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Introduction
Black Hole Image
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A. Chael et al. ApJ 2021.
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Introduction
Order of Images
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S. E. Gralla. PRD 2019.

K. S. Virbhadra & G. F. R. Ellis, PRD 1999 *call them primary, secondary and relativistic images
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Introduction

Shadow versus Center Dark region

F. H. Vincent et al.: Images and photon ring signatures of thick disks around black holes

— Spherical, infalling
("BH shadow”) 1

— Equatorial, orbiting
("wedding cake")

— GRMHD

Normalized intensity

critical curve (shadow)
0

relative position (pas)

F. H. Vincent et al. A&A 2022.
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Motivation

° tiE — BR — UE

° MARGERMIFM: KIFE > BR > W&
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Motivation

° tiE — BR — UE
o MRRGERMIZM: KIFE > BR > UH

o IBIPRIFAGLE: BiR > HiFE > UH
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Motivation
Entry Point—Aberration of Light (1/3)

THE APPARENT SHAPE OF A RELATIVISTICALLY
MOVING SPHERE

By R. PENROSE
Received 29 July 1958

It would be natural to assume that, according to the special theory of relativity, an
object moving with a speed comparable with that of light should appear to be flattened
in the direction of motion on account of its FitzGerald-Lorentz contraction. Tt will be
shown here, however, that this is by no means generally the case. It turns out, in
particular, that the appearance of a sphere, no matter how it is moving, is always such
as to present a circular outline to any observer. Thus an instantaneous photograph* of
a rapidly moving sphere has the same outline as that of a stationary sphere.
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Motivation
Entry Point—Aberration of Light (1/3)

THE APPARENT SHAPE OF A RELATIVISTICALLY
MOVING SPHERE

By R. PENROSE
Received 29 July 1958

It would be natural to assume that, according to the special theory of relativity, an
object moving with a speed comparable with that of light should appear to be flattened
in the direction of motion on account of its FitzGerald-Lorentz contraction. Tt will be
shown here, however, that this is by no means generally the case. It turns out, in
particular, that the appearance of a sphere, no matter how it is moving, is always such
as to present a circular outline to any observer. Thus an instantaneous photograph* of
a rapidly moving sphere has the same outline as that of a stationary sphere.
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Motivation
Significant Aberration: Co-moving observers (2/3)

Gcomov

2m  4m 6m 8m 10m 12m 14m 16m 18m

Perlick et al. PRD, 2018
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Motivation
Significant Aberration: Co-moving observers (2/3)

Gcomov

2m 4m 6m 8m 10m 12m 14m 16m 18m

Perlick et al. PRD, 2018

SN V)00 = 3MVA .
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Motivation

Significant Aberration: Co-moving observers (2/3)
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Perlick et al. PRD, 2018

Chang & Zhu JCAP, 2020

SINY|rmce = 3MVA .
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Motivation
Formulate Aberration in Finite Distance (3/3)

Distortion parameter: 6 = 1 — Dmax/Dmin

Bardeen, 1972
Grenzebach et al. 2014
Chang & Zhu. PRD, 2020
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Motivation
Formulate Aberration in Finite Distance (3/3)
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This paper
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Distortion parameter: 6 = 1 — Dmax/Dmin

Bardeen, 1972
Grenzebach et al. 2014
Chang & Zhu. PRD, 2020
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Motivation

summary

® The aberration formula is well-defined in flat space-time.
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Motivation

summary

® The aberration formula is well-defined in flat space-time.

® Aberration is not always small
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Motivation

summary

® The aberration formula is well-defined in flat space-time.
® Aberration is not always small

® Choice of tetrad/local frame/moving frame will result in aberration effect
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Motivation

summary

® The aberration formula is well-defined in flat space-time.
® Aberration is not always small

® Choice of tetrad/local frame/moving frame will result in aberration effect

Naive: influence on black hole images
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Imaging and Observers’ Celestial Sphere
Locating light ray without tetrad
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Imaging and Observers’ Celestial Sphere
Locating light ray without tetrad

Local frame/Tetrad
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Imaging and Observers’ Celestial Sphere
Locating light ray without tetrad

Local frame/Tetrad
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Imaging and Observers’ Celestial Sphere
Locating light ray without tetrad

Local frame/Tetrad Astrometric observables
.
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Soffel & Han (2019)
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Imaging and Observers’ Celestial Sphere
Locating light ray without tetrad

Local frame/Tetrad Astrometric observables
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Soffel & Han (2019)
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Imaging and Observers’ Celestial Sphere
Astrometric Approach
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Imaging and Observers' Celestial Sphere
Astrometric Approach

Using tetrad

SR (BEERLFE) 2023 F£EZARESEATHTS Aberration on BH images [2311.17390]



Imaging and Observers’ Celestial Sphere
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Using astrometric observables
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Imaging and Observers’ Celestial Sphere
Astrometric Approach

Using astrometric observables
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Imaging and Observers’ Celestial Sphere

Astrometric Approach

a=LCOA
f=LCOB
y=LAOB
&=/BOD
¥=,0'0C

Using astrometric observables
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Imaging and Observers’ Celestial Sphere

Astrometric Approach

Celestial coordinate:

: a=LCOA
i 4=LCOB _ 2
¥=LAOB ¥ = arccos |sinfy/1— (w) ,
‘ =/BOD sin sin vy
¥=,0'0C

$ = arccos (C,OSB) ,
sin ¥
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Imaging and Observers’ Celestial Sphere

Astrometric Approach

Celestial coordinate:

@
2

14 arccos | sin84/1 — w ,
b a=LCOA sin Bsin~y
i /=LCOB
: y=LAOB P arccos cos 3

&=/BOD sin¥ ) ’
=,0'0C
criterion:

T = sign(cosd — cos(® — P;)sin Usin V) ,
where § = Angle(p, ), ®; = ¥|,—; and ¥; = ¥|,_;.
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Shadow for Observers in Motions
Hint 1: For near and distant equatorial observers.

Chang & Zhu, PRD, 2020
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Shadow for Observers in Motions
Hint 1: For near and distant equatorial observers.
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Chang & Zhu, PRD, 2020
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Shadow for Observers in Motions
Hint 1: For near and distant equatorial observers.

03
U
Ugeo,-
02 Ugeons
Uzamo Ustaric
Ucar 5
w 1
2 0.1 N
© =
o0 T—— Tobs = 4M7 Oobs = 77/2 .
~01
00 02 04 06 08 10
D/y
03 0.6
U
Ugeo 04
02 Ugeos
vzao 02 Ui
Ucar El
[0} g
2 01 N
°© =
0.0
—01

Chang & Zhu, PRD, 2020

SR (BEFELAZE)

SABREEARATFITES Aberration on BH images [2311.17390]



Shadow for Observers in Motions
Hint 1: For near and distant equatorial observers.
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Shadow for Observers in Motions
Hint 2: axial motion along 6-coordinate

Chang & Zhu, JCAP, 2021
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Shadow for Observers in Motions
Hint 2: axial motion along 6-coordinate

Chang & Zhu, JCAP, 2021
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Shadow for Observers in Motions
Hint 2: axial motion along 6-coordinate
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Shadow for Observers in Motions
Hint 2: axial motion along 6-coordinate

Chang & Zhu, JCAP, 2021
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Shadow for Observers in Motions

summary

® Does the gravity environment affect the imaging of a black hole?
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Geodesic equations
Transfer Equations for Kerr-de Sitter black hole
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Geodesic equations
Transfer Equations for Kerr-de Sitter black hole

Mino time:

T = Ge(em Gs) = ge(oo) - ge(es) s

SR (BEFELZE) 2023 EZFEIEZEATTS Aberration on BH images [2311.17390]



Geodesic equations
Transfer Equations for Kerr-de Sitter black hole

Mino time:

T = Gg(@o,es) = ge(eo) - g(-}(es) ’

Transfer functions:

e = I l(ro;7),
¢s = ¢o _I¢(7'077's) _)\G¢(0076s)
A
—50«3 Gt(emes) )
ts = to — It(r07 7"s)

o (1B o) G

where L (7o, 75) = Zu (7s) — Tu (10), Gs(Bo,0s) = Gs (8s) — G (6o),
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Geodesic equations
Transfer Equations for Kerr-de Sitter black hole

and
Mino time:
T = GG(QO» '95) = g@(go) - 90(95) > dr
B0 =] TRy
Transfer functions: Ty = + /dr{r?A, + (3Ar2(r? +Au?) +2.z'\[7') (r? +a? - a/\)}
Ts = ]‘;1(1~0;7—) ’ (2Mr — aX — 1Ar2(r? + a?))
bs = o Is(ro, 1) — AGo(0o,0s) %) = /d'{ o
A _
—Za®Gilbo,05) , 6(0) = 20 [ 2 75
3 cos? 6
ts = to— It(TO7 7’5) Gi(0) = / {Aa NGO } s
A
2 1 22 ’ G.(0.,.0 _ (s(‘z()
( + 3 (a® — aX) +(6o,0s) , G,(0) = / 50 T

where L (7o, 73) = Zu (7s) — Tu (10), Gs(Bo,6s) = Gs (8s) — G (o),
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Geodesic equations
Transfer Equations for Kerr-de Sitter black hole

and
Mino time:
T = GG(QO» '95) = g@(go) - 90(95) > dr
L(r) =+ TR
Transfer functions: L) = i_/(h,{"zﬁr + (3Ar2(r* + a®) + 2M7) (r*+a2—a)\)}
’ A/R(T)
rso= L(reiT) B a(2Mr —aX = JAr2(r? + a?))
¢s = o~ Is(ro,ms) = AGy(bo,05) 70 =21 1{ AVRG) } ‘
A _ Cde
— 50 G0, 6s) ) = [ 7o
cos? 6
ts = to— It(ro,7s) Gi(0) = ig/d(?{Agm} .
A )
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where L (7o, 73) = Zu (7s) — Tu (10), Gs(Bo,6s) = Gs (8s) — G (o),
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Geodesic Equations
Transfer equations for thin disk

Emission intensity

Lot (2) = { éﬁ(T)G(rd,+ — PO (r—rqy_) Z;

NEIVE]
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Geodesic Equations
Transfer equations for thin disk

Emission intensity

(MO (rq+ — MO (r—m-) 6=7%
Iemt (m) = { ‘é( ) ( - ) ( ) 0 721'
73
Mino time:
1 Xo
T = F (X, Ut )
a/Cluy —u_) uy —u— /|
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Geodesic Equations
Transfer equations for thin disk

Emission intensity

(MO (rq+ — MO (r—m-) 6=7%
Iemt (m) = { ‘é( ) ( - ) ( ) 0 721'
73
Mino time:
1 Xo
T = F (X, Ut )
a/Cluy —u_) uy —u— /|
cosf = \/ux cosy
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Geodesic Equations
Transfer equations for thin disk

Emission intensity

ot () = { Ja(n® (ras —1)O (r—rs-) =75
us
0 0+
Mino time:
1 Xo
- S
a/Cluy —u_) uy —u— /|
Transfer functions:
n T4 — T3
Ts = T3 <) — .
G cosf = \/ux cosy
1 - Hjon? (ii (Tr(&0) = 7), :zziii)
0s = arccos (\/us cosxs)
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Geodesic Equations
Transfer equations for thin disk

Emission intensity

st = [ B0 00— 0=
0 0+
Mino time:
1 Xo
- UG
a/Cluy —u_) uy —u— /|
Transfer functions:
n T4 — T3
Ts = T3 <) — .
ol cosf = \/ux cosy
1 e (4T 1,6 - ), e
0s = arccos (\/us cosxs)
50
where Z,(¢) = £——=2——F | arcsin sinh § , i
V' C\/T317a2 \/T_Alil (cosh2 5_;3) T42731
731 T4 fs

SR (BEFELAZE) 2023 &£ B FEESEATTS Aberration on BH images [2311.17390]



Geodesic Equations
Transfer equations for thin disk

Emission intensity

(MO (rar —1)O(r—ra-) 0=13
Iemt (:c) = { 0 0 76 g
Mino time:
_ 1 F (X, Ut ) Xo
a/Cluy —u_) uy —u— /|

Transfer functions:

T4 — T3
s = r3+ 0 — 5
A /Cra1ras (T (60) — 7, mi2ran cosf = Jux COZX
731 2 TS0 ’ T42731 r = r4 COSh f
0s = arccos (\/us cosxs)
50
where Z,(§) = +——2——F | arcsin sinh £ | a2t
vV Cy/T317az2 a1 (co<h2 5_3) 42731
31 ) 4 £
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Emission intensity

Iemt (m)

Geodesic Equations
Transfer equations for thin disk

_ fa(MO (ra+ —nO(r—rg—) 0=

{

NEIVE]

0 0 #
Mino time:
1 . Xo
- S
a/Cluy —u_) uy —u— /|
_ 1
Transfer functions: For nth order images: |xs| = w(n+ 5)
T4 — T3
Ts = r3 + 50 = N
T. 2 Cr3r32 r3or. COoslU = /U4 COS Y
1z (£ Y00 (7, - ), 2t R D
0s = arccos (\/us cosxs)
50
where Z,(¢) = £——=2——F | arcsin sinh & , [32T41
V' C\/r31712 \/T_Alil (cosh2 5_;3) 742731
731 T4 £
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: near and distant, Kerr black hole
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: near and distant, Kerr black hole

Tobs = 10M ; Oobs = 27'('/5
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: near and distant, Kerr black hole

Tobs = 10M , Oons = 27‘(’/5 Tobs = 100M , Oops = 271'/5
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: radial velocities
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: radial velocities

a=0.99M
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: radial velocities

a=0.99M a=0.1M
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: radial velocities

in-going geodesic observers

a=0.99M a=0.1M
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: radial velocities

in-going geodesic observers

static observers

a=0.99M a=0.1M
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: radial velocities

in-going geodesic observers

static observers

out-going geodesic observers

a=0.99M a=0.1M
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: axial motions, large inclination angle, near
observers
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: axial motions, large inclination angle, near
observers

Relative 3-speed:

U Uref

v

where Ypv = Guv + Uref, p Uref,v
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Image of Thin Accretion Disk
Primary, Secondary, and n = 2 images: axial motions, large inclination angle, near
observers

Tobs = 10M , O5ps = 271'/5

Relative 3-speed:

pz YU

‘ ‘ U+ Uref
f§£ :7% S = =1 where Yuv = Guv + Uref, y Uref, v
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: axial motions, large inclination angle, near
observers

Tobs = 10M , O5ps = 271'/5

Tobs = 100M , Oons = 27/5

Relative 3-speed:

pz YU

‘ i i ’ U - Uref

\
. - s k=5 =1 where Yuv = Guv + Uref, y Uref, v
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: axial motions, small inclination angle
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: axial motions, small inclination angle

Tobs = 10M ,0ops = 7/25
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: axial motions, small inclination angle

Tobs = 10M ,0ops = 7/25

Tobs = 100M | fops = /25

SR (BEFELAZE) 2023 EZFEIEFEATTS Aberration on BH images [2311.17390]



Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: axial motions, cosmological constant

SR (BEFELAZE) 2023 EZFEIEFEATTS Aberration on BH images [2311.17390]



Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: axial motions, cosmological constant

Tobs = 100M , Oops = 27/5
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: axial motions, cosmological constant

Tobs = 100M , Oops = 27/5

Tobs = 100M |, Oops = 7/25
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: cosmological constant, near outer horizon,
co-moving frame
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: cosmological constant, near outer horizon,
co-moving frame

Tobs = 16 M 5 Gobs = 271'/5
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: cosmological constant, near outer horizon,
co-moving frame

Tobs = 16 M 5 Gobs = 271'/5

Tobs = 16M , Oops = m/25
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: cosmological constant, near outer horizon,

SR (BEFELAZE)

2023 EZFEIEFEATTS

co-moving frame
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: cosmological constant, near outer horizon, static
frame

Qoo

Outer horizon: g ~ 16.2M
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: cosmological constant, near outer horizon, static
frame

Tobs = 16M ,0ops = 27r/5

Outer horizon: g ~ 16.2M
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: cosmological constant, near outer horizon, static
frame

Tobs = 16M , Oops = 27/5

Tobs = 16M , Oops = 7/25

Outer horizon: g ~ 16.2M

PP

SR (BEFELAZE) 2023 EZFEIEFEATTS Aberration on BH images [2311.17390]



Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: cosmological constant, near outer horizon, static
frame

Tobs = 16M , Oops = 27/5

Tobs = 16M , Oops = 7/25

i Yl Y
‘ ‘ Outer horizon: g ~ 16.2M
é L —— é L= é with respect to static frame
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: Size
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Image of Thin Accretion Disk
Primary, Secondary, and n = 2 images: Size
Size of the images:
(Zmax = Zmin)|v

Zsize = .
(Zmax - Zmin)‘v:O
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: Size
Size of the images:

Zsize = (Zmax - Zmin)|v

(Zmax - Zmin)‘v:O

Schematic diagram:
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: Size
Size of the images:

Zsize = (Zmax - Zmin)|v

(Zmax - Zmin)‘v:O

Schematic diagram:

One can derive:

7 tan W’
iz = ———
" tan ¥
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Image of Thin Accretion Disk

Primary, Secondary, and n = 2 images: Size
Size of the images:

Zsize = (Zmax - Zmin)|v

(Zmax - Zmin)‘v:O

Schematic diagram:

One can derive:

7 _tan¥’ 2 [1—w
ST tan U 14w
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Image of Thin Accretion Disk

Size of Primary, Secondary, and n = 2 images: in-going radial motion, small inclination
angle, near and distant observers.
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Image of Thin Accretion Disk

Size of Primary, Secondary, and n = 2 images: in-going radial motion, small inclination
angle, near and distant observers.
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Image of Thin Accretion Disk

Size of Primary, Secondary, and n = 2 images: in-going radial motion, small inclination
angle, near and distant observers.
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Image of Thin Accretion Disk

Size of Primary, Secondary, and n = 2 images: in-going radial motion, small inclination
angle, near and distant observers.
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Image of Thin Accretion Disk

Size of Primary, Secondary, and n = 2 images: axial motion, small inclination angle, near
observers.

1 B il [V Y 2
0500 = 0.500
+
0.100 = 0.100
£ 0.050 | £ 0.050
N o N
0010 3 0010 — primary
0.005 B 0.005 —— Secondary
.- .- — 2
0.001 . 0.001 . -10
0001 0009010  0050.100 0500 1 0001 0009010 0050100 0500 1 00 0z o 0% 08 0
| | 02]
0500 = 09 0500 = o
+ +
< = 00
0100 S s 0.100 3
§ 0050 105 § 0050 P
N = N 5
02
0010 3 — primary 0010 3 _gaf — prmary
o005 N 0T Secondary 0005 N f secondary
- L 04
- .- — =2
0.001 . - 0.001 - 05
0001 0009010  0050.100 0500 1 bry 02 02 6 03 10 0001 0009010  0050.100 0500 1 00 02 o2 6 08 10
N =0+ v Na-n/a+u v

SR (BEFELZE) 2023 EZFEIEZEATTS Aberration on BH images [2311.17390]



Image of Thin Accretion Disk

Size of Primary, Secondary, and n = 2 images: axial motion, small inclination angle, near

observers.
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Size of Primary, Secondary, and n = 2 images:

mage of Thin Accretion Disk

axial motion, small inclination angle, near
observers.
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Summary

® The key question is: whether the distinctions in the images induced by the
aberration effect are simply kinematic effects or can reflect the spacetime
geometries.
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Summary

® The key question is: whether the distinctions in the images induced by the

aberration effect are simply kinematic effects or can reflect the spacetime
geometries.

It is true, but only from the qualitative studies.

SR (BEFELAZE) 2023 &£ B FEESEATTS Aberration on BH images [2311.17390]



Summary

® The key question is: whether the distinctions in the images induced by the
aberration effect are simply kinematic effects or can reflect the spacetime
geometries.

It is true, but only from the qualitative studies.

® Whether the distinct behaviors of different order images can offer a way to
investigate both space-time geometries and emissions separately.
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Thank you!
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