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Introduction

◀ What is Jet and Jet Substructure.

Hadron-hadron collision as simulated by a
Monte-Carlo event generator for high
energy jets [1]

Decay sequences in tt̄ and dijet
QCD events[2]
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Calorimetric Correlators

Calorimetric Correlators[3]

◀ Infrared and collinear (IRC) safe

◀ Lorentz invariant

◀ Permutation symmetry

Infrared and Collinear safety.

Any well-defined jet observable should remain consistent after a particle is split
collinearly or a soft particle is emitted.

◀ Collinear splittings and soft emissions occur randomly through the entire
process of jet production.

◀ For accurate fixed-order perturbative QCD calculation.

◀ Robust for uncertainty of experimental detectors.
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Calorimetric Correlators

Calorimetric Correlators[3]

◀ Infrared and collinear (IRC) safe

◀ Lorentz invariant

◀ Permutation symmetry

Lorentz invariant

Only limited observables are Lorentz invariant, for example, jet mass.

◀ For highly-boosted and narrow jets, the four momentum of jet and the
shape of jet can be separated.

◀ The Lorentz invariant could be relaxed to SO(2) rotation symmetry
around the jet direction.

◀ Decomposed into combination of energy-weighted particles pairwise
correlators.
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Calorimetric Correlators

Calorimetric Correlators[3]

◀ Infrared and collinear (IRC) safe

◀ Lorentz invariant

◀ Permutation symmetry

C-Correlators

Jet observable as a linear combination of C-correlators:

CfN
N =

M∑
i1=1

...
M∑

iN=1

Ei1 ...EiN fN ({p̂i1 , ..., p̂iN }),

Ei and p̂i are respectively energy (or energy fraction) and directions of the i-th
constituent particle within the jet
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Energy Correlation Functions

Energy Correlation Functions [4]

◀ Multiply product of angular distance between particles as fN .

◀ N-prong structure

energy correlation functions

ECF(2, β) =
∑

i<j∈J

EiEjR
β
ij

ECF(3, β) =
∑

i<j<k∈J

EiEjEkR
β
ijR

β
jkR

β
ki

ECF(N, β) =
∑

i1<i2<...<iN∈J

(
N∏

a=1

Eia)(

N−1∏
b=1

N∏
c=b+1

Ribic)
β

where Ribic is the angular distance between particles ib and ic, β is angular
exponent. Computational complexity of ECF(N, β) of M particles are MN/N !.
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Energy Correlation Functions

Energy Correlation Functions [4]

◀ Multiply product of angular distance between particles as fN .

◀ N-prong structure

QCD jet and top jet internal radiation patterns show significant differences in the
above visual representation, from a quantitative and statistical standpoint,

rβN ≡ ECF(N + 1, β)/ECF(N, β) go to zero for N -subjets system.
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Energy Flow Polynomials

Energy flow polynomials[5]

◀ Connected Graph Correspondence of ECFs

◀ More Graph Structures and Energy Flow Polynomials

◀ Computational complexity analysis

i

j

i

jk j

i

k

l

j

i

k

l m
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Energy Flow Polynomials

Energy flow polynomials[5]

◀ Connected Graph Correspondence of ECFs

◀ More Graph Structures and Energy Flow Polynomials

◀ Computational complexity analysis

j

i

k

l

EFPG

EFPG =

M∑
i,j,k,l

EiEjEkElR
β
ilR

β
jlR

β
kl

=
∑
l

El(
∑
i

EiR
β
il)(

∑
j

EjR
β
jl)(

∑
k

EkR
β
kl)
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Hierarchical Energy Flow

Hierarchical Energy Flow [arxiv: 2308.08300]

◀ Embed Pairwise Correlation via Orthogonal Polynomials

◀ Linear Logical Regression

◀ Hierarchical IRC-Safe and Insert Non-Linear Function

Legendre Expanded Correlators

M∑
i,j

EiEjf(Rij) =

βmax∑
β=0

αβ

M∑
i,j

EiEjPβ(θij)

where θij = Rij/R0 − 1 to make θij ∈ [−1,+1] for numerical stability. We will
abbreviate Pβ(θab) as Pab in the following.
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Hierarchical Energy Flow

Hierarchical Energy Flow [arxiv: 2308.08300]

◀ Embed Pairwise Correlation via Orthogonal Polynomials

◀ Linear Logical Regression

◀ Hierarchical IRC-Safe and Insert Non-Linear Function

10− 8− 6− 4− 2− 0 2 4 6 8 10
 

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

 

 
Entries  202085

Mean     1.73

Std Dev     1.199

Top Jets

QCD Jets

 

P
ro

b
ab

il
it
y

<latexit sha1_base64="yjNThwTxQ1q9DF6qNOvG8VNJWRY="></latexit>

X

i<j2J

zizj(4.33P0(✓ij) + 0.99P1(✓ij)

�10.25P2(✓ij) + 0.18P3(✓ij))

<latexit sha1_base64="ccdWd4g1tpAxMVCxXksAfSYO1Vk="></latexit>

Legendre EFPs

<latexit sha1_base64="R7MjyJUmQn4vE7k1C+yYDuBZM7g="></latexit>

10− 8− 6− 4− 2− 0 2 4 6 8 10
 

0

0.02

0.04

0.06

0.08

0.1

0.12

 

 
Entries  202085
Mean    1.995
Std Dev     1.339

Top Jets

QCD Jets

 

P
ro

b
ab

il
it
y

<latexit sha1_base64="yjNThwTxQ1q9DF6qNOvG8VNJWRY="></latexit>

X

i<j2J

zizj(3.13P0(✓ij) + 1.90P1(✓ij)

�5.34P2(✓ij) + 8.40P3(✓ij) � 1.14P4(✓ij)

�7.43P5(✓ij) � 0.03P6(✓ij) � 3.60P7(✓ij))

<latexit sha1_base64="E8AohJ8aGVgwJGrSpkvmRd5lzhA="></latexit>

Legendre EFPs

<latexit sha1_base64="R7MjyJUmQn4vE7k1C+yYDuBZM7g="></latexit>

Distribution of Legendre Energy Correlation Function of Top and QCD jets.
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Hierarchical Energy Flow

Hierarchical Energy Flow [arxiv: 2308.08300]

◀ Embed Pairwise Correlation via Orthogonal Polynomials

◀ Linear Logical Regression

◀ Hierarchical IRC-Safe and Insert Non-Linear Function

i j k l

HEFPG

HEFPG =

M∑
i

Ei(

M∑
j

EjPij(
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k

EkPjk(
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l

ElPkl)))
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i

EiΦ3(
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j

EjPijΦ2(
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Distributions of 4-point Legendre Hierarchical Energy Flow polynomials HEFP(4,
{β1, β2, β3}) under various settings of ({β1, β2, β3}) for top jets and QCD jets.
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A brief introduction to forward neural network
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Introduction to Neural Network for Jet

Representation of jet and neural networks architecture[6].
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Minimal Neural Network Attempt

Algorithm 1: Minimal trainable N-point path-graph hierarchical
energy flow observable of jet
Input: energy fraction of particles Ei,
Legendre embed of particles pairwise distance Pβ

ij

Output: N-point jet observable ON

1 Initialization t = 0, p̂ti = 1
2 for t<N do

3 p̂i,β ←
∑

j Ej p̂
t
jP

β
ij

4 xJ,β ←
∑Mj

i Eip̂i,β
5 µB,β ←

∑m
J=1

1
m
xJ,β , σ

2
B,β ← 1

m

∑m
J=1(xJ,β − µB,β)

2

6 p̃i,β ← (p̂i,β − µB,β)/(
√

σ2
B,β + ϵ)

7 p̂t+1
i ← σ(p̂ti +

∑βmax
β wβ p̃i,β + b)

8 end

9 ON ←
∑M

i Eip̂
N
i
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Minimal Neural Network Attempt

◀ Multiple Observables Ensemble
normalize different channel of learned observables and then weighted vote

◀ Count Trainable Parameters
∑C

k Ek × (βmax + 1) + (C + 1)
where Ek is the number of pairwise direction correlator of k-th channel HEFPs (the number of edges) and

C is the number of channels, βmax is the truncated order of Legendre polynomials.

◀ Tagging performance of minimal HEFN (AUC, N = 4, βmax = 8, C = 16)

model #params IRC-safe Top vs QCD Quark vs Gluon

EFN[7] 86.0k ✓ 0.9759 0.8824

EFP[5] 1k ✓ 0.980 0.8919

P-CNN[8] 34.8k 0.9803 0.9002

ParticleNet-Lite[8] 26k 0.9844 0.9116

PELICAN25/15 [9] 11k 0.9858 -

minimal HEFN 593 ✓ 0.9819 0.8967
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What the machine learned?

Trained minimal HEFN knows the ”importance score” s of particles relative to the jet,
where s = sigmoid((p̂Ni −

∑
i Eip̂

N
i ) ∗ y), and y=-1 for QCD jet, y=+1 for Top jet.
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What the machine learned?

◀ 3-prong substructure of Top Jet

◀ Singularity structure of QCD Jet
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What the machine learned?

◀ 3-prong substructure of Top Jet

◀ Singularity structure of QCD Jet
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Hierarchical Energy Flow Nets

◀ More Observables

◀ Deeper and Wider Non-Linear Φ

◀ Multi Layer Classifier Head

◀ Different βmax Setting

HEFNs correspond with path-graph

p̂t+1
i =

t∑
k=1

Φa,k(

M∑
j

zjΦ
b,k(p̂kj )⊗ Pβ(θij))

HEFNG(N + 1) = F (

M∑
i

zi

N∑
k=1

Φa,k(
M∑
j

zjΦ
b,k(p̂kj )⊗ Pβ(θij)))
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Hierarchical Energy Flow Nets Lite

◀ Legendre Polynomials → One-Hot Embedding

◀ Global Summation → Neighbor Aggregation

◀ Different kmax, rmax Setting

HEFNs Lite

Pβ(θij)→ Ak
ij = 1 if (k − 1)ϵ ≤ Rij < kϵ

p̂ti,k =

Ak
ij∑
j

zj p̂
t
j

p̂t+1
i = Φ([p̂ti,1, p̂

t
i,2, ..., p̂

t
i,kmax

])
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Top vs QCD
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Top vs QCD

Accuracy AUC 1/ϵB (ϵS = 0.5) 1/ϵB (ϵS = 0.3)

ResNeXt-50 [10] 0.936 0.9837 302±5 1147±58
P-CNN [10] 0.930 0.9803 201±4 759±24
PFN [11] - 0.9819 247±3 888±17
ParticleNet-Lite [10] 0.937 0.9844 325±5 1262±49
ParticleNet [10] 0.940 0.9858 397±7 1615±93
JEDI-net [12] 0.9263 0.9786 - 590.4
JEDI-net with

∑
O [12] 0.9300 0.9807 - 774.6

SPCT [13] 0.928 0.9799 201±9 725±54
PCT [13] 0.940 0.9855 392±7 1533±101
LorentzNet [14] 0.942 0.9868 498±18 2195±173
ParT [15] 0.940 0.9858 413±16 1602±81
HEFN 0.9375 0.9846 343±6 1262±51
LHEFN 0.9337 0.9833 271±5 935±21
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Quark vs Gluon
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Quark vs Gluon

Accuracy AUC 1/ϵB (ϵS = 0.5) 1/ϵB (ϵS = 0.3)

ResNeXt-50 [10] 0.821 0.9060 30.9 80.8
P-CNN [10] 0.827 0.9002 34.7 91.0
PFN [11] - 0.9005 34.7±0.4 -
ParticleNet-Lite [10] 0.835 0.9079 37.1 94.5
ParticleNet [10] 0.840 0.9116 39.8±0.2 98.6±1.3
ABCNet [16] 0.840 0.9126 42.6±0.4 118.4±1.5
SPCT [13] 0.815 0.8910 31.6±0.3 93.0±1.2
PCT [13] 0.841 0.9140 43.2±0.7 118.0±2.2
LorentzNet [14] 0.844 0.9156 42.4±0.4 110.2±1.3
ParT [15] 0.849 0.9203 47.9±0.5 129.5±0.9
HEFN 0.8264 0.9002 33.5±0.3 86.2±0.8
LHEFN 0.8213 0.8969 31.3±0.2 82.5±0.7
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Conclusion

conclusion

◀ IRC-safe, Rotational Invariant, Permutation Symmetry

◀ Effcient and Explainablity

◀ Great Potential to Explore
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Perspectives

Technology Iteration

◀ More Graph Structures

◀ More Efficient Design

◀ Memory Management

◀ Other Machine Learning Methods

◀ ...

Application Perspective

◀ Lorentz Invariant

◀ Particles Class Information

◀ Event-Level: Jet Charge, Jet Pull, ...

◀ Jet Substructure Calculation

◀ ...
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