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Background

Charmonium Bottomonium bc meson

® Since the discovery of J /3 in 1974, the heavy quarkonium production
has been a focus of theoretical and experimental researches.

e Heavy quarkonium is the simplest hadron in QCD, similar to the
hydrogen atom in QED.

e Heavy quarkonium present an ideal laboratory for the studying QCD,

which can help to understand the interplay between the perturbative
effects and nonperturbative effects.
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Background

Experiment
aglete™ = J/Y +]/P) X Bs, < 9.1 ( )
g(ete” - J/Y +1n,) X B5,=25.6 + 2.8 + 3.4fb ( )
glete™ > J/Y + xq0) X Bs,=6.4+ 1.7 + 1.0fb ( )
olete™ = J/Y +1n.) X B>,=17.6 + 2.8%12fb ( )

oglete” - p®+p°) =20.7+0.74+2.7fb (
olete” - p°+¢)=57+05=0.8fb (

Theoretical Calculation

e The LO NRQCD predictions is even greater than the LO NRQCD

prediction for ete™ - J /Y + 1,
8.7fb
6.65fb

e Two-photon exchange model, considered the photon fragmentation
contribution only
2.38fh
e Further took into account the non-fragmentation contribution within the
NRQCD factorization framework,
1.69+0.35fb
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Theoretical Calculation

e The NLO NRQCD predictions, the combined NLO perturbative and

relativistic corrections

-3.4~2.3fb
-12~-0.43fb

e Following the recipe practised in PRD 74, 074014 (2006), splitting the
amplitude into the photon-fragmentation and non-fragmentation parts
1~1.5fb
e Following PRD 74, 074014 (2006), the interference and the non-
fragmentation parts are then computed through NNLO within NRQCD
2.13%552fb

Motivation

1. The NLO perturbative correction turns out to be negative and significant,
the NNLO correction in the standard NRQCD?

2. How to obtain an positive, physical cross section in the standard NRQCD?
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Cross Sections and NRQCD Factorization

e Under the NRQCD factorization, the cross section for ete™ — J/y + J /i
can be written as

a(e+e_—>]/¢+]/1/))
=g(e*te™ - (cO[3SM] + (o[ LSl ])X(Omp)

Short-distance coefficients (SDCs) Long-distance matrix elements (LDMES)
perturbative calculable nonperturbative, universal

Separate the short-distance effect and long-distance dynamics

e At B factories, the process and expressed as

1
o(ete” = ]/ +]/W) = 5= ) 141 do,
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Calculation of the NNLO SDCs

e The SDCs can be derived by the perturbative matching procedure.

¢ |n the lowest-order nonrelativistic approximation, only the color-singlet
contribution need to be considered.

e Nearly 600 two-loop diagrams for the processes ete™ — (c0)| 351[1]] +
(co)[ 351[1]] (FeynArts)

Figure 1. Several representative Feynman diagrams for ete™ — (c€) [3S’£1]] + () [35{11].

s 6/20



Introduction Cross Sections and NRQCD Factorization Phenomenological results Summary

Calculation of the NNLO SDCs

e Handle the Lorentz index contraction and Dirac/SU(NCc) traces
(FeynCalc)

e Decompose the Feynman amplitudes into 234 Feynman integral families
(CalcLoop)

e Calculate the Feynman integrals (87287 FIs)
(Kira, AMFlow)

—e—e # ¢' @ Re(n) 8 = =

¢ \We demand 10-digit precision for each Feynman integral family.
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Renormalization

e The amplitudes are renormalized according to

2 0l 1l 21
A(asa mQ) — Z2,c [*Abare + Abare(as,barm mQ,bare) + Abarre(as,barm mQ,bare)]

eENT o IS
where ™M@ bare — Zm,QmQ s bare — (E) :UJREZQS Ofs(/-LR)a

(n) o\, o,
7 1 g bo N g b§ by
as = 2 e 271 4e? Ke

® The renormalized A(as, mg) can be obtained by expanding the r.h.s. of
such equation over renormalized quantities to O (a?),

A(as,mg) = A%(mg) + A% (as, mg) + A% (as, mg) + O(a?)
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Calculating amplitudes

e Complete-basis space

/ |61> \ / gplpzﬂme(kz)‘pz'ume(k:l) \
le2) K 2 O ( 2).p2.ume(/€1) + kb kSQEmE(kg).}ﬁz.ume(kl)
le3) kY R Om, (ko) Py -tim, (K1) — K" kb O, (K2) Py tm, (K1)
[y kY kS O, (K2) -y -t (K1)
(2 kplkpz?_}me ko). T k1
_ Po
le6) K12 0m, (ko) P g, (K1) + kY T, (K2) P2 i, (K1)
le7) K2, (k2) Pt i, (k1) — kb O, (k2) P2 i, (K1)
les) K O, (K2) P2 i, (K1) + k2 O, (K2) AP i, (K1)
leg) K O, (ko) P2 i, (K1) — K5 T, (K2) P i, (K1)
\\610)) \ U, (k2)-Py- 77" 7% U, (K1) )
. Amplitudes ) o g
A" |n=0,1,2 = Zci €3) =02 = ZG ,jld?l

— l . - =012 = (A”l\ez'>
ml gnl,* m N :
ATA Z Z Ci Glj J : Gi,j = <ei‘€j>

=1 j5=1
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Differential cross section

e Then, the differential cross section can be written as

do_, _ ol (sl 2
ete = (@PSU+H@Ps)] 1 K Lo | o4u g2 3
d| cos 0| 85167 AT+ AT+ AT O(ay)
1
— glﬁiﬂ_OAOllQ —FQRG(AllAOl’*) +2R6(A21AOZ,*) 1+ |A”|2

+2Re(AMAM) 4+ [AH P -,

where k = y/1 — (16m2)/s and 6 is the angle between the J/1 and the beam.

e The square of NNLO amplitude (S-NNLO)

AY PPl 4-[2Re (AN A%+ 2Re(A*AYY) + AV 1 2Re(AHANY) 4 [AH? 4 -
LO NLO NNLO

. . . . 2
e There still remains IR divergence in A2LA%*, A2LA* A2
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Differential cross section

e The anomalous dimension for the NRQCD current J

dln Z; T2 s\ 2 .
Ny = = —Cp (20 +3C4) — (= O(a?).
& dIn p F(2CF +3C4) 6 (ﬂ') +0)

¢ By including the two-loop corrections to the NRQCD bilinear operators
carrying the quantum number of J /i in MS scheme

] 2078\ T /C2 CpC4\ 1
(ce)3st 3 oty _ 2 HA€ F Fla) 1
(O s pls = 281 o) (M35 ) (F+ 95 ) 5

2€

e The differential cross section for e*e™ — J /Y + J /1 can be written as

d0creappraps _ Vet sepsirepstl] (070 CS))?
d| cos 0| d| cos 0| (O(cc)[SSF]](?,SP]))ﬂM_S

= (fo+ fras + fao? +|f3ad + faa - )| RYY(0)*
where (07/*(*${!h)) ~ N.|RJ/*(0)[?/(2r)  incomplete
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Phenomenological results

® |nput parameters:

Vs = 10.58GeV, m, = 4.8GeV, m, = 1.5GeV, a(2m,) = 1/132.6,

2 2
a,(M;) = 0.1179, |R/V(0)| =0.492Gev?, |R/¥(0)| = =0.796GeV?,
LO NLO
2
RJ% (0)] =1.810GeV?3,
NNLO,up=1GeV
* The leptonic decay widths : I} .+~ = 5.53keV
40&282 g Qg 2 ,u2 1
LJjpsere- = - |RSJ/¢(0)12{1 - 2Cr—+ (?) [— 2CF By In #; - 3«201:(@01?

1 1A 897% 151 57 13
—Ca )l I P W
+12CA) Pz T CACF( a2 e MET e

23 7972 1 22 27?2
+C2 <—— il +7T21H2—§C3)+CFTFRH (——i)

9 9




Introduction Cross Sections and NRQCD Factorization ~ Calculation of the NNLO SDCs ~ Phenomenological results Summary

Phenomenological results

e The differential cross section fore*e™ — J /iy + J /3 can be written as

1
docregpprapy  Wetes(apsiliceapsit) (07352
d| cos 6 - d| cos @ o) 35t [1]
| | | | (0P 382
2 4 4
= (fo + fias + foas + f30f§ + facg + - )\stw(oﬂ
| cos 0] fo fi f2
0.193 3.0687 —11.1472 —43.3988 + 0.5647ns — 11.14723,L, — 15.9116L,,,
0.402 3.8973 —14.2469 —54.8858 + 0.7247n; — 14.24695,L,, — 20.2080L,,,
0.601 5.9060 —21.6244 —83.0903 + 1.1036m 7 — 21.624450L,, — 30.6282L,,,
0.698  7.9392 —28.9420  —111.9326 + 1.4775n; — 28.942980L,, — 41.1664L,,,
0.800 12.0746 —43.5649  —171.1529 + 2.2221n; — 43.564953,L, — 62.6088L,,,
0.849 15.7238 —56.2870  —223.7382 + 2.8694n; — 56.287080L, — 81.5310L,,,

0.902 22.8893 —80.9980 —327.4304 + 4.1287ny — 80.99808¢L,, — 118.6851L,,,
0.922 27.1569 —95.6123 —389.3525 + 4.8758n ¢ — 95.61235¢L,, — 140.8136L,,,
0.951 37.0190 —129.2083 —532.7535 + 6.6029n — 129.20835¢ L, — 191.9502L,,,
0.975 50.9428 —176.3416 —735.9322 + 9.0683n; — 176.341659L,, — 264.1479L,,,
0.999 54.7376 —187.8744 —797.7502 + 10.2369ns — 187.87443yL,, — 283.8247L,,,

where By = & (11— 2n;) L, =In“E L, —In
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Phenomenological results

| cos 6| f3

0.103  92.0656 + 12.3660L, + 28.9002L,,,
0.402 117.4510 + 15.9175L,, + 36.9363L,, ,
0.601 178.1131 + 24.2128 L, + 56.0634 L, ,
0.698 238.4933 + 32.2766L,, + 75.0372L,,,
0.800 359.3808 + 48.0764 L, + 112.9460L,,
0.849 464.6776 + 61.6160L,, + 145.9294L, ,
0.902 669.2768 + 87.6152L,, + 209.9949L, ,
0.922  790.2901 + 102.8788L,, + 247.8839L,,
0.951 1068.4986 + 137.7803L,, + 334.9846L,,,
0.975  1458.9501 + 186.4323L,, + 457.1819L,,,
0.999  1557.3600 + 196.9479L,, + 487.0818L,,,
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Phenomenological results

| cos 0] fa
0.193 209.5396 + 56.1687L,, + 131.4701L,,, + 17.6318L,,L,,, + 3.7722L2 + 20.6262L?
0.402 265.3937 + T1.6562L,, + 166.7230L,,, + 22.5346L,, L, + 4.8556L2 + 26.1955L2

0.601 401.8986 + 108.6657L,, + 252.5597L,,, + 34.2039L,L,,, + 7.3860Li + 39.7032L2

HA

0.698 540.8027 + 145.5020L,, + 339.6221L,,, +45.7797L,L,,, + 9.8459Lﬁ + 53.36391}%A

0.800  824.0584 + 219.2561L,, + 517.0743L,,, + 68.9077L, L, + 14.6655L% + 81.1595L2
0.849  1074.4249 + 283.4970L,, + 673.7844L,,, + 89.0306L, L ., + 18.7958L2 + 105.6884L2

0.902  1566.1342 + 408.3217L,, + 981.5335L,,, + 128.1166L,,L,,, + 26.7267L2 + 153.8510L2
0.922 1858.9494 + 482.1512L,, + 1164.8197L,,, + 151.2324L,, L, + 31.3829L2 + 182.5361L2
0.951  2536.2604 + 651.8733L,, + 1588.3677L,,, + 204.3721L, L, + 42.0205L2 + 248.8244L7
0.975 3491.4667 + 890.0966L,, + 2186.5424L,,, + 278.9239L,,L,,, + 56.8706L2 + 342.4140L7

0.999 3766.2171 + 950.1359L,, + 2354.0053L,,, +297.1657L,L,, + 60.0783Li + 367.92091}%A

e They are not changed when we demand 10-digit or 20-digit precision
for each Feynman integral family
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renormalization scales uyp dependence

e The up dependence of the differential cross section at LO, NLO, NNLO,
the square of NLO amplitude (S-NLO), and the square of NNLO
amplitude (S-NNLO).

10_' ———————————————————————————
5F o o—--
T
or -
= 5 lcosf| =08 =T ;
N S _
= A
-15F L ~ _ S.NNLO
: el S-NLO
20¢ 7 —-—-NNLO
- NLO
250, —LO
L/
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Summary

Differential cross section

e The differential cross section for e*e™ — J /Y + J /4. (central value for
Ur=+/s/2, bound for up € [2m,+/s])

30
: -& S-NNLO
- S-NLO
201 ~o-NNLO
e NLO
— 1.0
=
~=

eos(6)]
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Integrated cross section

e The integrated cross section can be obtained by using the trapezoidal rule
approximately

f;f Flz)dz = f(392)‘5f($1) (z2—x1)

e The integrated cross section (in fb) of e*e™ — J/y + J /3 with three
typical renormalization scales up.

o (fb) LO NLO NNLO S-NLO S-NNLO

wgp=2m. 229 061 —21.10 1.83 0.12
up=+/5/2 229 154 —11.97 2.37 1.76
R =+/5 229 225 —527 284 1.17

Scale uncertainties are ~ 106%, 132%, 43%, 230%
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Introduction
Integrated cross section

e The integrated cross section (in fb) of e*e™ — ]/ + J /4 at the B factories :

L +2.414+0.25
0s—NNLO = 1.767 7, 055

_ +2.42

— 1°76—1.66 (fb)a
Uncertainties caused by: ur € [2m,,/s] and the method for estimating the
Integrated cross section from the differential cross section.

e Results of PRL 131 (2023) 161904

o (fb) Fragmentation = LO NLO NNLO
Optimized NRQCD 5 5 1.85  1.9370-02 2.1310-30
Traditional NRQCD 6.12 1.56197 —2.38%127

e Exp: an upper limit is placed, o(e*te™ —» J/Y + J /) B>, < 9.1 fb at the
90% confidence level,
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® The up dependence of the cross section for ete™ —
J /Y + J /Y becomes larger at the NNLO level.

e The NNLO prediction for ete™ - J/y + J /i suffers
from an unphysical, negative cross section.

¢ \\/e obtain a physical prediction of the cross section for
ete™ - J/Y + J /¢ in the standard NRQCD method.

Thanks
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