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Motivation-BHs surrounded by quintessence DE

Quintessence and black holes, V.V.Kiselev, arXiv:gr-qc/0210040. 523 citations.

EoS of quintessence:

pq = ωqρq

General static spherically symmetric spacetime:

ds2 = −f (r)dt2 +
1

f (r)
dr 2 + r 2dΩ2

Tt
t = χ(r), Tt

i = 0, Ti
j = ξ(r)ri r

j + η(r)δi
j

Taking isotropic average over the angles:

〈Ti
j〉 = pq(r)δi

j
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Motivation-BHs surrounded by quintessence DE

Stress-energy tensor tensor:

Tt
t = Tr

r = ρq,Tθ
θ = Tφ

φ = −1

2
ρq(3ωq + 1).

Energy density:

ρq = −a

2

3ω

r 3(ω+1)

Spacetime solutions:

f (r) = 1− µ

r
+

a

r 3ωq+1
,

where µ and b are normalized factors.

Considering a dark fluid with Chaplygin-like EoS ρ = −B
p

(CDF), surrounding a BH, what would the situation be?
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BH solutions with surrounding Chaplygin gas

The CDF is anisotropic and its stress-energy tensor can

be written as

Tµν = ρuµuν + prkµkν + ptΠµν ,

with Πµν = gµν + uµuν − kµkν .

Working in the comoving frame of the fluid

uµ = (−
√
f , 0, 0, 0), kµ = (0, 1/

√
f , 0, 0),

one obtains

Tµ
ν = −(ρ + pt)δµ

0δν0 + ptδµ
ν + (pr − pt)δµ

1δν1.
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BH solutions with surrounding Chaplygin gas

Taking isotropic average over the angles and requiring

〈Ti
j〉 = p(ρ)δi

j , we have

pt +
1

3
(pr − pt) = p(ρ).

quintessence: p(ρ) = ωρ ⇒ pt =
1

2
(1 + 3ω)ρ

CDF: p(ρ) = −B

ρ
⇒ pt =

1

2
ρ− 3B

2ρ

MCG: p(ρ) = Aρ− B

ρβ
⇒ pt =

1 + 3A

2
ρ− 3B

2ρβ
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BH solutions with surrounding Chaplygin gas

The gravitational equations

1
r2 (f + rf ′ − 1) + Λ = −ρ

1
2r

(2f ′ + rf ′′) + Λ = 1
2
ρ− 3B

2ρ

The energy density of CDF

ρ(r) =

√
B +

q2

r 6
,

where q > 0 is a normalization factor.
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BH solutions with surrounding Chaplygin gas
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Figure: The variation of

ρ + pθ,φ, ρ− |pθ,φ| and

ρ + pr + pθ + pφ versus r for

the CDF taking q = 1.0 and

B = 0.2.

Standard energy conditions

NEC : ρ + pi ≥ 0 (i = r , θ, φ);

WEC : ρ ≥ 0 & ρ + pi ≥ 0 (i = r , θ, φ);

SEC : ρ +
∑

i
pi ≥ 0 & ρ + pi ≥ 0 (i = r , θ, φ);

DEC : ρ ≥ 0 & |pi | ≤ ρ (i = r , θ, φ).
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BH solutions with surrounding Chaplygin gas

The analytical solution for f (r)[PRD 107, 104055 (2023)]

f (r) = 1− 2M

r
− r 2

3

√
B +

q2

r 6
+

q

3r
ArcSinh

q√
Br 3
− r 2

3
Λ.

For MCG[Annals of Physics 446 (2022) 169125],

f (r) = 1− 2M

r
− r 2

3

( B

1 + A

) 1
1+βF(r)− r 2

3
Λ,

with

F(r) = 2F1

([
− 1

1 + β
,− 1

w

]
, 1− 1

w
,− 1

B

(
Q

r 3

)w)
,

w = (1 + A)(1 + β).
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Phase structures of asymptotic AdS BHs & Shadow radius
Thermodynamics

The mass of the BH

M =
rh
2
− r 3

h

6
Λ− r 3

h

6

√
B +

q2

r 6
h

+
q

6
ArcSinh

q√
Br 3

h

The Hawking temperature

T =
f ′(rh)

4π
=

1

4π

(
1

rh
− rh

√
B +

q2

r 6
h

− rhΛ

)
The entropy

S =

∫ rh

0

1

T

(
∂M

∂rh

)
drh = πr 2

h
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Phase structures of asymptotic AdS BHs & Shadow radius
Thermodynamics

In the extended phase space

P = −Λ,

V =

(
∂M

∂P

)
S ,q

=
r 3
h

6
.

Treating q as a variable, the conjugated physical quantity

Φ =

(
∂M

∂q

)
S,P

=
1

6
ArcSinh

q√
Br 3

h

The first law of BH thermodynamics

dM = TdS + VdP + Φdq

The Smarr relation: M = 2TS − 2VP + Φq.
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Phase structures of asymptotic AdS BHs & Shadow radius
P − V criticality
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Figure: Left: The behavior of isothermal P − V (rh). Right:

The behavior of isobaric G − T . The swallow-tail shape

appears when P < Pc .
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Phase structures of asymptotic AdS BHs & Shadow radius
P − V criticality

Table: Numerical

solutions for the critical

physical quantities in

P − V criticality.

B q rc Pc Tc
Pc rc

Tc

0.2 1.0 1.98018 0.61349 0.06353 19.1236

0.3 1.0 1.88657 0.73135 0.06676 20.6663

0.4 1.0 1.82257 0.82950 0.06916 21.8586

0.2 0.8 1.76045 0.65626 0.07121 16.2247

0.2 1.2 2.17761 0.58527 0.05789 22.0144
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Phase structures of asymptotic AdS BHs & Shadow radius
P − V criticality
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Figure: Left: Coexistence curve of small/large BH phase

transition in the P − T plane. Right: The ∆V as function of

temperature T . The fitting ∆V − T curve near the critical

temperature is magnified into view.
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Phase structures of asymptotic AdS BHs & Shadow radius
P − V criticality

Critical exponents for P − V criticality

Introduce the following notations

t =
T

Tc
− 1, ε =

V

Vc
− 1.

CV = T

(
∂S

∂T

)
V

∝ |t|−α

η = Vl − Vs ∝ |t|β

κT @〈P−V 〉 = − 1

V

∂V

∂P

∣∣∣∣
Vc

∝ |t|−γ

|P − Pc | ∝ |V − Vc |δ

⇒
α = 0

β = 1/2

γ = 1

δ = 3
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Phase structures of asymptotic AdS BHs & Shadow radius
q − Φ criticality

Rewrite the relation of temperature

T = 1
4π

(
Pq1/3

Ξ(Φ)
+ Ξ(Φ)

q1/3 −
q1/3
√

B+Ξ(Φ)6

Ξ(Φ)

)
,

with Ξ(Φ) ≡ B1/6(Sinh6Φ)1/3.

Solving q, we obtain two solutions for the BH equation of

state

q1 =
(
−
√

64π2T 2+8Υ(Φ)−8πT

2Υ(Φ)
Ξ(Φ)

)3

,

q2 =
(√

64π2T 2+8Υ(Φ)−8πT

2Υ(Φ)
Ξ(Φ)

)3

,

with Υ(Φ) ≡ −2P + 2
√
BCosh6Φ.
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Phase structures of asymptotic AdS BHs & Shadow radius
q − Φ criticality
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Figure: Left: The behavior of isothermal q − Φ. The dashed

and solid lines are for q1 and q2, respectively. The thin green

line denotes the connection point (Φ0, q0) of the curves q1 and

q2. Right: Gibbs free energy G as a function of temperature

T for fixed q. The swallow-tail shape appears when q < qc .
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Phase structures of asymptotic AdS BHs & Shadow radius
q − Φ criticality

Table: Numerical

solutions for the critical

physical quantities in

P − V criticality.

B P Φc qc Tc

0.2 1.0 0.09751 0.31829 0.11548

0.3 1.0 0.07481 0.41852 0.10462

0.4 1.0 0.06074 0.54486 0.09439

0.2 0.9 0.08513 0.38250 0.10461

0.2 1.1 0.11035 0.27410 0.12536
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Phase structures of asymptotic AdS BHs & Shadow radius
q − Φ criticality
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Figure: Left: Coexistence curve of low/high-Φ BH phase

transition in the q − T plane. Right: The ∆Φ as function of

temperature T .
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Phase structures of asymptotic AdS BHs & Shadow radius
q − Φ criticality

Critical exponents for q − Φ criticality

CΦ = T
∂S

∂T

∣∣∣∣
Φ

∝ |t|−λ

ϑ = ΦH − ΦL ∝ |t|χ

κT @〈q−Φ〉 = − 1

Φ

∂Φ

∂q2

∣∣∣∣
Φc

∝ |t|−σ

|q2 − qc | ∝ |Φ− Φc |ι

⇒
λ = 0

χ = 1/2

σ = 1

ι = 3
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Phase structures of asymptotic AdS BHs & Shadow radius
Phase structures using shadow analysis

The photon sphere radius rp satisfies

6M − 2rp − qArcSinh
q√
Br 3

p

= 0

The turning point of the photon orbit

dr

dφ

∣∣∣∣∣
r=R

= 0

The orbit equation for the photon

dr

dφ
= ±r

√
f (r)

[
r 2f (R)

R2f (r)
− 1

]
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Phase structures of asymptotic AdS BHs & Shadow radius
Phase structures using shadow analysis

Considering a light ray sending from a static observer

placed at ro and transmitting into the past with an angle

α with respect to the radial direction

cotα =

√
grr

gφφ

dr

dφ

∣∣∣∣∣
r=ro

Shadow radius of the BH

rs = ro tanα ≈ ro sinα = R

√
f (ro)

f (R)

∣∣∣∣∣
R→rp

The approximation is valid only for small value of α.
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Phase structures of asymptotic AdS BHs & Shadow radius
Phase structures using shadow analysis
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q=1.0, B=0.2 Figure: The variation of

shadow radius rs in terms

of the event horizon

radius rh. The extremal

point corresponds to the

horizon radius at which

the inner and outer

horizons coincide.
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Phase structures of asymptotic AdS BHs & Shadow radius
Phase structures using shadow analysis
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Figure: Hawking temperature (left panel) and the heat

capacity (right panel) with respect to the BH shadow radius rs

for an observer at ro = 100. The blue, orange and red curves

correspond to the curves with P = 0.98Pc , P = 1.00Pc , and

P = 1.02Pc . T ∗ represents the coexistence temperature.
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Optical appearance of asymptotic dS BHs
Photon trajectory

The geometry of the black hole

ds2 = −f (r)dt2 + f (r)−1dr 2 + r 2(dθ2 + sin2θdψ2),

with

f (r) = 1− 2M
r
− r2

3

√
B + q2

r6 + q
3r
ArcSinh q√

Br3 .

The time, azimuthal and radial four-velocity components

ṫ = 1
bf (r)

,

ψ̇ = ± 1

r 2
,

ṙ 2 + V (r) = 1
b2 ,

where V (r) = 1
r2 f (r) and b = |L|/E is the impact parameter.
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Optical appearance of asymptotic dS BHs
Photon trajectory

The radius of photon sphere satisfies

V (rph) =
1

b2
, V

′
(rph) = 0.
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Figure: The profile of the effective potential (blue lines) for

B = 10−3 (left) and B = 10−7 (right) with M = 1, q = 0.2.
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Optical appearance of asymptotic dS BHs
Photon trajectory
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Figure: Behavior of photons as a function of impact parameter

b with M = 1, q = 0.2.
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Optical appearance of asymptotic dS BHs
Photon trajectory
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Figure: The first three transfer functions rm(b) for the thin

disk with M = 1, q = 0.2.
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Optical appearance of asymptotic dS BHs
Orbits of the timelike particles

The effective potential of the timelike particles

Ueff = f (r)

(
1 +

L2

r 2

)
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Figure: The profile of the effective potential curves of timelike

particles with M = 1, q = 0.2.
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Optical appearance of asymptotic dS BHs

Table: The values of radius rph and impact parameter bph of

the photon sphere, the event horizon rh and cosmological

horizon rc, the radius rISCO of the innermost stable circular

orbit, as well as the rays classification parameters b±m with

varying B and q for M = 1.0.
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Optical appearance of asymptotic dS BHs
Thin disk accretion

The observed intensity

I (r) =
∑

m

f (r)2Iem(r) |r=rm(b),

with Iem(r) is the total emitted specific intensity near the

accretion.
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Optical appearance of asymptotic dS BHs
Thin disk accretion

Three toy-model functions which may emit by some thin

matters

Model 1: Iem(r) =

I0
(

1
r−(rISCO−1)

)2

, r > rISCO

0, r ≤ rISCO

,

Model 2: Iem(r) =

I0
[

1
r−(rph−1)

]3

, r > rph

0, r ≤ rph

,

Model 3: Iem(r) =

I0
π
2
−tan−1[r−(rISCO−1)]

π
2
−tan−1[rh−(rISCO−1)]

, r > rh

0, r ≤ rh
.
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Optical appearance of asymptotic dS BHs
Thin disk accretion
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Optical appearance of asymptotic dS BHs
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Figure: Behavior of photons as a function of impact parameter

b with M = 1, B = 10−7.
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Optical appearance of asymptotic dS BHs
Spherical accretions

Static observer

Iobs =

∫
γ

f (r)3/2

r 2

√
f (r)−1 + r 2

(
dψ

dr

)2

dr

Infalling observer
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∫
γ

g 3ktdr

r 2|kr |
,

with

g =
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ut
e + kr/ktur

e

,

and
kr

kt
= ± 1
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1− b2f (r)

r 2
.

䡯妕卣 Shadows and optical appearance of BH surrounded by dark fluid with Chaplygin-like equation of state 35 / 38



Optical appearance of asymptotic dS BHs
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Figure: Profiles of the specific intensity I (b) cast by static and

infalling spherical accretion for different emissivity profiles,

viewed face-on by an observer near the cosmological horizon,

M = 1, B = 10−3.
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Optical appearance of asymptotic dS BHs
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Figure: Profiles of the specific intensity I (b) cast by static and

infalling spherical accretion for different emissivity profiles,

viewed face-on by an observer near the cosmological horizon,

M = 1, B = 10−7.
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Summary and discussion

BH solutions with surrounding Chaplygin gas

Phase structures of asymptotic AdS BHs & Shadow

radius

P − V criticality

q − Φ criticality

Phase structures using shadow analysis

Optical appearance of asymptotic dS BHs

Thin disk accretion

Spherical accretions

Rotating BH solutions?
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