPMlyYAn9/CjOBYYUV2XhPleMghgbQqjiZldMh0QRCqbSuinB+33yX3LVdLxDx71oNTrtWR3LaBftoQPkoWPUQWfoHHURRffoET2jF+vBerJerbfPaM2azeygH7AmH5hBoiQ=</latexit>

r1.1p = 0.842± 0.008stat [fm]
<latexit sha1_base64="W50KKlsZy2CQ5LNrpaBEfxjH8To=">AAACH3icbVBNS8NAFNz4bf2KevSyWARPIalVexEELx4r2FZoYthsN3VxNwm7L0IJ+Sde/CtePCgi3vpv3GgFrQ4sDDPz2PcmygTX4Lpja2Z2bn5hcWm5trK6tr5hb251dZoryjo0Fam6iohmgiesAxwEu8oUIzISrBfdnlV+744pzdPkEkYZCyQZJjzmlICRQvtIXRcNp1GG2YnrtBpNP5Ou47oHYeFLAjdKFhoIlKWP+99CLMsgtOtVrAL+S7wJqaMJ2qH97g9SmkuWABVE677nZhAURAGngpU1P9csI/SWDFnf0IRIpoPi874S7xllgONUmZcA/lR/ThREaj2SkUlWO+pprxL/8/o5xK2g4EmWA0vo10dxLjCkuCoLD7hiFMTIEEIVN7tiekMUoWAqrZkSvOmT/5Juw/EOHfeiWT9tTepYQjtoF+0jDx2jU3SO2qiDKLpHj+gZvVgP1pP1ar19RWesycw2+gVr/AGTeqIh</latexit>

r2.2p = 0.824± 0.003stat [fm]

<latexit sha1_base64="miG6+3YrGEhHIQpgq3/DV8oZu+E=">AAACK3icjVDLSsNAFJ34tr6qLt0MFsFVSdViNoLoxmUV2wpJDJPpRAdnkjBzI5SQ/3Hjr7jQhQ/c+h9O2ioqCh4YOJxzLvfOCVPBNdj2szU2PjE5NT0zW5mbX1hcqi6vdHSSKcraNBGJOguJZoLHrA0cBDtLFSMyFKwbXh2WfveaKc2T+BT6KfMluYh5xCkBIwXVA3We554kcKlk3johvaIognTPrjvbjpdKu27bzeAzoIFAUXjY/RAiWfhBtdYwsRL4b1JDI7SC6r3XS2gmWQxUEK3dhp2CnxMFnApWVLxMs5TQK3LBXENjIpn288FfC7xhlB6OEmVeDHigfp3IidS6L0OTLG/UP71S/M1zM4gcP+dxmgGL6XBRlAkMCS6Lwz2uGAXRN4RQxc2tmF4SRSiYeiv/K6GzVW806/bxTm3fGdUxg9bQOtpEDbSL9tERaqE2ougG3aFH9GTdWg/Wi/U6jI5Zo5lV9A3W2ztF1ahN</latexit>

rPRad
p = 0.838± 0.005stat [fm]



IMPRECISE DATA

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work 
requires smoothing with roughness penalty:  

seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant  
of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

optimal smoothing parameter determined via 
generalised cross validation 
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PRad 1.1 [GeV] PRad combined

PRad 2.2 [GeV] Mainz low-Q2

𝛿 rp [fm]

Monopole (a.1)

Dipole (a.2)

Gaussian (a.3)

Kelly (b.1)

Arrington (b.2)

Arrington (b.3)

Bernauer (b.4)

Ye (b.5)

Alarcón (c.1)
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ROBUSTNESS

1 PRad DATA
lowest yet achieved  

momentum transferred  
<latexit sha1_base64="Da6mV4YAcDSLyo0f11loIjQjbKE=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQvxpkQNeAl4EGPCZgFMpPQ06kkTXoWunuEMMzHePFXvHhwwYMXv8WeJIeY+KDg8V4VVfXckDOpTPPbWFldW9/YzGxlt3d29/ZzB4cNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x3dpn7zEYRkgf+gxiE4Hhn4rM8oUVrq5m6KBctWzANpmZ34vJTYHHCtU8QXbdsjaii8+A4anWLipMbVXGsx6ebyZsGcAC8Ta0byaIZqN/dh9wIaeeAryomUbcsMlRMToRjlkGTtSEJI6IgMoK2pT/QuJ548meBTrfRwPxC6fIUn6vxETDwpx56rO9PD5aKXiv957Uj1y07M/DBS4NPpon7EsQpwmhjuMQFU8bEmhAqmb8V0SAShSuea1SFYiy8vk4aO+bJg1kr5SnkWRwYdoxN0hix0jSroHlVRHVH0hF7QG3o3no1X49P4mrauGLOZI/QHxs8vbmOi1Q==</latexit>

2.1⇥ 10�4  Q2/[GeV2]  6⇥ 10�2

two datasets at different energy beams 
1.1 and 2.2 [GeV] 

<latexit sha1_base64="afx7NtWQk5gp70YorTImlzhGzIM=">AAACH3icbVDLSsNAFJ3Ud31FXboZLIKrkJSq3QgFNy4VrApNDJPppB06k4SZG6GE/Ikbf8WNC0XEXf/GSa3g68DA4ZxzmXtPlAmuwXUnVm1ufmFxaXmlvrq2vrFpb21f6TRXlHVpKlJ1ExHNBE9YFzgIdpMpRmQk2HU0Oq386zumNE+TSxhnLJBkkPCYUwJGCu0jdVt4jleG2YnrtFtNP5Ou47rtsPAlgaGShQYCZenj3pcQyzII7UYVq4D/Em9GGmiG89B+9/spzSVLgAqidc9zMwgKooBTwcq6n2uWEToiA9YzNCGS6aCY3lfifaP0cZwq8xLAU/X7REGk1mMZmWS1o/7tVeJ/Xi+HuB0UPMlyYAn9/CjOBYYUV2XhPleMghgbQqjiZldMh0QRCqbSuinB+33yX3LVdLxDx71oNTrtWR3LaBftoQPkoWPUQWfoHHURRffoET2jF+vBerJerbfPaM2azeygH7AmH5hBoiQ=</latexit>

r1.1p = 0.842± 0.008stat [fm]
<latexit sha1_base64="W50KKlsZy2CQ5LNrpaBEfxjH8To=">AAACH3icbVBNS8NAFNz4bf2KevSyWARPIalVexEELx4r2FZoYthsN3VxNwm7L0IJ+Sde/CtePCgi3vpv3GgFrQ4sDDPz2PcmygTX4Lpja2Z2bn5hcWm5trK6tr5hb251dZoryjo0Fam6iohmgiesAxwEu8oUIzISrBfdnlV+744pzdPkEkYZCyQZJjzmlICRQvtIXRcNp1GG2YnrtBpNP5Ou47oHYeFLAjdKFhoIlKWP+99CLMsgtOtVrAL+S7wJqaMJ2qH97g9SmkuWABVE677nZhAURAGngpU1P9csI/SWDFnf0IRIpoPi874S7xllgONUmZcA/lR/ThREaj2SkUlWO+pprxL/8/o5xK2g4EmWA0vo10dxLjCkuCoLD7hiFMTIEEIVN7tiekMUoWAqrZkSvOmT/5Juw/EOHfeiWT9tTepYQjtoF+0jDx2jU3SO2qiDKLpHj+gZvVgP1pP1ar19RWesycw2+gVr/AGTeqIh</latexit>

r2.2p = 0.824± 0.003stat [fm]

<latexit sha1_base64="miG6+3YrGEhHIQpgq3/DV8oZu+E=">AAACK3icjVDLSsNAFJ34tr6qLt0MFsFVSdViNoLoxmUV2wpJDJPpRAdnkjBzI5SQ/3Hjr7jQhQ/c+h9O2ioqCh4YOJxzLvfOCVPBNdj2szU2PjE5NT0zW5mbX1hcqi6vdHSSKcraNBGJOguJZoLHrA0cBDtLFSMyFKwbXh2WfveaKc2T+BT6KfMluYh5xCkBIwXVA3We554kcKlk3johvaIognTPrjvbjpdKu27bzeAzoIFAUXjY/RAiWfhBtdYwsRL4b1JDI7SC6r3XS2gmWQxUEK3dhp2CnxMFnApWVLxMs5TQK3LBXENjIpn288FfC7xhlB6OEmVeDHigfp3IidS6L0OTLG/UP71S/M1zM4gcP+dxmgGL6XBRlAkMCS6Lwz2uGAXRN4RQxc2tmF4SRSiYeiv/K6GzVW806/bxTm3fGdUxg9bQOtpEDbSL9tERaqE2ougG3aFH9GTdWg/Wi/U6jI5Zo5lV9A3W2ztF1ahN</latexit>

rPRad
p = 0.838± 0.005stat [fm]

2 A1 DATA
extends toward low-Q2 

<latexit sha1_base64="qQUk7P+vj6n2BTQLxfYSwrWmOqo=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAg2rruJYsqAhZYJmAdkN2F2cpMMmX0wMyuEJX9h46/YWChiq51/42ySQhMPDBzOuZc59/gxZ1LZ9rexsrq2vrGZ28pv7+zu7ZsHhw0ZJYJCnUY8Ei2fSOAshLpiikMrFkACn0PTH91kfvMBhGRReK/GMXgBGYSszyhRWuqaVskqu4oFIB27k56XJi4HXOsU8UXbDYgaiiC9hUanOPEyw+maBduyp8DLxJmTApqj2jW/3F5EkwBCRTmRsu3YsfJSIhSjHCZ5N5EQEzoiA2hrGhKdxEund03wqVZ6uB8J/UKFp+rvjZQEUo4DX09mWeWil4n/ee1E9cteysI4URDS2Uf9hGMV4awk3GMCqOJjTQgVTGfFdEgEoUpXmdclOIsnL5NG0XKuLLt2WaiU53Xk0DE6QWfIQdeogu5QFdURRY/oGb2iN+PJeDHejY/Z6Iox3zlCf2B8/gC3Yp3B</latexit>

3.8⇥ 10�3  Q2/[GeV2]  1

use first 40 low-Q2 data 
<latexit sha1_base64="0FZoHrCvPvR8yC9B5uVVa7vcKKo="></latexit>

rA1�lowQ2

p = 0.856± 0.014stat [fm]

all data yield
<latexit sha1_base64="M1XlwDTdfjpCGO7Eo03WS/mEi7U=">AAACKXicbVDLSsNAFJ34rPVVdelmsAiuSiKWdiNU3LisYB/QxDCZTuzQmSTM3Agl5Hfc+CtuFBR16484fShqPTBwOOdc5t4TJIJrsO03a2FxaXlltbBWXN/Y3Nou7ey2dZwqylo0FrHqBkQzwSPWAg6CdRPFiAwE6wTD87HfuWVK8zi6glHCPEluIh5ySsBIfqmhrrPMlQQGSmZnTp7nfnJqV+rVmptIu2IfO/63rYFAnru49yWEMvf8UtnEJsDzxJmRMpqh6Zee3H5MU8kioIJo3XPsBLyMKOBUsLzoppolhA7JDesZGhHJtJdNLs3xoVH6OIyVeRHgifpzIiNS65EMTHK8o/7rjcX/vF4KYd3LeJSkwCI6/ShMBYYYj2vDfa4YBTEyhFDFza6YDogiFEy5RVOC8/fkedI+rjjVin15Um7UZ3UU0D46QEfIQTXUQBeoiVqIojv0gJ7Ri3VvPVqv1vs0umDNZvbQL1gfn0WJp0A=</latexit>

rA1
p = 0.857± 0.021stat [fm]



CODATA 2014

ep scattering

H spectroscopy

H spectroscopy

ep scattering

μH spectroscopy

μH spectroscopy

H spectroscopy

PRad

H Lamb shift

H spectroscopy

μD spectroscopy
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SPM [PRad] 

SPM [A1, low-Q2] 

IMPRECISE DATA

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work 
requires smoothing with roughness penalty:  

seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant  
of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

optimal smoothing parameter determined via 
generalised cross validation 
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PRad 1.1 [GeV] PRad combined

PRad 2.2 [GeV] Mainz low-Q2

𝛿 rp [fm]

Monopole (a.1)

Dipole (a.2)

Gaussian (a.3)

Kelly (b.1)

Arrington (b.2)

Arrington (b.3)

Bernauer (b.4)

Ye (b.5)

Alarcón (c.1)
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ROBUSTNESS

1 PRad DATA
lowest yet achieved  

momentum transferred  
<latexit sha1_base64="Da6mV4YAcDSLyo0f11loIjQjbKE=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQvxpkQNeAl4EGPCZgFMpPQ06kkTXoWunuEMMzHePFXvHhwwYMXv8WeJIeY+KDg8V4VVfXckDOpTPPbWFldW9/YzGxlt3d29/ZzB4cNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x3dpn7zEYRkgf+gxiE4Hhn4rM8oUVrq5m6KBctWzANpmZ34vJTYHHCtU8QXbdsjaii8+A4anWLipMbVXGsx6ebyZsGcAC8Ta0byaIZqN/dh9wIaeeAryomUbcsMlRMToRjlkGTtSEJI6IgMoK2pT/QuJ548meBTrfRwPxC6fIUn6vxETDwpx56rO9PD5aKXiv957Uj1y07M/DBS4NPpon7EsQpwmhjuMQFU8bEmhAqmb8V0SAShSuea1SFYiy8vk4aO+bJg1kr5SnkWRwYdoxN0hix0jSroHlVRHVH0hF7QG3o3no1X49P4mrauGLOZI/QHxs8vbmOi1Q==</latexit>

2.1⇥ 10�4  Q2/[GeV2]  6⇥ 10�2

two datasets at different energy beams 
1.1 and 2.2 [GeV] 

<latexit sha1_base64="afx7NtWQk5gp70YorTImlzhGzIM=">AAACH3icbVDLSsNAFJ3Ud31FXboZLIKrkJSq3QgFNy4VrApNDJPppB06k4SZG6GE/Ikbf8WNC0XEXf/GSa3g68DA4ZxzmXtPlAmuwXUnVm1ufmFxaXmlvrq2vrFpb21f6TRXlHVpKlJ1ExHNBE9YFzgIdpMpRmQk2HU0Oq386zumNE+TSxhnLJBkkPCYUwJGCu0jdVt4jleG2YnrtFtNP5Ou47rtsPAlgaGShQYCZenj3pcQyzII7UYVq4D/Em9GGmiG89B+9/spzSVLgAqidc9zMwgKooBTwcq6n2uWEToiA9YzNCGS6aCY3lfifaP0cZwq8xLAU/X7REGk1mMZmWS1o/7tVeJ/Xi+HuB0UPMlyYAn9/CjOBYYUV2XhPleMghgbQqjiZldMh0QRCqbSuinB+33yX3LVdLxDx71oNTrtWR3LaBftoQPkoWPUQWfoHHURRffoET2jF+vBerJerbfPaM2azeygH7AmH5hBoiQ=</latexit>

r1.1p = 0.842± 0.008stat [fm]
<latexit sha1_base64="W50KKlsZy2CQ5LNrpaBEfxjH8To=">AAACH3icbVBNS8NAFNz4bf2KevSyWARPIalVexEELx4r2FZoYthsN3VxNwm7L0IJ+Sde/CtePCgi3vpv3GgFrQ4sDDPz2PcmygTX4Lpja2Z2bn5hcWm5trK6tr5hb251dZoryjo0Fam6iohmgiesAxwEu8oUIzISrBfdnlV+744pzdPkEkYZCyQZJjzmlICRQvtIXRcNp1GG2YnrtBpNP5Ou47oHYeFLAjdKFhoIlKWP+99CLMsgtOtVrAL+S7wJqaMJ2qH97g9SmkuWABVE677nZhAURAGngpU1P9csI/SWDFnf0IRIpoPi874S7xllgONUmZcA/lR/ThREaj2SkUlWO+pprxL/8/o5xK2g4EmWA0vo10dxLjCkuCoLD7hiFMTIEEIVN7tiekMUoWAqrZkSvOmT/5Juw/EOHfeiWT9tTepYQjtoF+0jDx2jU3SO2qiDKLpHj+gZvVgP1pP1ar19RWesycw2+gVr/AGTeqIh</latexit>

r2.2p = 0.824± 0.003stat [fm]

<latexit sha1_base64="miG6+3YrGEhHIQpgq3/DV8oZu+E=">AAACK3icjVDLSsNAFJ34tr6qLt0MFsFVSdViNoLoxmUV2wpJDJPpRAdnkjBzI5SQ/3Hjr7jQhQ/c+h9O2ioqCh4YOJxzLvfOCVPBNdj2szU2PjE5NT0zW5mbX1hcqi6vdHSSKcraNBGJOguJZoLHrA0cBDtLFSMyFKwbXh2WfveaKc2T+BT6KfMluYh5xCkBIwXVA3We554kcKlk3johvaIognTPrjvbjpdKu27bzeAzoIFAUXjY/RAiWfhBtdYwsRL4b1JDI7SC6r3XS2gmWQxUEK3dhp2CnxMFnApWVLxMs5TQK3LBXENjIpn288FfC7xhlB6OEmVeDHigfp3IidS6L0OTLG/UP71S/M1zM4gcP+dxmgGL6XBRlAkMCS6Lwz2uGAXRN4RQxc2tmF4SRSiYeiv/K6GzVW806/bxTm3fGdUxg9bQOtpEDbSL9tERaqE2ougG3aFH9GTdWg/Wi/U6jI5Zo5lV9A3W2ztF1ahN</latexit>

rPRad
p = 0.838± 0.005stat [fm]

2 A1 DATA
extends toward low-Q2 

<latexit sha1_base64="qQUk7P+vj6n2BTQLxfYSwrWmOqo=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAg2rruJYsqAhZYJmAdkN2F2cpMMmX0wMyuEJX9h46/YWChiq51/42ySQhMPDBzOuZc59/gxZ1LZ9rexsrq2vrGZ28pv7+zu7ZsHhw0ZJYJCnUY8Ei2fSOAshLpiikMrFkACn0PTH91kfvMBhGRReK/GMXgBGYSszyhRWuqaVskqu4oFIB27k56XJi4HXOsU8UXbDYgaiiC9hUanOPEyw+maBduyp8DLxJmTApqj2jW/3F5EkwBCRTmRsu3YsfJSIhSjHCZ5N5EQEzoiA2hrGhKdxEund03wqVZ6uB8J/UKFp+rvjZQEUo4DX09mWeWil4n/ee1E9cteysI4URDS2Uf9hGMV4awk3GMCqOJjTQgVTGfFdEgEoUpXmdclOIsnL5NG0XKuLLt2WaiU53Xk0DE6QWfIQdeogu5QFdURRY/oGb2iN+PJeDHejY/Z6Iox3zlCf2B8/gC3Yp3B</latexit>

3.8⇥ 10�3  Q2/[GeV2]  1

use first 40 low-Q2 data 
<latexit sha1_base64="0FZoHrCvPvR8yC9B5uVVa7vcKKo="></latexit>

rA1�lowQ2

p = 0.856± 0.014stat [fm]

all data yield
<latexit sha1_base64="M1XlwDTdfjpCGO7Eo03WS/mEi7U=">AAACKXicbVDLSsNAFJ34rPVVdelmsAiuSiKWdiNU3LisYB/QxDCZTuzQmSTM3Agl5Hfc+CtuFBR16484fShqPTBwOOdc5t4TJIJrsO03a2FxaXlltbBWXN/Y3Nou7ey2dZwqylo0FrHqBkQzwSPWAg6CdRPFiAwE6wTD87HfuWVK8zi6glHCPEluIh5ySsBIfqmhrrPMlQQGSmZnTp7nfnJqV+rVmptIu2IfO/63rYFAnru49yWEMvf8UtnEJsDzxJmRMpqh6Zee3H5MU8kioIJo3XPsBLyMKOBUsLzoppolhA7JDesZGhHJtJdNLs3xoVH6OIyVeRHgifpzIiNS65EMTHK8o/7rjcX/vF4KYd3LeJSkwCI6/ShMBYYYj2vDfa4YBTEyhFDFza6YDogiFEy5RVOC8/fkedI+rjjVin15Um7UZ3UU0D46QEfIQTXUQBeoiVqIojv0gJ7Ri3VvPVqv1vs0umDNZvbQL1gfn0WJp0A=</latexit>

rA1
p = 0.857± 0.021stat [fm]

<latexit sha1_base64="yW3M8v5vV2yL1s4hYgYMhH51VY4=">AAACKXicbVBNS8NAEN34WetX1aOXxSJ4KokU24tQ8OJFqGhVaGLYbDe6uJuE3YlQQv6OF/+KFwVFvfpH3LQRtPXBwtv3ZpiZFySCa7DtD2tmdm5+YbGyVF1eWV1br21sXug4VZT1aCxidRUQzQSPWA84CHaVKEZkINhlcHdU+Jf3TGkeR+cwTJgnyU3EQ04JGMmvdZSfXGeuJHCrZHbWPcnzQ7vRbrbcRGK7Ydtt/8fUQCB3cf/nH8rcc7FfqxdlBfA0cUpSRyW6fu3FHcQ0lSwCKojWfcdOwMuIAk4Fy6tuqllC6B25YX1DIyKZ9rLRpTneNcoAh7EyLwI8Un93ZERqPZSBqSy21JNeIf7n9VMI217GoyQFFtHxoDAVGGJcxIYHXDEKYmgIoYqbXTG9JYpQMOFWTQjO5MnT5GK/4Rw0mqfNeqddxlFB22gH7SEHtVAHHaMu6iGKHtATekVv1qP1bL1bn+PSGavs2UJ/YH19A/Y2pnM=</latexit>

rSPM
p = 0.847± 0.008stat [fm]3 Combined:

rp [fm]



IMPRECISE DATA

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work 
requires smoothing with roughness penalty:  

seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant  
of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

optimal smoothing parameter determined via 
generalised cross validation 

-���� � ���� -���� � ����

PRad 1.1 [GeV] PRad combined

PRad 2.2 [GeV] Mainz low-Q2

𝛿 rp [fm]

Monopole (a.1)

Dipole (a.2)

Gaussian (a.3)

Kelly (b.1)

Arrington (b.2)

Arrington (b.3)

Bernauer (b.4)

Ye (b.5)

Alarcón (c.1)
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ROBUSTNESS

1 PRad DATA
lowest yet achieved  

momentum transferred  
<latexit sha1_base64="Da6mV4YAcDSLyo0f11loIjQjbKE=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQvxpkQNeAl4EGPCZgFMpPQ06kkTXoWunuEMMzHePFXvHhwwYMXv8WeJIeY+KDg8V4VVfXckDOpTPPbWFldW9/YzGxlt3d29/ZzB4cNGUSCQp0GPBAtl0jgzIe6YopDKxRAPJdD0x3dpn7zEYRkgf+gxiE4Hhn4rM8oUVrq5m6KBctWzANpmZ34vJTYHHCtU8QXbdsjaii8+A4anWLipMbVXGsx6ebyZsGcAC8Ta0byaIZqN/dh9wIaeeAryomUbcsMlRMToRjlkGTtSEJI6IgMoK2pT/QuJ548meBTrfRwPxC6fIUn6vxETDwpx56rO9PD5aKXiv957Uj1y07M/DBS4NPpon7EsQpwmhjuMQFU8bEmhAqmb8V0SAShSuea1SFYiy8vk4aO+bJg1kr5SnkWRwYdoxN0hix0jSroHlVRHVH0hF7QG3o3no1X49P4mrauGLOZI/QHxs8vbmOi1Q==</latexit>

2.1⇥ 10�4  Q2/[GeV2]  6⇥ 10�2

two datasets at different energy beams 
1.1 and 2.2 [GeV] 

<latexit sha1_base64="afx7NtWQk5gp70YorTImlzhGzIM=">AAACH3icbVDLSsNAFJ3Ud31FXboZLIKrkJSq3QgFNy4VrApNDJPppB06k4SZG6GE/Ikbf8WNC0XEXf/GSa3g68DA4ZxzmXtPlAmuwXUnVm1ufmFxaXmlvrq2vrFpb21f6TRXlHVpKlJ1ExHNBE9YFzgIdpMpRmQk2HU0Oq386zumNE+TSxhnLJBkkPCYUwJGCu0jdVt4jleG2YnrtFtNP5Ou47rtsPAlgaGShQYCZenj3pcQyzII7UYVq4D/Em9GGmiG89B+9/spzSVLgAqidc9zMwgKooBTwcq6n2uWEToiA9YzNCGS6aCY3lfifaP0cZwq8xLAU/X7REGk1mMZmWS1o/7tVeJ/Xi+HuB0UPMlyYAn9/CjOBYYUV2XhPleMghgbQqjiZldMh0QRCqbSuinB+33yX3LVdLxDx71oNTrtWR3LaBftoQPkoWPUQWfoHHURRffoET2jF+vBerJerbfPaM2azeygH7AmH5hBoiQ=</latexit>

r1.1p = 0.842± 0.008stat [fm]
<latexit sha1_base64="W50KKlsZy2CQ5LNrpaBEfxjH8To=">AAACH3icbVBNS8NAFNz4bf2KevSyWARPIalVexEELx4r2FZoYthsN3VxNwm7L0IJ+Sde/CtePCgi3vpv3GgFrQ4sDDPz2PcmygTX4Lpja2Z2bn5hcWm5trK6tr5hb251dZoryjo0Fam6iohmgiesAxwEu8oUIzISrBfdnlV+744pzdPkEkYZCyQZJjzmlICRQvtIXRcNp1GG2YnrtBpNP5Ou47oHYeFLAjdKFhoIlKWP+99CLMsgtOtVrAL+S7wJqaMJ2qH97g9SmkuWABVE677nZhAURAGngpU1P9csI/SWDFnf0IRIpoPi874S7xllgONUmZcA/lR/ThREaj2SkUlWO+pprxL/8/o5xK2g4EmWA0vo10dxLjCkuCoLD7hiFMTIEEIVN7tiekMUoWAqrZkSvOmT/5Juw/EOHfeiWT9tTepYQjtoF+0jDx2jU3SO2qiDKLpHj+gZvVgP1pP1ar19RWesycw2+gVr/AGTeqIh</latexit>

r2.2p = 0.824± 0.003stat [fm]

<latexit sha1_base64="miG6+3YrGEhHIQpgq3/DV8oZu+E=">AAACK3icjVDLSsNAFJ34tr6qLt0MFsFVSdViNoLoxmUV2wpJDJPpRAdnkjBzI5SQ/3Hjr7jQhQ/c+h9O2ioqCh4YOJxzLvfOCVPBNdj2szU2PjE5NT0zW5mbX1hcqi6vdHSSKcraNBGJOguJZoLHrA0cBDtLFSMyFKwbXh2WfveaKc2T+BT6KfMluYh5xCkBIwXVA3We554kcKlk3johvaIognTPrjvbjpdKu27bzeAzoIFAUXjY/RAiWfhBtdYwsRL4b1JDI7SC6r3XS2gmWQxUEK3dhp2CnxMFnApWVLxMs5TQK3LBXENjIpn288FfC7xhlB6OEmVeDHigfp3IidS6L0OTLG/UP71S/M1zM4gcP+dxmgGL6XBRlAkMCS6Lwz2uGAXRN4RQxc2tmF4SRSiYeiv/K6GzVW806/bxTm3fGdUxg9bQOtpEDbSL9tERaqE2ougG3aFH9GTdWg/Wi/U6jI5Zo5lV9A3W2ztF1ahN</latexit>

rPRad
p = 0.838± 0.005stat [fm]

2 A1 DATA
extends toward low-Q2 

<latexit sha1_base64="qQUk7P+vj6n2BTQLxfYSwrWmOqo=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAg2rruJYsqAhZYJmAdkN2F2cpMMmX0wMyuEJX9h46/YWChiq51/42ySQhMPDBzOuZc59/gxZ1LZ9rexsrq2vrGZ28pv7+zu7ZsHhw0ZJYJCnUY8Ei2fSOAshLpiikMrFkACn0PTH91kfvMBhGRReK/GMXgBGYSszyhRWuqaVskqu4oFIB27k56XJi4HXOsU8UXbDYgaiiC9hUanOPEyw+maBduyp8DLxJmTApqj2jW/3F5EkwBCRTmRsu3YsfJSIhSjHCZ5N5EQEzoiA2hrGhKdxEund03wqVZ6uB8J/UKFp+rvjZQEUo4DX09mWeWil4n/ee1E9cteysI4URDS2Uf9hGMV4awk3GMCqOJjTQgVTGfFdEgEoUpXmdclOIsnL5NG0XKuLLt2WaiU53Xk0DE6QWfIQdeogu5QFdURRY/oGb2iN+PJeDHejY/Z6Iox3zlCf2B8/gC3Yp3B</latexit>

3.8⇥ 10�3  Q2/[GeV2]  1

use first 40 low-Q2 data 
<latexit sha1_base64="0FZoHrCvPvR8yC9B5uVVa7vcKKo="></latexit>

rA1�lowQ2

p = 0.856± 0.014stat [fm]

all data yield
<latexit sha1_base64="M1XlwDTdfjpCGO7Eo03WS/mEi7U=">AAACKXicbVDLSsNAFJ34rPVVdelmsAiuSiKWdiNU3LisYB/QxDCZTuzQmSTM3Agl5Hfc+CtuFBR16484fShqPTBwOOdc5t4TJIJrsO03a2FxaXlltbBWXN/Y3Nou7ey2dZwqylo0FrHqBkQzwSPWAg6CdRPFiAwE6wTD87HfuWVK8zi6glHCPEluIh5ySsBIfqmhrrPMlQQGSmZnTp7nfnJqV+rVmptIu2IfO/63rYFAnru49yWEMvf8UtnEJsDzxJmRMpqh6Zee3H5MU8kioIJo3XPsBLyMKOBUsLzoppolhA7JDesZGhHJtJdNLs3xoVH6OIyVeRHgifpzIiNS65EMTHK8o/7rjcX/vF4KYd3LeJSkwCI6/ShMBYYYj2vDfa4YBTEyhFDFza6YDogiFEy5RVOC8/fkedI+rjjVin15Um7UZ3UU0D46QEfIQTXUQBeoiVqIojv0gJ7Ri3VvPVqv1vs0umDNZvbQL1gfn0WJp0A=</latexit>

rA1
p = 0.857± 0.021stat [fm]

<latexit sha1_base64="yW3M8v5vV2yL1s4hYgYMhH51VY4=">AAACKXicbVBNS8NAEN34WetX1aOXxSJ4KokU24tQ8OJFqGhVaGLYbDe6uJuE3YlQQv6OF/+KFwVFvfpH3LQRtPXBwtv3ZpiZFySCa7DtD2tmdm5+YbGyVF1eWV1br21sXug4VZT1aCxidRUQzQSPWA84CHaVKEZkINhlcHdU+Jf3TGkeR+cwTJgnyU3EQ04JGMmvdZSfXGeuJHCrZHbWPcnzQ7vRbrbcRGK7Ydtt/8fUQCB3cf/nH8rcc7FfqxdlBfA0cUpSRyW6fu3FHcQ0lSwCKojWfcdOwMuIAk4Fy6tuqllC6B25YX1DIyKZ9rLRpTneNcoAh7EyLwI8Un93ZERqPZSBqSy21JNeIf7n9VMI217GoyQFFtHxoDAVGGJcxIYHXDEKYmgIoYqbXTG9JYpQMOFWTQjO5MnT5GK/4Rw0mqfNeqddxlFB22gH7SEHtVAHHaMu6iGKHtATekVv1qP1bL1bn+PSGavs2UJ/YH19A/Y2pnM=</latexit>

rSPM
p = 0.847± 0.008stat [fm]3 Combined:

PROTON RADIUS PUZZLE?

CODATA 2014

ep scattering

H spectroscopy

H spectroscopy

ep scattering

μH spectroscopy

μH spectroscopy

H spectroscopy

PRad

H Lamb shift

H spectroscopy

μD spectroscopy

���� ���� ���� ���� ���� ���� ����

SPM [PRad] 

SPM [A1, low-Q2] 

rp [fm]



PION NA7 DATA
only data amenable 

to an SPM extraction    

two measurements (’84, ’86) of the negative pion em form factor
<latexit sha1_base64="RGkqOcUdacEehg5tVxbbovfyaHU=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrdXeJmjJgoWUC5gHZTZid3CRDZh/MzAphyR/Y+Cs2ForY2tr5N84mKTTxwMDhnHOZe48fcyaVZX0bK6tr6xubua389s7u3n7h4LAho0RQqNOIR6LlEwmchVBXTHFoxQJI4HNo+qObzG8+gJAsCu/VOAYvIIOQ9RklSkvdwpllWnbJ5YBrHQdftN2AqKEI0ltodJyJlxmW6Vx1C0UdnAIvE3tOimiOarfw5fYimgQQKsqJlG3bipWXEqEY5TDJu4mEmNARGUBb05AEIL10es8En2qlh/uR0C9UeKr+nkhJIOU48HUyW1cuepn4n9dOVL/spSyMEwUhnX3UTzhWEc7KwT0mgCo+1oRQwfSumA6JIFTpCvO6BHvx5GXScEz70rRqpWKlPK8jh47RCTpHNrpGFXSHqqiOKHpEz+gVvRlPxovxbnzMoivGfOYI/YHx+QOED5nL</latexit>

0.014  Q2/[GeV2]  0.26



PION NA7 DATA
only data amenable 

to an SPM extraction    

two measurements (’84, ’86) of the negative pion em form factor
<latexit sha1_base64="RGkqOcUdacEehg5tVxbbovfyaHU=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrdXeJmjJgoWUC5gHZTZid3CRDZh/MzAphyR/Y+Cs2ForY2tr5N84mKTTxwMDhnHOZe48fcyaVZX0bK6tr6xubua389s7u3n7h4LAho0RQqNOIR6LlEwmchVBXTHFoxQJI4HNo+qObzG8+gJAsCu/VOAYvIIOQ9RklSkvdwpllWnbJ5YBrHQdftN2AqKEI0ltodJyJlxmW6Vx1C0UdnAIvE3tOimiOarfw5fYimgQQKsqJlG3bipWXEqEY5TDJu4mEmNARGUBb05AEIL10es8En2qlh/uR0C9UeKr+nkhJIOU48HUyW1cuepn4n9dOVL/spSyMEwUhnX3UTzhWEc7KwT0mgCo+1oRQwfSumA6JIFTpCvO6BHvx5GXScEz70rRqpWKlPK8jh47RCTpHNrpGFXSHqqiOKHpEz+gVvRlPxovxbnzMoivGfOYI/YHx+QOED5nL</latexit>

0.014  Q2/[GeV2]  0.26

PDG 20 (average)

ESCHRICH 01

AMENDOLIA 86

DALLY 82

COLANGELO 19

ANANTHANARAYAN 17 

HANHART 17

LIESENFELD 99

BIJNENS 98

AMENDOLIA 84

BEBEK 78

QUENZER 78

ADYLOV 77

BARDIN 77

DALLY 77

SPM 

SPM

��� ��� ��� ��� ��� ��� ���
rπ [fm]

Combined:
<latexit sha1_base64="xFXG55MQcmtO6cwtDZc1B19SP3s=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VwVRIpbTdCwY0boaJ9QBLDZDpph84kYWYilJDvcOOvuHGhiDtx4984aSto64ELh3Pu5d57/JhRqUzzyyisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfR9JwmhIOooqRvqxIIj7jPT88UXu9+6JkDQKb9UkJi5Hw5AGFCOlJa9sCc+J6V3qcKRGgqc37assOzer9ZrpxNysmmbDgfaPG/DM9cqVXM4Bl4k1JxUwR9srfziDCCechAozJKVtmbFyUyQUxYxkJSeRJEZ4jIbE1jREnEg3nb6WwROtDGAQCV2hglP190SKuJQT7uvO/Ea56OXif56dqKDppjSME0VCPFsUJAyqCOY5wQEVBCs20QRhQfWtEI+QQFjpNEs6BGvx5WXSPata9WrtulZpNedxFMEROAanwAIN0AKXoA06AIMH8ARewKvxaDwbb8b7rLVgzGcOwR8Yn9+4W6AE</latexit>

rSPM
⇡ = 0.640± 0.007 [fm]

<latexit sha1_base64="hciAvvaHrjOcAsIteVTy3m7yl8Y=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNaapdFNy4r2Ad0hpJJM21oMjMkd4Qy9DPc+CtuXCjitjv/xkxbQVsPBE7OuZd77/FjwTXY9peVW1vf2NzKbxd2dvf2D4qHRy0dJYqyJo1EpDo+0UzwkDWBg2CdWDEifcHa/ug289uPTGkehQ8wjpknySDkAacEjNQrXrjYLlcrNTeWhtjOVc+VBIZKphoITFzc/fkHcuK5uFcsmbIZ8CpxFqSEFmj0ilO3H9FEshCoIFp3HTsGLyUKOBVsUnATzWJCR2TAuoaGRDLtpbPDJvjMKH0cRMq8EPBM/d2REqn1WPqmMttSL3uZ+J/XTSCoeSkP4wRYSOeDgkRgiHCWEu5zxSiIsSGEKm52xXRIFKFgsiyYEJzlk1dJ67LsVMuV+0qpfrOII49O0Ck6Rw66RnV0hxqoiSh6Qi/oDb1bz9ar9WF9zktz1qLnGP2BNf0GGDeeqQ==</latexit>

0.648± 0.013stat [fm]

<latexit sha1_base64="FaI68QJUaiJE7vlP/uY7Tnqdhf8=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNaqu6KblxWsA/oDCWTZtrQZGZI7ghl6Ge48VfcuFDEbXf+jZm2grYeCJyccy/33uPHgmuw7S8rt7K6tr6R3yxsbe/s7hX3D5o6ShRlDRqJSLV9opngIWsAB8HasWJE+oK1/OFt5rcemdI8Ch9gFDNPkn7IA04JGKlbPHOxXa5eVN1YGmLb111XEhgomWogMHZx5+cfyLHn4m6xlJVlwMvEmZMSmqPeLU7cXkQTyUKggmjdcewYvJQo4FSwccFNNIsJHZI+6xgaEsm0l04PG+MTo/RwECnzQsBT9XdHSqTWI+mbymxLvehl4n9eJ4Hgykt5GCfAQjobFCQCQ4SzlHCPK0ZBjAwhVHGzK6YDoggFk2XBhOAsnrxMmudlp1qu3FdKtZt5HHl0hI7RKXLQJaqhO1RHDUTRE3pBb+jderZerQ/rc1aas+Y9h+gPrMk3G2Ceqw==</latexit>

0.636± 0.009stat [fm]



PION NA7 DATA
only data amenable 

to an SPM extraction    

two measurements (’84, ’86) of the negative pion em form factor
<latexit sha1_base64="RGkqOcUdacEehg5tVxbbovfyaHU=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrdXeJmjJgoWUC5gHZTZid3CRDZh/MzAphyR/Y+Cs2ForY2tr5N84mKTTxwMDhnHOZe48fcyaVZX0bK6tr6xubua389s7u3n7h4LAho0RQqNOIR6LlEwmchVBXTHFoxQJI4HNo+qObzG8+gJAsCu/VOAYvIIOQ9RklSkvdwpllWnbJ5YBrHQdftN2AqKEI0ltodJyJlxmW6Vx1C0UdnAIvE3tOimiOarfw5fYimgQQKsqJlG3bipWXEqEY5TDJu4mEmNARGUBb05AEIL10es8En2qlh/uR0C9UeKr+nkhJIOU48HUyW1cuepn4n9dOVL/spSyMEwUhnX3UTzhWEc7KwT0mgCo+1oRQwfSumA6JIFTpCvO6BHvx5GXScEz70rRqpWKlPK8jh47RCTpHNrpGFXSHqqiOKHpEz+gVvRlPxovxbnzMoivGfOYI/YHx+QOED5nL</latexit>

0.014  Q2/[GeV2]  0.26

PDG 20 (average)

ESCHRICH 01

AMENDOLIA 86

DALLY 82

COLANGELO 19

ANANTHANARAYAN 17 

HANHART 17

LIESENFELD 99

BIJNENS 98

AMENDOLIA 84

BEBEK 78

QUENZER 78

ADYLOV 77

BARDIN 77

DALLY 77
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SPM

��� ��� ��� ��� ��� ��� ���
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Combined:
<latexit sha1_base64="xFXG55MQcmtO6cwtDZc1B19SP3s=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VwVRIpbTdCwY0boaJ9QBLDZDpph84kYWYilJDvcOOvuHGhiDtx4984aSto64ELh3Pu5d57/JhRqUzzyyisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfR9JwmhIOooqRvqxIIj7jPT88UXu9+6JkDQKb9UkJi5Hw5AGFCOlJa9sCc+J6V3qcKRGgqc37assOzer9ZrpxNysmmbDgfaPG/DM9cqVXM4Bl4k1JxUwR9srfziDCCechAozJKVtmbFyUyQUxYxkJSeRJEZ4jIbE1jREnEg3nb6WwROtDGAQCV2hglP190SKuJQT7uvO/Ea56OXif56dqKDppjSME0VCPFsUJAyqCOY5wQEVBCs20QRhQfWtEI+QQFjpNEs6BGvx5WXSPata9WrtulZpNedxFMEROAanwAIN0AKXoA06AIMH8ARewKvxaDwbb8b7rLVgzGcOwR8Yn9+4W6AE</latexit>

rSPM
⇡ = 0.640± 0.007 [fm]

<latexit sha1_base64="hciAvvaHrjOcAsIteVTy3m7yl8Y=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNaapdFNy4r2Ad0hpJJM21oMjMkd4Qy9DPc+CtuXCjitjv/xkxbQVsPBE7OuZd77/FjwTXY9peVW1vf2NzKbxd2dvf2D4qHRy0dJYqyJo1EpDo+0UzwkDWBg2CdWDEifcHa/ug289uPTGkehQ8wjpknySDkAacEjNQrXrjYLlcrNTeWhtjOVc+VBIZKphoITFzc/fkHcuK5uFcsmbIZ8CpxFqSEFmj0ilO3H9FEshCoIFp3HTsGLyUKOBVsUnATzWJCR2TAuoaGRDLtpbPDJvjMKH0cRMq8EPBM/d2REqn1WPqmMttSL3uZ+J/XTSCoeSkP4wRYSOeDgkRgiHCWEu5zxSiIsSGEKm52xXRIFKFgsiyYEJzlk1dJ67LsVMuV+0qpfrOII49O0Ck6Rw66RnV0hxqoiSh6Qi/oDb1bz9ar9WF9zktz1qLnGP2BNf0GGDeeqQ==</latexit>

0.648± 0.013stat [fm]

<latexit sha1_base64="FaI68QJUaiJE7vlP/uY7Tnqdhf8=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNaqu6KblxWsA/oDCWTZtrQZGZI7ghl6Ge48VfcuFDEbXf+jZm2grYeCJyccy/33uPHgmuw7S8rt7K6tr6R3yxsbe/s7hX3D5o6ShRlDRqJSLV9opngIWsAB8HasWJE+oK1/OFt5rcemdI8Ch9gFDNPkn7IA04JGKlbPHOxXa5eVN1YGmLb111XEhgomWogMHZx5+cfyLHn4m6xlJVlwMvEmZMSmqPeLU7cXkQTyUKggmjdcewYvJQo4FSwccFNNIsJHZI+6xgaEsm0l04PG+MTo/RwECnzQsBT9XdHSqTWI+mbymxLvehl4n9eJ4Hgykt5GCfAQjobFCQCQ4SzlHCPK0ZBjAwhVHGzK6YDoggFk2XBhOAsnrxMmudlp1qu3FdKtZt5HHl0hI7RKXLQJaqhO1RHDUTRE3pBb+jderZerQ/rc1aas+Y9h+gPrMk3G2Ceqw==</latexit>

0.636± 0.009stat [fm]



PION NA7 DATA
only data amenable 

to an SPM extraction    

two measurements (’84, ’86) of the negative pion em form factor
<latexit sha1_base64="RGkqOcUdacEehg5tVxbbovfyaHU=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrdXeJmjJgoWUC5gHZTZid3CRDZh/MzAphyR/Y+Cs2ForY2tr5N84mKTTxwMDhnHOZe48fcyaVZX0bK6tr6xubua389s7u3n7h4LAho0RQqNOIR6LlEwmchVBXTHFoxQJI4HNo+qObzG8+gJAsCu/VOAYvIIOQ9RklSkvdwpllWnbJ5YBrHQdftN2AqKEI0ltodJyJlxmW6Vx1C0UdnAIvE3tOimiOarfw5fYimgQQKsqJlG3bipWXEqEY5TDJu4mEmNARGUBb05AEIL10es8En2qlh/uR0C9UeKr+nkhJIOU48HUyW1cuepn4n9dOVL/spSyMEwUhnX3UTzhWEc7KwT0mgCo+1oRQwfSumA6JIFTpCvO6BHvx5GXScEz70rRqpWKlPK8jh47RCTpHNrpGFXSHqqiOKHpEz+gVvRlPxovxbnzMoivGfOYI/YHx+QOED5nL</latexit>

0.014  Q2/[GeV2]  0.26

PDG 20 (average)

ESCHRICH 01

AMENDOLIA 86

DALLY 82

COLANGELO 19

ANANTHANARAYAN 17 

HANHART 17

LIESENFELD 99

BIJNENS 98

AMENDOLIA 84

BEBEK 78

QUENZER 78

ADYLOV 77

BARDIN 77
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��� ��� ��� ��� ��� ��� ���
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Combined:
<latexit sha1_base64="xFXG55MQcmtO6cwtDZc1B19SP3s=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VwVRIpbTdCwY0boaJ9QBLDZDpph84kYWYilJDvcOOvuHGhiDtx4984aSto64ELh3Pu5d57/JhRqUzzyyisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfR9JwmhIOooqRvqxIIj7jPT88UXu9+6JkDQKb9UkJi5Hw5AGFCOlJa9sCc+J6V3qcKRGgqc37assOzer9ZrpxNysmmbDgfaPG/DM9cqVXM4Bl4k1JxUwR9srfziDCCechAozJKVtmbFyUyQUxYxkJSeRJEZ4jIbE1jREnEg3nb6WwROtDGAQCV2hglP190SKuJQT7uvO/Ea56OXif56dqKDppjSME0VCPFsUJAyqCOY5wQEVBCs20QRhQfWtEI+QQFjpNEs6BGvx5WXSPata9WrtulZpNedxFMEROAanwAIN0AKXoA06AIMH8ARewKvxaDwbb8b7rLVgzGcOwR8Yn9+4W6AE</latexit>

rSPM
⇡ = 0.640± 0.007 [fm]

<latexit sha1_base64="hciAvvaHrjOcAsIteVTy3m7yl8Y=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNaapdFNy4r2Ad0hpJJM21oMjMkd4Qy9DPc+CtuXCjitjv/xkxbQVsPBE7OuZd77/FjwTXY9peVW1vf2NzKbxd2dvf2D4qHRy0dJYqyJo1EpDo+0UzwkDWBg2CdWDEifcHa/ug289uPTGkehQ8wjpknySDkAacEjNQrXrjYLlcrNTeWhtjOVc+VBIZKphoITFzc/fkHcuK5uFcsmbIZ8CpxFqSEFmj0ilO3H9FEshCoIFp3HTsGLyUKOBVsUnATzWJCR2TAuoaGRDLtpbPDJvjMKH0cRMq8EPBM/d2REqn1WPqmMttSL3uZ+J/XTSCoeSkP4wRYSOeDgkRgiHCWEu5zxSiIsSGEKm52xXRIFKFgsiyYEJzlk1dJ67LsVMuV+0qpfrOII49O0Ck6Rw66RnV0hxqoiSh6Qi/oDb1bz9ar9WF9zktz1qLnGP2BNf0GGDeeqQ==</latexit>

0.648± 0.013stat [fm]

<latexit sha1_base64="FaI68QJUaiJE7vlP/uY7Tnqdhf8=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNaqu6KblxWsA/oDCWTZtrQZGZI7ghl6Ge48VfcuFDEbXf+jZm2grYeCJyccy/33uPHgmuw7S8rt7K6tr6R3yxsbe/s7hX3D5o6ShRlDRqJSLV9opngIWsAB8HasWJE+oK1/OFt5rcemdI8Ch9gFDNPkn7IA04JGKlbPHOxXa5eVN1YGmLb111XEhgomWogMHZx5+cfyLHn4m6xlJVlwMvEmZMSmqPeLU7cXkQTyUKggmjdcewYvJQo4FSwccFNNIsJHZI+6xgaEsm0l04PG+MTo/RwECnzQsBT9XdHSqTWI+mbymxLvehl4n9eJ4Hgykt5GCfAQjobFCQCQ4SzlHCPK0ZBjAwhVHGzK6YDoggFk2XBhOAsnrxMmudlp1qu3FdKtZt5HHl0hI7RKXLQJaqhO1RHDUTRE3pBb+jderZerQ/rc1aas+Y9h+gPrMk3G2Ceqw==</latexit>

0.636± 0.009stat [fm]
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PION NA7 DATA
only data amenable 

to an SPM extraction    

two measurements (’84, ’86) of the negative pion em form factor
<latexit sha1_base64="RGkqOcUdacEehg5tVxbbovfyaHU=">AAACD3icbVC7SgNBFJ31GeMramkzGBSrdXeJmjJgoWUC5gHZTZid3CRDZh/MzAphyR/Y+Cs2ForY2tr5N84mKTTxwMDhnHOZe48fcyaVZX0bK6tr6xubua389s7u3n7h4LAho0RQqNOIR6LlEwmchVBXTHFoxQJI4HNo+qObzG8+gJAsCu/VOAYvIIOQ9RklSkvdwpllWnbJ5YBrHQdftN2AqKEI0ltodJyJlxmW6Vx1C0UdnAIvE3tOimiOarfw5fYimgQQKsqJlG3bipWXEqEY5TDJu4mEmNARGUBb05AEIL10es8En2qlh/uR0C9UeKr+nkhJIOU48HUyW1cuepn4n9dOVL/spSyMEwUhnX3UTzhWEc7KwT0mgCo+1oRQwfSumA6JIFTpCvO6BHvx5GXScEz70rRqpWKlPK8jh47RCTpHNrpGFXSHqqiOKHpEz+gVvRlPxovxbnzMoivGfOYI/YHx+QOED5nL</latexit>

0.014  Q2/[GeV2]  0.26

PDG 20 (average)
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BEBEK 78
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Combined:
<latexit sha1_base64="xFXG55MQcmtO6cwtDZc1B19SP3s=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VwVRIpbTdCwY0boaJ9QBLDZDpph84kYWYilJDvcOOvuHGhiDtx4984aSto64ELh3Pu5d57/JhRqUzzyyisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfR9JwmhIOooqRvqxIIj7jPT88UXu9+6JkDQKb9UkJi5Hw5AGFCOlJa9sCc+J6V3qcKRGgqc37assOzer9ZrpxNysmmbDgfaPG/DM9cqVXM4Bl4k1JxUwR9srfziDCCechAozJKVtmbFyUyQUxYxkJSeRJEZ4jIbE1jREnEg3nb6WwROtDGAQCV2hglP190SKuJQT7uvO/Ea56OXif56dqKDppjSME0VCPFsUJAyqCOY5wQEVBCs20QRhQfWtEI+QQFjpNEs6BGvx5WXSPata9WrtulZpNedxFMEROAanwAIN0AKXoA06AIMH8ARewKvxaDwbb8b7rLVgzGcOwR8Yn9+4W6AE</latexit>

rSPM
⇡ = 0.640± 0.007 [fm]

<latexit sha1_base64="hciAvvaHrjOcAsIteVTy3m7yl8Y=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNaapdFNy4r2Ad0hpJJM21oMjMkd4Qy9DPc+CtuXCjitjv/xkxbQVsPBE7OuZd77/FjwTXY9peVW1vf2NzKbxd2dvf2D4qHRy0dJYqyJo1EpDo+0UzwkDWBg2CdWDEifcHa/ug289uPTGkehQ8wjpknySDkAacEjNQrXrjYLlcrNTeWhtjOVc+VBIZKphoITFzc/fkHcuK5uFcsmbIZ8CpxFqSEFmj0ilO3H9FEshCoIFp3HTsGLyUKOBVsUnATzWJCR2TAuoaGRDLtpbPDJvjMKH0cRMq8EPBM/d2REqn1WPqmMttSL3uZ+J/XTSCoeSkP4wRYSOeDgkRgiHCWEu5zxSiIsSGEKm52xXRIFKFgsiyYEJzlk1dJ67LsVMuV+0qpfrOII49O0Ck6Rw66RnV0hxqoiSh6Qi/oDb1bz9ar9WF9zktz1qLnGP2BNf0GGDeeqQ==</latexit>

0.648± 0.013stat [fm]

<latexit sha1_base64="FaI68QJUaiJE7vlP/uY7Tnqdhf8=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNaqu6KblxWsA/oDCWTZtrQZGZI7ghl6Ge48VfcuFDEbXf+jZm2grYeCJyccy/33uPHgmuw7S8rt7K6tr6R3yxsbe/s7hX3D5o6ShRlDRqJSLV9opngIWsAB8HasWJE+oK1/OFt5rcemdI8Ch9gFDNPkn7IA04JGKlbPHOxXa5eVN1YGmLb111XEhgomWogMHZx5+cfyLHn4m6xlJVlwMvEmZMSmqPeLU7cXkQTyUKggmjdcewYvJQo4FSwccFNNIsJHZI+6xgaEsm0l04PG+MTo/RwECnzQsBT9XdHSqTWI+mbymxLvehl4n9eJ4Hgykt5GCfAQjobFCQCQ4SzlHCPK0ZBjAwhVHGzK6YDoggFk2XBhOAsnrxMmudlp1qu3FdKtZt5HHl0hI7RKXLQJaqhO1RHDUTRE3pBb+jderZerQ/rc1aas+Y9h+gPrMk3G2Ceqw==</latexit>

0.636± 0.009stat [fm]
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Γfḡ Γgf̄

𝒱f
μ

Sf Sf

Sg

k+−

k++

k−−

0 5 10 15 20 25 30

0.00

0.02

0.04

0.06

0.08

0.10

0.12

Q 2 /GeV2

Q
2 F

K
0(
Q
2 )
/G
eV

2


