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 Since the discovery of 𝐽/𝜓 in 1974, the heavy quarkonium production 

has been a focus of theoretical and experimental researches.

 Heavy quarkonium is the simplest hadron in QCD, similar to the 

hydrogen atom in QED.

 Heavy quarkonium present an ideal laboratory for the studying QCD, 

which can help to understand the interplay between the perturbative 

effects and nonperturbative effects.
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Charmonium Bottomonium 𝑏 ҧ𝑐 meson
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 𝜎(𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓) × ℬ>2 < 9.1fb (Belle, PRD 2004)

 𝜎(𝑒+𝑒− → 𝐽/𝜓 + 𝜂𝑐) × 𝐵≥2=25.6 ± 2.8 ± 3.4fb (Belle, PRD 2004)

 𝜎(𝑒+𝑒− → 𝐽/𝜓 + 𝜒𝑐0) × 𝐵≥2=6.4 ± 1.7± 1.0fb (Belle, PRD 2004)

 𝜎(𝑒+𝑒− → 𝐽/𝜓 + 𝜂𝑐) × 𝐵≥2=17.6 ± 2.8−2.1
+1.5fb (BaBar, PRD 2005)

 𝜎(𝑒+𝑒− → 𝜌0 + 𝜌0) = 20.7 ± 0.7 ± 2.7fb (BaBar, PRL 2006)
 𝜎(𝑒+𝑒− → 𝜌0 + 𝜙) = 5.7 ± 0.5 ± 0.8fb (BaBar, PRL 2006)

Experiment

Theoretical Calculation

 The LO NRQCD predictions is even greater than the LO NRQCD 

prediction for 𝑒+𝑒− → 𝐽/𝜓 + 𝜂𝑐
G. T. Bodwin, J. Lee and E. Braaten, PRL 2003 8.7fb

G. T. Bodwin, J. Lee and E. Braaten, PRD 2003 6.65fb

 Two-photon exchange model, considered the photon fragmentation 

contribution only
M. Davier, M. E. Peskin and A. Snyder, arXiv:hep-ph/0606155 2006    2.38fb

 Further took into account the non-fragmentation contribution within the 

NRQCD factorization framework,
G. T. Bodwin, E. Braaten, J. Lee and C. Yu, PRD 2006 1.69±0.35fb
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1、The NLO perturbative correction turns out to be negative and significant, 

the NNLO correction in the standard NRQCD?

2、How to obtain an positive, physical cross section in the standard NRQCD?

Motivation

Theoretical Calculation

 The NLO NRQCD predictions, the combined NLO perturbative and 

relativistic corrections
B. Gong and J. X. Wang, PRL  2008 -3.4~2.3fb

Y. Fan, J. Lee and C. Yu, PRD  2013 -12~-0.43fb

 Following the recipe practised in PRD 74, 074014 (2006), splitting the 

amplitude into the photon-fragmentation and non-fragmentation parts

Y. Fan, J. Lee and C. Yu, PRD  2013    1~1.5fb

 Following PRD 74, 074014 (2006), the interference and the non-

fragmentation parts are then computed through NNLO within NRQCD

W. L.Sang, F. Feng, Y. Jia, Z. Mo, J. Pan and J. Y. Zhang, PRL 2023   2.13−0.06
+0.30fb
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𝜎(𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓)

= ො𝜎(𝑒+𝑒− → 𝑐 ҧ𝑐 [ 3𝑆1
[1]
] + 𝑐 ҧ𝑐 [ 1𝑆0

[1]
])× 𝒪𝐽/𝜓 2

 Under the NRQCD factorization, the cross section for 𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓
can be written as

Short-distance coefficients (SDCs)

perturbative calculable

Long-distance matrix elements (LDMEs)

nonperturbative, universal

Separate the short-distance effect and long-distance dynamics 

 At B factories, the process and expressed as

𝜎(𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓) =
1

8𝑠
෍ 𝐴 2 𝑑Φ2

G.T. Bodwin, E. Braaten and G.P. Lepage, PRD 1995
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 The SDCs can be derived by the perturbative matching procedure.

 In the lowest-order nonrelativistic approximation, only the color-singlet 

contribution need to be considered.

 Nearly 600 two-loop diagrams for the processes 𝑒+𝑒− → 𝑐 ҧ𝑐 [ 3𝑆1
[1]
] +

𝑐 ҧ𝑐 [ 3𝑆1
[1]
](FeynArts) T. Hahn, CPC 2001
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 Handle the Lorentz index contraction and Dirac/SU(Nc) traces

(FeynCalc)

 Decompose the Feynman amplitudes into 234 Feynman integral families 

(CalcLoop)

 Calculate the Feynman integrals (87287 FIs)

(Kira, AMFlow)

V. Shtabovenko, R. Mertig and F. Orellana, CPC 2016

J. Klappert, F. Lange, P. Maierhöfer and J. Usovitsch, CPC 2021

X. Liu and Y.-Q. Ma, CPC 2023

 We demand 10-digit precision for each Feynman integral family.

X. Liu, Y.-Q. Ma and C.-Y. Wang, PLB 2018

Yan-Qing Ma, https://gitlab.com/multiloop-pku/calcloop
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 The amplitudes are renormalized according to

P. Bärnreuther, M. Czakon and P. Fiedler, JHEP 2014

W. Tao, R. Zhu and Z.-J. Xiao, PRD 2022

where

 The renormalized 𝒜(𝛼𝑠，𝑚𝑄) can be obtained by expanding the r.h.s. of 

such equation over renormalized quantities to 𝒪(𝛼𝑠
3),
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 Complete-basis space

 Amplitudes
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 Then, the differential cross section can be written as

 The square of NNLO amplitude (S-NNLO)

LO NLO NNLO

 There still remains IR divergence in 𝒜2𝑙𝒜0𝑙,∗, 𝒜2𝑙𝒜1𝑙,∗ 𝒜2𝑙 2.
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 The anomalous dimension for the NRQCD current J

 By including the two-loop corrections to the NRQCD bilinear operators 

carrying the quantum number of 𝐽/𝜓 in MS scheme

H.S. Chung, JHEP 2020

 The differential cross section for 𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓 can be written as 

A. Czarnecki and K. Melnikov, PRL 1998、M. Beneke, A. Signer and V.A. Smirnov, PRL 1998

A. Czarnecki and K. Melnikov, PLB 2001

where incomplete
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𝑠 = 10.58GeV，𝑚𝑏 = 4.8GeV，𝑚𝑐 = 1.5GeV，𝛼 2𝑚𝑐 = 1/132.6，

𝛼𝑠 𝑀𝑧 = 0.1179, 𝑅𝑠
𝐽/𝜓

(0)
𝐿𝑂

2
=0.492GeV3， 𝑅𝑠

𝐽/𝜓
(0)

𝑁𝐿𝑂

2
=0.796GeV3，

𝑅𝑠
𝐽/𝜓

(0)
𝑁𝑁𝐿𝑂,𝜇Λ=1𝐺𝑒𝑉

2
=1.810GeV3，

PDG, PTEP 2022 

G.T. Bodwin, J. Lee and C. Yu, PRD 2008

 Input parameters: 

 The leptonic decay widths : Γ𝐽/𝜓→𝑒+𝑒− = 5.53keV

F. Feng, Y. Jia, Z. Mo, J. Pan, W.-L. Sang, 

and J.-Y. Zhang, arXiv:2207.14259
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 The differential cross section for 𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓 can be written as 

where
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 They are not changed when we demand 10-digit or 20-digit precision 

for each Feynman integral family 
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 The 𝜇𝑅 dependence of the differential cross section at LO, NLO, NNLO，
the square of NLO amplitude (S-NLO)，and the square of NNLO 

amplitude (S-NNLO).

cos 𝜃 = 0.8
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 The differential cross section for 𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓. (central value for 

𝜇𝑅= 𝑠/2, bound for 𝜇𝑅 ∈ [2𝑚𝑐 , 𝑠])
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 The integrated cross section (in fb) of 𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓 with three 

typical renormalization scales 𝜇𝑅. 

 The integrated cross section can be obtained by using the trapezoidal rule 

approximately Ueberhuber, C. W. Berlin: Springer-Verlag, 1997.

Scale uncertainties are ~ 106%, 132%, 43%, 230%
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 The integrated cross section (in fb) of 𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓 at the B factories :

Uncertainties caused by: 𝜇𝑅 ∈ 2𝑚𝑐 , 𝑠 and the method for estimating the 

integrated cross section from the differential cross section. 

 Results of PRL 131 (2023) 161904

 Exp:  an upper limit is placed, 𝜎(𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓) ℬ>2 < 9.1 fb at the 

90% confidence level,
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 The 𝜇𝑅 dependence of the cross section for 𝑒+𝑒− →
𝐽/𝜓 + 𝐽/𝜓 becomes larger at the NNLO level.

 The NNLO prediction for 𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓 suffers 

from an unphysical, negative cross section.

 We obtain a physical prediction of the cross section for 

𝑒+𝑒− → 𝐽/𝜓 + 𝐽/𝜓 in the standard NRQCD method.

Thanks！
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