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Doubly charmed baryons
Theoretical studies
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Doubly charmed baryons
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Heavy diquark-antiquark symmetry

Unknown Low Energy Constants

• Experimental data

• Lattice QCD data

• Symmetries

• ……


Baryon chiral perturbation theory (BChPT)
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Doubly charmed baryons
Determination of LECs  

on Lattice

Operators

Energy levels

Scattering length

Phase shift
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D*s0(2317)

T+
cc

Λ(1405)

Scattering lengths in Lattice QCD

Scattering lengths in BChPT

a(S,I)
0+ =

mψ

4π (mψ + mϕ) {[A(S,I)(s,0)]q2=0
+ mϕ [B(S,I)(s,0)]q2=0}

a(S,I)
1+ =

mψ

6π (mψ + mϕ) {[∂tA(S,I)(s, t)]t=0,q2=0
+ mϕ [∂tB(S,I)(s, t)]t=0,q2=0}

a(S,I)
1− = a(S,I)

1+ −
1

16πmψ (mψ + mϕ) {[A(S,I)(s,0)]q2=0
− (2mψ + mϕ) [B(S,I)(s,0)]q2=0}

Z.-R. Liang, P.-C. Qiu, and D.-L. Yao, JHEP 07, 124 (2023).
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Simulation in Lattice QCD
Determination of LECs  

on Lattice

Operators

Energy levels

Scattering length

Phase shift

Doubly Charmed Baryon operators

Goldstone boson operators 𝒪M(x) ≡ ψ̄ f1(x)Γψ f2(x)

𝒪π+(x) = d̄(x)a
α(γ5)αβ

u(x)a
β

𝒪π0(x) =
1

2 (ū(x)a
α(γ5)αβ

u(x)a
β − d̄(x)a

α(γ5)αβ
d(x)a

β)
𝒪η(x) =

1

2 (ū(x)a
α(γ5)αβ

u(x)a
β + d̄(x)a

α(γ5)αβ
d(x)a

β)

𝒪K+(x) = s̄(x)a
α(γ5)αβ

u(x)a
β

𝒪K0(x) = s̄(x)a
α(γ5)αβ

d(x)a
β

𝒪B
γ (x) = ϵijkP± [ψ f1,i

α (x)(Cγ5)αβ
ψ f2,j

β (x)] ψ f3,k
γ (x)

𝒪Ξ++
cc (ccu)(x) = ϵijkP+ [QiT

c (x)Cγ5q
j
u(x)] Qk

c(x) 𝒪Ξ+
cc(ccd)(x) = ϵijkP+ [QiT

c (x)Cγ5q
j
d(x)] Qk

c(x)

𝒪Ω+
cc(ccs)(x) = ϵijkP+ [QiT

c (x)Cγ5q
j
s(x)] Qk

c(x)
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Simulation in Lattice QCD
Determination of LECs  

on Lattice

Operators

Energy levels

Scattering length

Phase shift

Two-particle operators

𝒪I=0
ΞccK

(t) =
1

2
𝒪Ξ++

cc
(t)𝒪K0(t) −

1

2
𝒪Ξ+

cc
(t)𝒪K+(t)

𝒪I=1
ΞccK(t) = 𝒪Ξ++

cc
(t)𝒪K+(t) 𝒪I=3/2

Ξccπ
(t) = 𝒪Ξ++

cc
(t)𝒪π+(t)

𝒪I=1/2
ΩccK̄

(t) = 𝒪Ω+
cc
(t)𝒪K̄0(t)

𝒪ΞccK, I=0
p1,p2

= ∑
α,p1,p2

Cα,p1,p2 ( 1

2
𝒪Ξ++

cc ,α(p1)𝒪K0(p2) −
1

2
𝒪Ξ+

cc,α(p1)𝒪K+(p2))

𝒪Ξccπ, I=3/2
p1,p2

= ∑
α,p1,p2

Cα,p1,p2 (𝒪Ξ++
cc ,α(p1)𝒪π+(p2))

𝒪ΞccK, I=1
p1,p2

= ∑
α,p1,p2

Cα,p1,p2 (𝒪Ξ++
cc ,α(p1)𝒪K+(p2))

𝒪ΩccK̄, I=1/2
p1,p2

= ∑
α,p1,p2

Cα,p1,p2 (𝒪Ω+
cc,α(p1)𝒪K̄0(p2))

For s-wave scattering,  JP =
1
2

−
⟶ G−

1

H. Xing, J. Liang, L. Liu, P. Sun, and Y.-B. Yang, 
arXiv:2210.08555 [hep-lat] (2022).
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Simulation in Lattice QCD
Determination of LECs  

on Lattice

Operators

Energy levels

Scattering length

Phase shift

Two point correlation function

⟨𝒪 ( ⃗x, t) 𝒪† (0)⟩ =
∞

∑
n=0

⟨0 |𝒪 |n⟩⟨n |𝒪† |0⟩
2En

e−Ent = c0e−E0t + c1e−E1t + ⋯

c0e−E0t

c0e−E0t + c1e−E1t

Excited states are suppressed at large t

⟨𝒪 ( ⃗x, t) 𝒪† (0)⟩ ≈ for one state fit

for two state fit

⟨𝒪M(x)𝒪†
M (0)⟩

= ⟨ψ̄ f1,a
α (x)Γαβψ f2,a

β (x)ψ̄ f2,b
α′ 

(0)Γα′ β′ 
ψ f1,b

β′ 
(0)⟩

= − ΓαβΓα′ β′ 
G f1,ba

β′ α (0,x)G f2,ab
β′ α′ 

(x,0)

= − tr [ΓG f2(x,0)ΓG f1(0,x)]
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Simulation in Lattice QCD
Determination of LECs  

on Lattice

Operators

Energy levels

Scattering length

Phase shift

Four point correlation function

Cij(t) = ∑
tsrc

⟨𝒪i (t + tsrc) 𝒪†
j (tsrc)⟩ C(t)vn(t) = λn(t)C (t0) vn(t)

λn(t) = (1 − An) e−En(t − t0) + Ane−E′ n(t − t0)

Efree = m2
1 + p2

1 + m2
2 + p2

2

H. Xing, J. Liang, L. Liu, P. Sun, and Y.-B. Yang, 
arXiv:2210.08555 [hep-lat] (2022).

• Solve generalized eigenvalue problem (GEVP)

• Extract effective mass by two-exponential fit

M. Luscher and U. Wolff, Nucl. Phys. B 339, 222 (1990).

• Compare with non-interacting energy

Energy shift ΔE
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Simulation in Lattice QCD
Determination of LECs  

on Lattice

Operators

Energy levels

Scattering length

Phase shift

Luscher’s formula for two-body scattering

p cot δ0(p) =
2

L π
𝒵00 (1; q2)

E = m2
1 + p2 + m2

2 + p2 q =
pL
2π

For single channel s-wave scattering

det[1 + iρ ⋅ t ⋅ (1 + iM)] = 0

M. Luscher, Nucl. Phys. B 354, 531 (1991).

M. Werner and others, Eur. Phys. J. A 56, 61 (2020). 9 /19



Simulation in Lattice QCD
Determination of LECs  

on Lattice

Operators

Energy levels

Scattering length

Phase shift

Scattering amplitude

t(J)
l ∼

1
p cot δ(J)

l − ip

Effective range expansion

p cot δ0 =
1
a0

+
1
2

r0p2

For partial wave  and total angular momentum l J
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• H. Xing, J. Liang, L. Liu, P. Sun, and Y.-B. Yang, 
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H. Xing, J. Liang, L. Liu, P. Sun, and Y.-B. Yang, 
arXiv:2210.08555 [hep-lat] (2022).
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Lattice setup
Gauge configurations from CLQCD

The results presented in this talk are based on

• Two ensembles of gauge configurations with 2+1 dynamical quark flavors.

• Pion mass ~ 295 MeV.

• tree-level Symanzik-improved gauge action.

• Shekholeslami-Wohlert fermion action with tree-level tadpole improvement

• Distillation quark smearing


Charm quark mass

• Determined by physical spin-averaged mass 
of  and 


• DCB mass deviate from continuum 
dispersion relation due to lattice artifacts


ηc J/Ψ
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Lattice setup

Distillation quark smearing method

Nt × N3
x × Ncolor × Nspin ⟶ Nt × Nspin × Nev

□ (t) = V(t)V†(t) ⟶ □xy (t) =
Nev

∑
k=1

v(k)
x (t)v(k)†

y (t)

• M. Peardon, J. Bulava, J. Foley, C. Morningstar, J. Dudek, R. G. Edwards, B. Joo, H.-
W. Lin, D. G. Richards, and K. J. Juge, Phys. Rev. D 80, 054506 (2009).


• R. G. Edwards, J. J. Dudek, D. G. Richards, and S. J. Wallace, Phys. Rev. D 84, 
074508 (2011).


• C. Egerer, D. Richards, and F. Winter, Phys. Rev. D 99, 034506 (2019).

• H. Xing, J. Liang, L. Liu, P. Sun, and Y.-B. Yang, arXiv:2210.08555 [hep-lat] (2022).

• ……

−∇2
xy(t) = 6δxy −

3

∑
j=1

(Ũj(x, t)δx+ ̂𝚥,y + Ũ†
j (x − ̂𝚥, t)δx− ̂𝚥,y)

• Perambulators and eigenvectors are 
generated from CLQCD ensembles.


• The number of eigenvectors is set to 

.


• Contraction done by opt_einsum 
package in Python.

Nev = 100

Smearing

• Signal-to-noise ratio

• Quark smearing method: Jacobi smearing, distillation smearing, ……
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Results
BChPT scattering length results Z.-R. Liang, P.-C. Qiu, and D.-L. Yao, JHEP 07, 124 (2023),    L. Meng and S.-L. Zhu, Phys. Rev. D 100, 014006 (2019).
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Results
Single particle effective mass

L48

L32
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Preliminary results



Results
Two particle effective mass

L48

L32

Preliminary results
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ResultsΩccK̄ → ΩccK̄ (−2, 1/2)

ShiftedOriginal

t(J)
l ∼

1
p cot δ(J)

l − ip

p cot δ0 =
1
a0

+
1
2

r0p2

E′ p = Ep + (Mcont.
ϕ(p) + Mcont.

Bcc(p)) − (Mlat.
ϕ(p) + Mlat.

Bcc(p))

Preliminary results

16 /19



ResultsΞccK → ΞccK (1, 1)

Original Shifted

t(J)
l ∼

1
p cot δ(J)

l − ip

p cot δ0 =
1
a0

+
1
2

r0p2

E′ p = Ep + (Mcont.
ϕ(p) + Mcont.

Bcc(p)) − (Mlat.
ϕ(p) + Mlat.

Bcc(p))

Preliminary results
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ResultsΞccK → ΞccK (1, 0)

Original Shifted

t(J)
l ∼

1
p cot δ(J)

l − ip

p cot δ0 =
1
a0

+
1
2

r0p2

E′ p = Ep + (Mcont.
ϕ(p) + Mcont.

Bcc(p)) − (Mlat.
ϕ(p) + Mlat.

Bcc(p))

Preliminary results
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ResultsΞccπ → Ξccπ (0, 3/2)

Original Shifted

t(J)
l ∼

1
p cot δ(J)

l − ip

p cot δ0 =
1
a0

+
1
2

r0p2

E′ p = Ep + (Mcont.
ϕ(p) + Mcont.

Bcc(p)) − (Mlat.
ϕ(p) + Mlat.

Bcc(p))

Preliminary results
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Summary and outlook
Summary 

• Better understanding of hadron spectroscopy.


• Determination of LECs in BChPT.


• Examination of the validity of HDAS.


• A virtual state in  channel.


Outlook 

• More interpolators.


• Coupled channels.


• Lighter pion mass ~ 220 MeV.


• Chiral extrapolation.

(S, I) = (1,0)


