20234 PQCDAFit & 2023411 A 04 B

Mathematical foundation of the
Inverse problem approach

Ao0-Sheng Xiong

Lanzhou University

Based on [ASX, Ting Wei(%£4%), Fu-Sheng Yu(T #&+1)]
arXiv: 2211.13753




H 5K

® HEnil

® [ |o)@iIT48

® &EEMMR

® FNLEE

® HELAR

+ =R
® SRESKRE




FRESEH

BEANFER: ERNEERELGTE,
y oA L ob: 3]

B 5B A o B T e @ [wnan)-
2004F 17 U/RK

MBI A ZEFRERS [T

HE =

#&,2.00D (LQCD) : % — M eyt H ik, 252 B1: & Re ok B KA R AUk

AL T FL BT R S F AR E T H R R K

H Ak 75 % 4eQCD K A=HN| . Dyson—Schwinger 77 4%
FAH AL AR, PER TR E A8 A

¥ 3 0 2 16

(wmna) ?

203

ZREMNGEE “REEEE" EIRRMIEE

2023PQCD4F it &



RN

ETETHEHNEREXER, BN ERBRANIEHAYER:

r 7y I1(s) \ /- e \
s s

Dispersion Relation:

Known : perturbation
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To be solved calculable Phys.Lett.B 810(2020)

,y € lc,d],c>b
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Define:  The operator equation (3.1) is called well-posed if the following holds [8]:

1.Existence: For every g € G there is (at least one) f € F such that Kf = g;

2.Uniqueness: For every g € G there is at most one f € F with Kf = g;

3.Stability: The solution f depends continuously on g; that is, for every sequence (f,) C F with
Kf, = Kf(n — ), it follows that f,, — f(n — o0)
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> Kx =10"%x =y, x e R,y € R, AR FAZLx =K 1y =10%.,
Ey, =1y, = 1.01, L35 8Mx, = 10°,x, = 106 + 10*

> B FALEE — RIS XA ApxnXnxi = Duxio

LR FAZBG IS AR B =1y IRAEAN, HE-SHERYr,=n;
{ 2x1 + 3x, = 8

W = 1y = 2. 2x1 + 3.00001x, = 8.00002

BT F AL 69 A dm e LA 891k £ B

2x1 + .?)XZ = 8
2x1 + 3.00001x, = 8.00003

BAT R = —-0.5, xp =3 o MAAAETERNYTAL, RHFLEFEATH] XK K,
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K) is the analytic functions

" f(=) "1 f(x)
Kfz/ —xdxz/a§1—§d$

oo

_ 1 -
/a 2 (x)dx—kzz:oykﬂ/a z"f(z)dz

where the last equal sign uses the control convergence theorem:
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Thus, the R(K) is the analytic functions € [c, d]
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Theorem 3.3. Suppose that fi(x), f>(x) € L*(a,b). IfKfi = Kf> = g(y), y € [c.d], then we have
fix) = fo(x), a. e. x € [a,b].

b
L ;(_xidx =g,y €ledlc>b

Proof. Since K is a linear operator, we know that K fi — Kf> = K(f; — f>) = 0. Therefore, in order to

By using (3.6), we know that _Lf f(x)0,(x)dx = 0. Combined with the Cauchy inequality, we have
prove fi(x) = fa(x), a. e. x € [a, b], we just need to prove that K f = 0 implies f(x) = 0, a. e. x € [a, b].

~b
112y = fb fHx)dx = [ (£ = f)Qn(x))dx
It is easy to obtain that Kf = [ -Lf(x)dx = [} (L T2(2)F) f(x)dx. Since x € [a,b]. y € [c,d]. Ja Ja
¢ > b, we know |X| < |2] < 1, which implies that z;;‘;og)"f(x)} < 32 (K for all x € [a,b]. s f LFQOI- 1£ () = @n(0ldx
Combined with j:’ [f(x)ldx < +0co and the control convergence theorem, we have y ( fb f2 (x)dx) %( f"’ GO — O o) dx)%
b 00 b
yf y%xf(x)dx = Z )%f xkf(x)dx =0, yeled]. (3.4) = fll2@p)llf = Onllr2ap)
‘ L < (e + eVb = D)l fll 20,
If d = +o0, by using (3.4), we have

{ which implies that || fll,2, 5 < € + € Vb —a.

1

f fx)dx + ;f xfdx+-- -+ )7 f Hfydx+---=0, ye(c,+oo). (3.5) Letting € — 0, we have ||fll;2(,5) = 0. i. e. f(x) =0, a. e. x € [a,b]. The proof is completed. D]
a a a

Letting y — +oc0 in (3.5), we have fab f(x)dx = 0. Then multiplying y on both sides of (3.5) and letting

y — +oo, we also have jf xf(x)dx = 0. Repeating above process, we can obtain that

b
f)/‘f(x)dx=o, k=0,1,2,---. (3.6)
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We show the instability of the inverse problem of dispersion relation by the special case. Taking ‘ jb F(x)

dx =g(y),y €[c,d],c>b ‘

a=0,b=1¢=2,d =3, (x) = fi(x) + Vncos(nnx), and f, are the solutions of g, with ay—x

1

&) = Ll #ﬁ(x)dx. As n — oo, it is obvious that N
1 1/2 08 /
If2 = Aillizony = ( L (Vn COS(mrx))zdx) ] :

ol faa(0)

04

and

1 3 1 ] " " 1/2 0.3F
- = — — )" sin(nrrx)dx)“d 3.8 02|
llg2 = &1llz22.3) o= (j; (j; (y—x) (nnx)dx) y) (3.8) I
That means the solutions could be changed infinitely even though the noise of the input data is approaching 0 o1 o0z o3 04 o0s os 07 08 09 1

045

to vanish. So the inverse problem is unstable.
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||f5—f||F < ||K‘ 9° — K- gI|F
< [IK=1] HQS —HHG = |IK=*|6 Andreas Kirsch 2011
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Define: A regularization strategy is a family of linear and bounded operators R, : G — F,a > 0,

such that lin(l) R.,Kf = f forall f € F, where the « is the regularization parameter [8].
a—
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Toy Models: ‘ J;()dx—g(y)ye[cd]c>b ‘

M L FEf(x) = arfi(x) + ay fo()Fest 69 B N AEg (y), T3 B FEKIEI0R £ 17 7]
A HAEGO (), VAR RMGKIE WAL 77 ik 69 7T $ b

Model 1: a monotonic function as fi(x) = sin(mx), f2(x) = ¢* ;

Model 2: a simple non-monotonic function as fi(x) = xe™, f2(x) =0

Model 3: an oscillating function as f1(x) = sin(27x), fo(x) = x.

16 T T T 0.4 T T T 4

1al d 035} . ast
03} i 3l
0.25 8 25+
0.2} i 2l
015} . 15}
0.4} i i

0.05 | — 05t

1 L 1 1 1 1 1 1
o 0.5 1 15 2 4] 0.5 1 1.5 2 0 0.5 1 1.5 2

model 1 model 2 model 3
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2000 | 50
1500
1000 0
500

0 -50
-500
-1000 ¢ -100
-1500
-2000 7 : ; : 5 7 3 : 2 60 ; s : z 7 : g : ; -150 ; g ; : : : : ; ;

0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

model 1 model 2 model 3
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0.1 0.01 20 0.001 0.0001 1e-05
10 10 10 10
10
5 5 5
0 0
0 1 0 1 2 0 1 2 0 1 2 0 1 2
1e-06 1e-07 1e-08 1e-09 1e-10
10 10 10 10 10
5 5 5
0 0 0 0 0
0 1 2 0 1 2 0 1 2 0 1 2 0 1 2
1e-12 1e-13 1e-14 1e-15
20
10 10 10 10
5 5 5 10
0 0 0 0 0
0 1 2 0 1 2 0 1 2 0 1 2 0 1 2
e-16 10817 1e-18 1e-19 1e-20
400 1
200 W 1 1
-200 -500
0 1 2 0 1 2 0 1 2 0 1 2 0 1 2
model 1 model 2
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50
15 0.5 0.5 0.5 5 6 10
40 100
0.4 0.4 0.4 4 8
10 30 ¢
0.3 0.3 0.3 3 6
20 50
5 0.2 0.2 0.2 2 4
2
10
0.1 0.1 0.1 1 2
0 0 0
0 1 2 0 1 2 3 0 2 4 0 0 0 0 0 0
0 1 2 0 1 2 3 0 2 4 0 1 2 0 1 2 3 0 2 4
400 1000 2500
0.5 0.5 0.5 10 15 15
800 2000
300 0.4 0.4 0.4 8
600 1500 10 10
200 0.3 0.3 0.3 6
400 1000
0.2 0.2 0.2 4 5 5
100 200 500
0.1 0.1 0.1 2
0 0 0
0 2 4 6 0 2 4 6 0 2 4 6 0 0 0 0 0 0
0 2 4 6 0 2 4 6 0 2 4 6 0 2 4 6 0 2 4 6 0 2 4 6

model 1 model 2 | model 3
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1
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Stop by the L-curve method

018
015
a1 o1
wnceravey
| 005 008 m—(ruth
~‘ e —
o 0
112 14 16 18 2 0 02 04 08 038 1 12 14 16 18 2 0 02 04 08 08 1 12 14 18 18 2

wncedminty

(1N
i;}
I
g!
I}

20234-PQCDAF it 2




Sl

RIEIRE 75 7RIS - SHEMIERIN G ZELE

1. & F R e R AR 0s
2 B 4h A R £ ol
3. RE Bit kbR R 035
4 fefg A EA MM R, HASSE:
5. 4 3 LK o) AR w3k 4T 7 ot 02!

6. 7T VA G H A Tr ik 4 b Bk 0.5

0.1

0.05

B (2 K5) 2023-4-PQCDAF i &



X
i
il
i

BYE. o AR EG k,
o FHIEY G AL E F RPN T
o 3B E AL T AR R 5 B4R A R 9] A
o B R B E E AL ik 48 A A o

e

BFAERG 3 — T 4532,
32 [P ARG RN B, fE S L e
F IR B T ki B 6 6,

2023-FPQCDAF 11 &



20234-PQCDAF it 2



Y RES

e Solve107°x = y,x,y € R, thenx = 10°y.

e Ify=1,y3=1.01,6 = 0.01, then x = 10°, x5 = 10° +

10%. (compute error 1s too large)

* Tikhonov regularized solution 1s
x2 =10"%y%/(a + 1071?)

« Iftake a=10-!% the x_°=10°=x (very good)
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o 5 * How to choose o?
Xa In fact, we can prove that

10:{-6} 1.009998990 |x.§ - X| = |xc‘§ — xa'l + |xq — x|
10%-8} 100.989901010 < | —— | +| — — x| =-—=+
107{-9} 1008.991008991 a+10 @+10 Ve 2
13:?1?; 10000.000000000

- 91818.181818182 6 .
10812} =05000.000000000 If we know |x| < 10°, let RHS=min
10M-13} 918181.818181818 ie.
10°{-14} 1000000.000000000 Vo, a12 5
10M-15} 1008991.008991009 5 10 ~2/a
10M-16} 1009899.010098990
10M-17} 1009989.900100999 >
10M-18} 1009998.990001010
10{-19} 1009999.899000010 0=06/1012=1014
107M-20} 1009999.989900000

We need to use some information of x which is unknown.
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