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Electroweak Chiral Theory

The Higgs effective field theory (HEFT) is also known as the
electroweak chiral theory, which is an EFT of broken phase. Similar
to The chiral perturbation theory (χPT ),

χPT : Quark Condensation
⟨q̄q⟩ ̸= 0

→ SSB:
SU(2)L × SU(2)R → SU(2)V

→ 3 Goldstone
π+ , π0 , π−

Strong interaction
or weal interaction?←

SSB:
SU(2)L × SU(2)R → SU(2)V

←
3 Goldstone
eaten by the
gauge bosons

:HEFT

The necessary existence of zero-mass Goldstone bosons suggests
the presence of strong forces and that, in turn, leads to a natural
guess for the mass scale of the physical spectrum in the Higgs
sector. 1

1Phys.Rev.D 22 (1980) 200
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The Effective Lagrangian

The Lagrangian with the least number of derivatives:2

L2 =− 1

4
Ga
µνGaµν − 1

2
⟨WµνW µν⟩ − 1

4
BµνBµν − g2s

16π2
θsGa

µνG̃aµν

+
1

2
∂µh∂µh − V (h) + v2

4
⟨VµVµ⟩FC (h) + v2

4
⟨TVµ⟩⟨TVµ⟩FT (h)

+ iQ̄L /DQL + iQ̄R /DQR + iL̄L /DLL + iL̄R /DLR

− v√
2
(Q̄LUYQ(h)QR) + h.c.)− v√

2
(L̄LUYL(h)LR + h.c.) ,

(1)

where Vµ is the Golstone, T is the spurion characterizing the
custodial symmetry breaking.

2JHEP 05 (2023) 043
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Schur-Weyl Duality

For each irreducible space under SU (N ), V with dimension
d, the tensor product space V⊗m can be also decomposed in
terms of the irreducible space V ′ of the symmetric group Sm,
and its dimension is the multiplicity of V , m, its multiplicity
is the dimenion of V , d, V⊗m = V ′⊗d . Converse is also true.
A consequence is every irreducible representation (irrep) of SU (N )
can be related to an irrep of Sn , or a Young diagram.

SU (2) SU (3)
1 1

2 3
2̄ 3̄
3 8
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Littlewood-Richardson Rule

Furthermore, the decomposition of the tensor product of the
SU (N ) irreps can be performed directly via the corresponding
Young diagrams, called the outer product, which respects the
Littlewood-Richardson rule.
The corresponding Young diagrams of the decomposed

irreps of SU (N ) can be obtained by the outer product of the
original diagrams. The semi-standard Young tableaux of the
Young diagrams form a basis of the corresponding SU (N )
irreps.

2 × 2̄ = 3 + 1 , 3 × 3̄ = 8 + 1
× = + , × = + (2)

孙浩 中国科学院理论物理研究所
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Primary Young Diagrams(1)

Lorentz group algebra so(3, 1) ∼= su(2)L ⊕ su(2)R, which means a
Lorentz invariant corresponds to the Young diagram looks like

su(2)R ⇐ . . . × . . . ⇒ su(2)L . (3)

Considering the derivatives, it arises the redundancy by the
integration-by-part (IBP), can be eliminated by an extra symmetry
U (N ), where N is the number of particles. The Lorentz structures
are not only su(2)L × su(2)R invariants but also U (N ) invariants.3

. . . → N − 2


. . .

...
...

. . .

(4)

3Phys.Rev.D 100 (2019) 1, 016015, Phys.Rev.D 104 (2021) 1, 015026
孙浩 中国科学院理论物理研究所
The Effective Operator Basis of The Higgs Effective Field Theory 11 / 42



Higgs Effective Field Theory The Young Tensor Method The Hilbert Series Method Conclusion

Primary Young Diagrams(2)

. . .
...

...
. . .

× . . . =

. . .
...

...
. . .

⇒ U (N )− invariant

=

. . . . . .
...

...
. . .

⇒ so(3, 1)− invariant
⇒ primary Young diagram (5)

孙浩 中国科学院理论物理研究所
The Effective Operator Basis of The Higgs Effective Field Theory 12 / 42



Higgs Effective Field Theory The Young Tensor Method The Hilbert Series Method Conclusion

1 Higgs Effective Field Theory

2 The Young Tensor Method
Schur-Weyl Duality
Lorentz Structures: Primary Young Diagrams
Internal Structures: Singular Young Diagrams
Applications to The HEFT

3 The Hilbert Series Method

4 Conclusion

孙浩 中国科学院理论物理研究所
The Effective Operator Basis of The Higgs Effective Field Theory 13 / 42



Higgs Effective Field Theory The Young Tensor Method The Hilbert Series Method Conclusion

Group Tensors

The SU (2)- and SU (3)-invariants corresponding to the Young
diagrams of the form

SU (2) ∼ . . . , SU (3) ∼ . . . . (6)

Let SU (2) as an example,

2 ∼ i ∼ ϕi

2̄ ∼ j ∼ ϵjlϕl

3 ∼ i j ∼ ϕI τ I l
iϵlj . (7)

The only invariant composed by ϕj and ϕi is
2 × 2̄ → 1 ⇒ i × j → i

j
ϕi × ϕlϵjl → ϕi × ϕlϵjl × ϵij = ϕiϕ

i (8)
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Soft Golstones

As mentioned before, the Golstones satisfy Adler’s zero condition,
which means the corresponding Lorentz structures vanish when the
Golstones’ momentum becomes soft,

lim
p→0

B(p) = 0 , (9)

which further constrains the Lorentz structures. The soft Lorentz
structures can be extracted by a set of linear equations about the
original ones4 ∑

j
cijBj(p) = 0 , (10)

of which the solution space is the structures of the one satisfying
the Adler’s zero condition.

4JHEP 05 (2023) 043
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Suprions

The spurion T is treated as vacuum expectation values of a
dynamical degree of freedom and thus do not enter the Lorentz
sector. In the SU (2) sector, the self-contractions among the
spurions are redundant, which means the spurions should be
symmetric, thus the corresponding Young diagram composed of j
spurion is of the form

2j︷ ︸︸ ︷
. . . , (11)

and the complete SU (2) tensor can be factorized as5

. . .

2j︷ ︸︸ ︷
. . . ×

2j︷ ︸︸ ︷
. . . → . . . (12)

5JHEP 04 (2023) 086
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NLO Operators (Overview)

(From JHEP 05 (2023) 043)
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NLO Operators (4-Fermion Sector)
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NLO Operators (Summary)

For the first time, we could obtain the 224 (7704) operators for
one (three) generation fermions, 295 (11307) with right-handed
neutrinos, and find there were 8 (11) terms of operators missing
and many redundant operators can be removed in the effective
theory without (with) right-handed neutrinos.
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NNLO Operators

In JHEP 04 (2023) 086, we obtain that there are 11506 (1927574)
NNLO operators with one (three) generations of the SM fermions
assuming right-handed neutrino exists.
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Orthogonality

For a compact group G, its finite-dimension representations are
complete-reducible, whose the characters of different classes
orthogonal,∫

dµG(z)χi(z)∗χj(z) = δij , z is the maximal ring variable. (13)

The decomposition of the tensor product of the compact group G
can be done similarly to the discrete group,

nj =

∫
dµG(z)χ∗

j (z) (χr1(z)χr2(z) . . . χr3(z)) , (14)

where nj is the multiplicity of the irrep j in the decomposition of
the tensor product r1 × r2 × · · · × r3.
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Hilbert Series

The Hilbert series is a generating function of the group invariants,
which takes the form that

HS = 1 + n1Q + n2Q2 + n3Q3 + . . . , (15)

where Q is a field of some representation of a group, and ni is the
number of the independent invariants composed of i Q’s. Thus
the Hilbert series counts the number of independent operators. For
the compact group the coefficient ni can be obtained by the
orthogonal relation

nm =

∫
dµG(z)χ∗

1(z)Sym

χr(z)χr(z) . . . χr(z)︸ ︷︷ ︸
m

 , (16)

where χ1(z) = 1 is the character for the trivial representation.
孙浩 中国科学院理论物理研究所
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Conformal Algebra

conformal group = so(3, 1) + {D ,K} ∼= so(6) . (17)
K is the special conformal transformation generator
D is the dilation generator .

The irreps can be labeled by (jL, jR,∆), where (jL, jR) determines a
Lorentz group irrep and ∆ determines the canonical dimension.

R(0,0,1) = ϕ , R(0,0,2) = Dµϕ ,

R( 1
2 ,0,

3
2 )

= ψL , R( 1
2 ,0,

5
2 )

= DµψL ⊕ σµDµψL , (18)

where the subspace σµDµψL is redundant because of the equation of
motion (EOM), and should be eliminated6.

6JHEP 09 (2019) 019 (erratum)
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Single Particle Module

Taking a (reducible) representation of the conformal group

Rϕ =


ϕ

Dµϕ
D(µDν)ϕ

...

 , ϕ ∈ (jL, jR) (19)

called single particle module (SPM), where D(µDν) means the
EOM redundancy has been eliminated.
Similarly the effective operators also form a module

RO


O

DµO
D(µDν)O

...

 , O ∈ (0, 0) , (20)

of which only the first sub-module should be kept due to IBP.
孙浩 中国科学院理论物理研究所
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Conformal Characters

For a general irrep D(µ1 . . .Dµn)ϕ, where ϕ ∈ (jL, jR), its character
takes the form

χ(∆,jL,jR)(z) = DnSymn(χ(2,2)(z))χ(jL,jR)(z) , (21)

thus the character of the single-particle module is

χϕ(z) =

(
Dn

∞∑
n=0

Symn(χ(2,2)(z))

)
× χ(jL,jR)(z)

= P(D, z)χ(jL,jR)(z) , (22)

where P(D, z) = Dn ∑∞
n=0 Symn(χ(2,2)(z)).

In particular, the character of the effective operators without IBP
redundancy is still 1.7

7JHEP 10 (2017) 199
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Master Formula

HS =

∫
dµG(z)

∏
i

PEf (ψi , χψi (z))
∏

j
PE(ϕj , χϕj (z)) , (23)

where
χϕ(z) = χConformal(z)χInternal(z) ,

dµG(z) = dµInternal(z)dµ′Conformal(z) ,

dµ′Conformal(z) =
1

P(D, z)
dµSO(3,1)(z) . (24)

The number of independent operators composed by ni ϕi , nj ψj ,
and k derivatives D can be extracted by

n(. . . , ni , . . . , nj , . . . , k) =
∏

i

d
dϕi

∏
j

d
dϕj

HS

∣∣∣∣∣∣
ϕi=ψj=D=1

. (25)
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Plethystic Exponential

Q is boson: PE(Q, χr(z)) = exp

∑
k≥1

Qkχr(zk)

k


→ Sym

χr(z)χr(z) . . . χr(z)︸ ︷︷ ︸
m

 =
dm

dQm PE(Q, χr(z))
∣∣∣∣
Q=0

(26)

Q is fermion: PEf (Q, χr(z)) = exp

∑
k≥1

(−1)k−1Qkχr(zk)

k


→ Asym

χr(z)χr(z) . . . χr(z)︸ ︷︷ ︸
m

 =
dm

dQm PEf (Q, χr(z))
∣∣∣∣
Q=0

(27)
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Group Extension

The symmetry group is extended by two discrete groups8,

SO(3, 1)× GInternal → (SO(3, 1)⋊ {1,P})× (GInternal ⋊ {1, C})
= SO(3, 1)+ ⊔ SO(3, 1)+ ⊔ G+

Internal ⊔ G−
Internal ,

(28)
The corresponding characters:

χϕ(z, x) → χ+
ϕ (z, x)χ

+
Internal(x) + χ+

ϕ (z, x)χ
−
Internal(x)

+ χ−
ϕ (z, x)χ

+
Internal(x) + χ−

ϕ (z, x)χ
−
Internal(x) . (29)

The orthogonality relation becomes
1

4

∫
dµχ∗

ϕχϕ = 1 . (30)
82211.11598 [hep-ph]
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CP-even Operarors

The complete Hilbert series can be divided into 4 disadjoint sectors9,

HS =
1

4
(HS++ + HS+− + HS−+ + HS−−) , (31)

where

HS++ =

∫
dµ++

G (z)
∏

i
PEf (ψi , χ

++
ψi

(z))
∏

j
PE(ϕj , χ

++
ϕj

(z)) ,

HS+− =

∫
dµ+−

G (z)
∏

i
PEf (ψi , χ

+−
ψi

(z))
∏

j
PE(ϕj , χ

+−
ϕj

(z)) ,

HS−+ =

∫
dµ−+

G (z)
∏

i
PEf (ψi , χ

−+
ψi

(z))
∏

j
PE(ϕj , χ

−+
ϕj

(z)) ,

HS−− =

∫
dµ−−

G (z)
∏

i
PEf (ψi , χ

−−
ψi

(z))
∏

j
PE(ϕj , χ

−−
ϕj

(z)) . (32)

9JHEP 01 (2021) 142
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Nonlinear Symmetry

The nonlinear symmetry of the HEFT implies the Goldstones are
soft, characterized by Vµ. Its SPM is

RV =


Vµ

D(νVµ)

D(ρDνVµ)
...

 ∼=


Dµϕ

D(νDµ)ϕ

D(ρDνDµ)ϕ
...

 ∼= Rϕ/ϕ . (33)

The character takes the form that10

χV = χϕ − 1 . (34)

102211.11598 [hep-ph], JHEP 02 (2023) 064
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Spurions

The spurions can not be applied by the derivatives, which means its SPM
is truncated, RT = T.
Besides, the self-contractions of the spurions are redundant, which
present an equivalence relation of the effective operators,

O1 ∼ O2 ⇔ O1 ∝ O2 × [T] , (35)

where [T] is some invariant composed solely of the spurion.
In the Hilbert series method, these redundant contributions can be
eliminated by the quotient of two Hilbert series11,

HS =
HS(ϕ,T)
HS(T) , (36)

where HS(ϕ,T) is the Hilbert series treating the spurion as normal scalar
fields, while HS(T) is the Hilbert series of the spurion.

112211.11598 [hep-ph], JHEP 02 (2023) 064
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Numbers of the Higher-Dimension Operators (1)

(From 2211.11598 [hep-ph])
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Numbers of the Higher-Dimension Operators (2)

The result of the Hilbert series is consistent to the Young tensor method
and the result of other authors12.

12JHEP 02 (2023) 064
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• For the first time, we obtain the 224 (7704) operators for one
(three) generation fermions, 295 (11307) with right-handed
neutrinos, and find there were 8 (11) terms of operators
missing and many redundant operators can be removed in the
effective theory without (with) right-handed neutrinos.

• We obtain that there are 11506 (1927574) NNLO operators
with one (three) generations of the SM fermions assuming
right-handed neutrino exists.

• We extend the Hilbert series method to the discrete symmetry
and count the higher-dimension operators of the HEFT. In
particular these two methods are consistent.

• Both of the Young tensor and Hilbert series methods are
general and can be applied to many other theories such as
dark matter and axion theories13.

132305.16770 [hep-ph], 2306.05999 [hep-ph], JHEP 11 (2023) 196
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Thank you!

孙浩 中国科学院理论物理研究所
The Effective Operator Basis of The Higgs Effective Field Theory 42 / 42


	Higgs Effective Field Theory
	The Young Tensor Method
	Schur-Weyl Duality
	Lorentz Structures: Primary Young Diagrams
	Internal Structures: Singular Young Diagrams
	Applications to The HEFT

	The Hilbert Series Method
	Orthogonality of The Group Characters
	Management of The Derivatives: Conformal Symmetry
	Discrete Symmetry
	Applications to The HEFT

	Conclusion

