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Introduction: Quantum state and Bell inequalities

Alice

Bell inequality: For a local theory, the results of two- Get outcomes A; = £ 1
outcome measurements A, , and B, , satisfy > @<

<A1B1> + (z‘Ath) + (Azéﬁ — (121232> <2 %
Bob

Next consider a quantum theory. The density matrix in Get outcomes B; = * 1
Z , @ # 5 can be parametrized as

1
ptgzZ(I2®12—|—Bi+0'7;®]2+Bi_12®0'i+cij0'i®0j)

When choosing A; and B, as the angular momentum measurements along direction ; and b,,
A, = 6 - a, the Bell inequality is rewritten as:

al-c-(6’1—5’2)+52-c-(51+52)’ <9

= 24/ 13 + 3

/412, ,1422 are the largest two eigenvalue of C'C
When Cij is symmetric, y; is its eigenvalue

d1-C- (b1 —by)+a-C- (b1 + b)

HB(p) = max
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Reconstruct density matrix produced at collider — quantum tomography

dr 1 N £; = cos0: cosine of the
~ E(l +B-0) = B;=3{}) angle between 7 and axis ¢,

1
One qubit: _—I + Bo), —
a 4 (2 %) [" dcos6,

1
Bi-qubit system, p; = - (12 ® L+ Bfo,® L+ B[, ® 6,+ C;, 0J> The density matrix

constructed from r — ¢#*vb, t — ¢~ vb decay channel is

Measure the momentum __9 Lp+bp Obtain a density matrix,
— < >av
and test entanglement...

Quantum tomography: the processes to reconstruct a density matrix using measurements on an
ensemble of events
N
1
P = N a;paa

—ﬁc . . o e
Z Ul paUsa (event-dependent basis choice = fictitious state)

Current studies at the LHC are utlllzmg fictitious states, and the average (7 i+l’ﬂj_>av is basis
dependent.
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: : In the c.m. frame of ¢f
Event-by-event basis at collider k = (cos ¢ sin 6, sin b sin 0, cos 0)

1
P = n (Iz ®L+B0,@L+Bl,Q o, + Ci aiaj>
Czj - = 9<fl’+l’ﬂj_>av

beam1

Beam basis:
the spin basis |1) and || ) are define as spin eigenstates
along z-direction

Helicity basis:
the spin basis [1) and || ) are define as spin eigenstates

along the moving direction of top quark.

beaml beam?2

Example (fictitious state is basis-dependent):
Near threshold, the g,G; / exe; — 11 processes

produces a pure state | 1.1, ) Helicity basis
100 0) (1 -5-1 1)
2 3 3 "2
\0 000 \¢ 13 %) Ii"‘_IZ'P
Physical state Fictitious state
Tr[(p™e1)?] = 1 Tr[(p"" )] ~ 0.7 < 1 'g
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Basis dependence of Bell inequality violation

beaml

Beam basis

beaml1 beam?2

Helicity basis
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Basis dependence of Bell inequality violation

beam1 \/§ [TeV]
1 |
225 03 | 510
220 , :— ------------- ]
; E 4e0E ?
Optimal basis )15 LS
Q /’{' - --- Rotated Beam
Y200 F Helicity
Y — . — Diagonal
/ (k) 0O 0 \ 205! /
i IR q-tt
Cdlag(k) = 0 :u’2(k) 0 200¢/ | ‘ | “ L o
| 2 5 10 20
\ 0 0 (k) ,

The basis that diagonalized the spin-spin correlation matrix Cl-j maximize Bell inequality violation
arXiv: 2311.09166
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Parton-level processes: ete™ — 17
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Parton-level processes: g — tf,g;8p — 1t

Near threshold 'i*ﬁ or E*E

Boosted
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9
y;

(=
o

2
‘s

i*_':? or E*SE

7

qq — 11 : positive spin correlation, £ =

A

tan @
Y

Reproduces the basis in Phys. Rev. D 53, 4886 (1996)
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—=> =

LHC: p!l = @d9pdd=1 4 88p88=11 (& (&)

Boosted region: unlike-helicity gluon dominates, 'i*ﬁ or E*E

gg — ttand gg — ttf produce the same spin

correlation.

Near threshold:

like-helicity gluon dominates, g

gg — tf and gg — tf produce different spin i
correlation. The spin correlation from different qq — tt : positive spin correlation
initial state cancel with each other.

ngL/gRgR — tt: spin singlet [1) — [J1)

pp — tt, Near threshold 13 TeV LHC pp — 1t
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Summary

By looking at the distribution of tt decay products,
which quantum state we are studying?

> Using angular-averaged state in event-by-event basis (él(k), e,(K), é3(k)):
o Fictitious state instead of physical state.

- Basis dependent
o Optimal basis exists

> Current studies of ¢7 at the LHC:
o Entanglement (concurrence) is easier to test than Bell violation. (ATLAS-CONF-2023-069)

> Helicity basis is mostly used.
> At boosted region, e.g. m,; > 1 TeV, the optimal basis can give 20% improvement on the

signal of Bell inequality violation. Near threshold, there is Bell inequality violation in the

optimal basis but not in the helicity basis.
o An improvement on testing the Bell inequality violation can be very useful.
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Backup
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Choose a basis to maximize the entangle of angular-averaged state

beam] beam!]
(a) Fixed beam basis
(b) Rotated beam basis @
(¢) Helicity basis
(d) Optimal basis??
beam] beam? beam]
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Physical states and fictitious states

1
Czj - = 9<fl’+l’ﬂj_>av

Averaging (£'"),, in fixed basis = physical state.

Averaging (£;"¢:"),, in an event-by-event basis = fictitious state

beam?2 beaml

beaml

beaml

1. Can we use the angular-averaged states in event-by-event basis? Not ideal, but fine

1 do
~fic  _ _— el o
Pac,68 /QEH dQ2 25 PK)ag 55

O11

2. Is there an optimal basis to use?
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It is still fine to use angular-averaged state (fictitious state)

Assume C(k)ij IS the correlation matrix written in a event-by-event basis, then the

angular averaged state is

_ 1 do
Che = — dQ —C(k),;.
Y o1 Joen dQ ( )]

If the Bell inequality is not violated for any quantum sub-states, then for any
directions (a;, d,, by, b,)

i1 - C(K)(by — by) + @5 - C(K)(by + by) € [-2,2]

Then the Bell inequality is also conserved for the angular averaged state.

L[ 4ol (@ - CO)Br ~B2) + @ - C (B +52))

O11 Qell dQ
=@ -C- (b1 —by)+@y-C- (b + by)
€ [-2,2],

The Bell inequality violation of the angular-averaged state implies the Bell
inequality violation in some quantum sub-states
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Parton-level processes: gg — tf, gg — tt

initial state S |IM|? Correlation matrix £
( (2—,32)83 0 . 2¢c9s9\/ 1—,32\
2-B2%s7 225},
qq Kq (2 — B?s3) 0 2‘_‘;—2;5; 0 tané = 1 tanf
0
K_ 2cgsgy/1—B2 0 2c§+ﬂ2sg )
2— 3252 2— 322
( (2-52)s3 0 _2cesey 1—ﬁ2\
2—p32s2 2—p2s2
_R2.2
gLgr  |kgB%s5(2 — Bs}) 0 2_‘;;303 0 tan¢ = 1 tan@
—R2 2 2.2
\ZF g xerd
7] 7]
B2-1
(21 9 o)
grL9L/9rgr| kge(1— B4 0 gi;i 0 £=0
\ 0 0 -1/
beaml

Same spin correlation

The third direction (with the largest eigenvalue of
correlation matrix) is exactly the optimal basis of
spin correlation found by Parke, Shadmi and

Mahlon.
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Parton-level processes: gg — 1t

tt spin correlation from like-helicity gluon and unlike-helicity gluon cancel with each other

- Near threshold like-helicity gluon scattering |S, | = O dominates,
a spin singlet is produced and correlation matrix ~ diag(-1,-1,-1)

 High-pt region, unlike-helicity gluon scattering |SZ = 2 | dominates,
a spin triplet |y ) is produced and the correlation matrix ~ diag(1,-1,1)

» Other region: like- and unlike-helicity gluon comparable, no entanglement.
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Backup: basis transformation

The spin density matrix of a spin-1/2 particle is a 2 X 2 trace-1 hermitian matrix, therefore can be
always expanded as p = 5(12 + B,c,). Likewise, the density matrix in 77, ® 7% ; can be parametrized as

1
ptfzZ([2®IQ—I—B,L-+O'i®12+B,;_I2®0'i+cij0'i®aj)

BZ* parametrize the polarization of each particle; (0}) = B,  (o}) = B}

. . . . t _t
C;; parametrize their spin correlation (0:05) = Cy

It is convenient to discuss different basis choices using this parametrization.

o =[N+ AL ce==iN) U+ DM, o= M=)

The basis transformation U @ U on p,; is now a simple rotation on C;;
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In the c.m. frame of 1t

Treating 77 produce at colliders as quantum states k = (cos ¢ sin 0, sin ¢ sin 6, cos 6)

The quantum state produced at collider is defined in 7', @ # spin & Z colors
we can expand it in terms of | K, a@)
|tt) oc/de|k aa) (k,aa|T|I,N) /deM a(k) |k, aa) beaml

V4
y

To obtain a physical density matrix in the spin space:
1) Project the states to a momentum eigenstate

plk) = (k| p[k) Need infinitesimal bins
= p(K)ag.oa |0@) (/& “Quantum sub-states”

|T): defined along é,-direction

2) Trace in the momentum space.

P = Trken (P |k> <k| ) beam1

1 do
- = [ 40
Ol JQell de(

beam?2

k) aa,o' & | a&) <Of,O_£/ |

The basis | @) can be take out of the integral if it is defined in a
fixed reference axis independent of k

1 do
H— Ia1 — dQ T~ k aa,o’a’
pa,aa O-/QGH dQ()’

However, it is a usual practice to average the density matrix in an
event-by-event basis such as the helicity basis

- do
—helici T
P = / dQ d—QUT 55PX) 55,85 Up 5 ara Fictitious state
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From angular momentum conservation, the ¢ quantum state can be written as

€550 (€7 My [11) + My 1) + My [11) + e My, 1)

At leading order, the helicity amplitudes are real. After rotating the azimuthal
angle ¢ to zero, the correlation matrix Cl-j Is diagonal in the second direction.

2(My Myycos(29) + Mz My)) 2M Myt sin(2¢) 2cos(¢) (M pMi — MuMn)\
X 2M | M sin(26) 2M My — 2M Mircos(29) 2sin(¢) (MyppMpy — My Myy)
2cos(@) My My — M My;) 2sin(¢) ( MyMy — My Myy) M — ME — MR+ M, /

Cﬁxed

QMLLMTT + ZMHMN 0 ZM”MTT — 2M¢¢MN
Crotated X 0 ZM,LTMTJ, . QMJ,J,MTT 0
2MT~LMTT - QMNM“ 0 MiL — MiT — M%J, + M?TT

beaml beaml
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Maximizing spin correlation vs. Maximizing entanglement of angular averaged state

The coordinate (¢, €,, €;) that (@) o o)
diagonalizes the correlation matrix CHs(k)=| 0 (k) O
maximizes the Bell inequality

violation of angular averaged states. \ 0 0 (k)

Choosing a basis to maximize the entanglement of angular-averaged state is different from
choosing a basis to maximize spin correlation

The spin correlation (S} ® S§> is simply a function of reference axis é;, while the

basis dependence of entanglement is introduced from angular averaging.
When using event-by-event basis ¢,(k), the entanglement of angular averaged state

is basis dependent is because the angular averaged state is a functional of ¢,(k)

Cy o [ KM (k) €19 - 4,1
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Maximizing spin correlation vs. Maximizing entanglement of angular averaged state

The coordinate (¢, €,, €;) that (@) o o)
diagonalizes the correlation matrix CHs(k)=| 0 (k) O
maximizes the Bell inequality

violation of angular averaged states. \ 0 0 (k)

Choosing a basis to maximize the entanglement of angular-averaged state is different from
choosing a basis to maximize spin correlation

beaml beaml

(a)

Maximizing the spin correlation only need to find a proper z direction to define |1) and || ),
and the phase of |1) and || ) (the direction of X and ) is irrelevant.

—i¢ i¢
At high-p; region, gq / gg scattering produce a triplet Bell state, |T,) = - |TT>\/; e |34)

—rotated __ 1

ROtated beam basis: ptriplet — ﬂ /d¢ |\IIO> <\IJO| — |\IIO> <\IIO|

Maximum spin correlated
| | P M) (1 + 14 (1
Fixed beam basis  pi7., = g/d¢|‘1’¢> (1) = T : ) Separable, entangle.......
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The optimal basis for angular averaged state

The correlation matrix Cl-j is symmetric for unpolarized final states,

eigenvalues (Cij(k)) = (w1 (K), ur(K), u5(K) )

beaml
Diagonal basis: (/n(k) 0 0 )
Cdiag(k) — 0 Lo (k) 0

\ 0 0 pa(k))
The diagonal basis maximizes the signal of entanglement of angular
averaged states.
e The angular averaged state in the diagonal basis:

i 0 0
C‘rdiag — <Cdiag(k)>kel‘[ =10 g 0 Ui = <:“i(k)>ken

Cbasisl(k) — RT(k)Cba'SiS2(k)R(k) 0 0 /]3

e The angular averaged state in any other basis: (denote the eigenvalues of C°*'S as C;)

O = (CP(k)), G+ + & = i1 + iz + iz = T (),

The diagonal terms of a matrix are always bounded by its eigenvalues
p1 2 C; 2 Us.
To show that the diagonal basis maximize the violation of Bell inequalities, we need to prove that

forany i # j, _ _ _ _
/ ¢ +¢ < max | + g
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- B N
C1 + Co + C3 = fig + o + 13 = Tr(C), i #J S ) s o
S > c; +¢ < max[,uk-l—ug]
p1 2 C; 2 U3. k7t
- J
Case (a) fi; > fi, > jiz > 0
=~ - = - ) )
pif: 0<c¢<p ¢<p = i+ + /15
» Else /’72 < Ez < ﬂl
G+ <+, = G+ <G+ (i)
We need to prove:
- — — — — — — T = \2
T+ T <&+ (g + i — ) < Iy + i Define f(A) = (21 guz) L 9A?
J(Ay) J(4y)
J(A)) <f(Ay)when [A;| < |A,]
I
A, /%2 A = HiT™Hy 3
| I/—/\N/ | 2
fi C; fiy+ i, — ¢ P e
) =
2
Case (b) O > fi; > ji, > jis
Case (c) fi; = 0 > fi5

chengkun@pku.edu.cn

Kun Cheng

23



Spin correlation matrix of different processes

tt q .qq—tt —tt

LMl

)

— I _
W' = I =14qq,99
ch7|ch7—>tf|2 + nglMgg—>tf|2’ e
TABLE 1. Here, the correlation matrix is expressed in the helicity basis (r,n, k). The QCD color
20222 _
factor kg = gg%, Kg = | B2fgg§1)2 N J(V'Bé A‘;g’j)) 2, and N = 3 is the number of colors.
initial state S |IM|? Correlation matrix £
( (2—B?)s? 0 . 26089\/1—ﬂ2\
2—B233 2—B233
— _R2.2
qq kq (2 — B%s3) 0 %ﬂg% 0 tang = L tang
2cgspy/1—P? 0 2c2a+ﬂ2sza
\ 2—p32s2 2—f32s2 }
( (2—-p8%)s; 0  —2cos0y l—ﬁz\
2—f2%s2 2— 3252
_R2.2
9grLgRr Hg5233(2 — 5233) 0 2_%;;2 0 tan& = % tan@
0
\ 2¢cgspy/1—? 0 2c2+p32s?
2—%s2 2—[3%s2 }
B*—1
(21 9 o)
9L9L/9rIR|  Ke(1—B%) 0 &3 0 £=0
\ 0 0 -1 )
2.2 2
tan 26 = (Lggkq + Lggky3”s5)S20y/1 — B
o 2 o2 2 o2 2(1 _ R2)
(Lggiiq + LggkgB?sj)(cap + B28j) + Lggrig52(1 — 5°)
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Reconstruction
e arXiv: 2310.17696

Writing the truth distribution as a function of © we have

o folding _, -
CL’truth(@) —g> xpredicted(@) =R- CL’truth(@)- (A3)

The parameter © is now extracted by fitting Zpredicted (©) t0 Zdetected-

We perform this parameter extraction by a binned maximum likelihood fit where the
likelihood function is

Npins

L(@) — H Poisson (xdetected,aa xpredicted,a(@)) ) (A4)
a=1
Npins
= | | Poisson | Zdetected,ar Y RapTiruth,3() | (A.5)
a=1 B

where Poisson(z,\) is the Poisson distribution for random variable x with mean A. The
response matrix R is calculated from simulation, the distribution xi..n(©) as a function of
© is known analytically in all cases that we study. For example, for ©® = Cj;, the truth

distribution is given by Eq. (3.10). To obtain ©® we maximize the logarithm of the likelihood
function.
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