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Build signal & background
models Build likelihood with a physics parameter of interest, e.g. the

signal normalization relative to some reference cross section ,
/ and incorporate the systematic uncertainties as nuisance

parameters
Evaluate systematic
uncertainties
Maximise the likelihood Use to define a test
(minimize negative log of statistic for hypothesis
the likelihood) testing

= estimate parameters
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 Likelihood defined as

r"?i Oc"\

Parameters of the likelihood Probability to observe the data for a given
value of the likelihood parameters

 Note:

* The likelihood is not a probability (various normalisation terms
are ignored)

* Likelihood parameters ﬁ..
Parameters of Interest (POIs) Nuisance parameters
= parameters we want to measure (or NP)
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> Expected number of events:

_ int int
Rexp = .“‘)'sig“f’sigf‘lsigl'In T O'bkg‘gbkgf‘lbkgLIn

e 1. Signal strength, o: cross section, e¢: selection efficiency, A:
Detector Acceptance, L: Luminosity

» Construct likelihood by observed events (N) and expected events (n,, )
n e P(n;S,B)=e"* ”)(S+,‘3)
_ 3 Nexpe P n,i=1..N,. Poisson product )
Poisson probability  p(N | nexp) = —— (o5, B) ] o570 (S ] g;? i)
m,i=1.n_, Extended Unbir:ed Likelihood |
P(m,.;S,B)=e_(S+B) ﬁ S P, (m)+B P, (m,)

Mey! i1
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-In L(w)

» Convert likelihood to Negative Log of the
Likelihood (NLL), to avoid dealing large or
small values

» When we do the minimisation, only care

about the i at the minimum of the
likelihood, denoted by /i

e Because the value of NLL 1s not -
Lmportant for signal strength scan, 1E
we can minus the minimum to get ANLL
—~AlnZ = —InZu,0(w) - (~In Z (4, 6))) 1
=—1n°?('u’—0(ft)) 2\
(4, 0) A B e o
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z Set confidence intervals

e The asymptotic distribution of -2ANLL follows

the y? distribution with K degrees of freedom,
where the K 1s Difference in the number of free

parameters in the numerator denominator (here
(=1 o]

-A In L(w)

10

i-grllll

e According to the relationship between the y? 6!
distribution and the p-value (p-value), When
the degree of freedom K=1, 1f a confidence level
of 68% (p-value=0.32) 1s required, the

corresponding y° value should be approximately .

ll|l|ll|lIlllllllllllllllllllll]l
1 % 1 2 3 4 5 8 7 8

A

(L

v

u
— We can calculate -2ANLL<1, to get the 68% confidence

interval

— While -2ANLL<3.84, can get the 95% confidence interval
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> Nuisance parameters &:

e Nuisance parameters are parameters that appear i1n a statistical
model that are not our primary parameters of interest, but which
still need to be modeled and treated. These are usually parameters
that are not directly related to the main goal of the research
problem, but have an impact on model fitting and inference

> Eg: luminosity

e If we measured the luminosity has 0.25% uncertainties, then 1t
wWill either increase the number of instances by a factor of 1.025
or decrease 1t by a factor of 1/1.025.

e We can add 1t by a gaussian constraint

ZL(u,0) = e—%é’z where

L't - £IMt(1 4+ 0.025)"

— int int
nexp = /“’sig‘93|gAS|ng 1.025% + GbkgebkgAbkng 1.025¢

CMS DAS C.Wang(IHEP CAS) 23/01/2024 9
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Mathematical concept RooFit class
 Framework built on top of . X 1
. g . variable RooRealVar
ROOT for statistical analysis
function f (X) RooAbsReal
 Objected-oriented approach PDF f(x) RooAbsPAf
space pomt 5(? RooArgSet
* Specific PDFs deriving from
abstract base classes, e.qg. integral j f(x)dx RooReallntegral
ROOGaUSSian from ROOAbSPdf list of space po|nts RooAbsData

W. Verkerke

e Construct mathematical models
by connecting objects together

* Provides interfaces for fitting B == B === .

and visualisation

RooRealVar RooRealVar RooRealVar RooRealVar RooRealVar RooRealVar
meanl sigma X mean2 argpar cutoff
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Creating simple variables, pdfs, and likelihood functions with RooFit

Using RooFit to minimize the likelihood function

/publicfs/cms/user/wangchu/CMSDAS_Stat/README.md
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> Signal significance: degree of exclusion of background-only @ 0.04F
(b-only) hypotheses & 0.035
+ 0.031 S =n,, B
e Can be simply calculated by s/\/Z or /2nyln(1 +s/b) —=2s %, 005 s
S 002k RE
e Generally denoted as Nx sigma, 3x sigma: evidence, 5Xx 5 000(1)2
sigma: Observation ODE_ e
> Signal significance with hypothesis testing: i S Nd/
%0 70 80 90 100110 120 130 140 150 160
e Null hypothesis H,: No signal (b-only) abs
Bkg=100
e Alternative hypothesis H : any positive signal
e Discriminant (test statistic) : Likelihood ratio q
105 5 0.50 31%
L(s=10 110 10 1 16%
qO=—210g ( " ) y
L(3) 120 20 20 2.3%
e Can calculate p-value, use p=1 —®(Z) to get 130 30 30 0.1%
significance :Z 150 20 20 310°

Bkg=100
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> Type1 and Type2 errors

e Type 1 error (a error) : Rejecting the null hypothesis when 1t 1is true,
1.e., drawing conclusions incorrectly, 1s called a Type 1 error.

e Type 2 error (B error) : Failure to reject the null hypothesis when it
1s false, 1.e., failure to find an effect that actually exists

. 04F
Da.ta dlsfauvors.H0 Data .favors H sk §=0 BSM
(Discovery claim) (Nothing found) 03E-
H, is false Type-Il error 025
0 i I i 0.2F
(New physics!) Discovery: e (Missed discovery) 015E Twpe-l error
.E Type-lfError
H is true Type-l error No ne;N phg'sics, 0.05f-
(Nothing new) (False discovery) none foun e = T R

t

p-value, significance
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Compute significance

/publicfs/cms/user/wangchu/CMSDAS_Stat/README.md
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> When searching for undiscovered processes,
because their signal significance is too small,
they are often measured by setting an upper limit

35.9 fb' (13 TeV)

to the range of the parameter L s
: * I 68% expected -
e In practice, the test statistic first needs . o5% oxpected

. 0 E

— Considering the upper limit as a one-sided
confidence interval [@,yu,], the previously

mentioned likelihood ratio was modified to obtailn
the new test statistic

95% CL limit on o(bbg)-B(o—>Tt)(pb)

102
L)
—21n 7090 1<0 : [O ]
qﬂ=_21nL(”A’62‘) q"“-zmi"};? 0<ji<p 107° 1 'HUF.) e .
L(4,0) 0 ’ 0> 100 200 300 1000 2000
‘ m, (GeV)
2-sided confidence intervals Modified for upper limits
- when 4 < 0, 4 has been set to 0, avoid negative

values

— While x4 < 4, set test statistic to 0, ensure we
can get one-sided intervals
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> With the distribution of the test statistic,
the p-value can be calculated

p,=P(q, > q®|p) = J N f(q,11,6,) dq,
" f(q, | w)

> |n the high-energy physics community, it j 4"
iIs common to use the CLs criterion to
set different confidence levels
(commonly 95% CLs) /

+00

CLq,, = P(gq, > g0 | sig + bkg) = J b £(q,11,6,)
i

CL. = CLs+b

S
CLb obs oo 2)
CL, = P(g, > g, |bkg only) = |  f(g,10,6))
qﬁbs
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> Target:

e Determine the minimum value of signal strength u,, when the (CLs value
1s less than some determined p-value a (a= 0.05 at 95% CLs)

> Workflows:

e For each u, generate some toy datasets based on s+b and b-only
hypothesis

e Calculate the test statistics g,, build the distribution of g, in s+b
and b-only hypothesis

e Calculate the p-values, namely CL_, and CL,

e Calculate CLs, we can get the upper Limit at 95% CLs while the ClLs
crossed 0.05
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" expected for sig+bkg 1 3 expected for sig+bkg
q;; 5 expected for bkg-only - q;:bs expected for bkg-only
b d val - .
= . - = . e By scanning the (r) value,
L, =0.0011 10-1 CL_, =0.0017
s+b — s+b
W\ CL, =0.2345 s W\ CL, =0.2335 one <cdan see:
10 - —CL, oo

e s ’

— Between r = 12 and r = 10, the
value of CLs crosses 0.05, then
the observed upper limit 1is

1072

iy
o
&

10 NG o L between 12 and 10
20qr(r =20, mfi 120 GeV) ° A q(r 2018, m, =120 égv) .
Expected upper bound, you
need to replace ¢ with a
i3 e expected for sig+bkg e . expected for sig+bkg d '|_ 'F 'F eren 't q uan 't '|_ -I_ e Vvd -I_ ue 0O 'F
- qﬂ expected for bkg-only - q/l expected for bkg-only
B observed value i observed value | C |_ b

B CL_,, =0.0095 10!
N\ CL, =0.2366

CL, =0.0402

10!

B cL_, =0.0166

e Commonly used quantiles are:

- [0.025,0.16,0.5,0.84,0.975]

— Corresponding to the median and
+-1/2s1igma

102 1072

1072 1073

b ].IJl I 1 1 1 I | 1 1 I 1

10 12 14
qr(r =10, m, = 120 GeV)

I T

12 14 16
qr(r =12, m, = 120 GeV)

fgu| 1.6, f(,10.6) fq,11.0) £(9,10,6p)
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> When the model is too complex, if the Toy method is utilized to take the upper limit, as it needs to generate
a large number of Toy samples and calculate the p-values, it will consume a lot of time and computational
resources

> Therefore, Asymptotic approximation can be utilized to save resources and time

e Do not need to generate the toys for p-values

L(Asimov|u, 0 ! L(data u, o, — 1 _ e
qﬂ’A — _21” ( l”.l |” - (fl)) q'u — _2In ( ald ,l:l\ (A,u)) CLsb 1 (I)(q,u + ql,t,A/z \/q/l,A) q”,A — [q)—l(CLb) _ (I)—I(CLs+b)]2/2
L(Asimov| 1, 0) L(data fi,0(u)) CLb =1 —®(g, — g, 4/2% \ /Ty 2)

e For the derivation see. [Cowan, Cranmer, Gross, Vitells Z2013]

e A 1n the formula represents Asimov dataset. Asimov dataset 1s an 1dealized dataset, which
suppressed stat uncertainties

e Eg, when we want to caculate the expected median at 95% CLs:
- CLb=0.5, CLs=0.05, CLs+b=0.5%0.05=0.025, then ¢,,=3.84/2

e Scan u by using formula, once the value crossed 3.84/2, then we found the median.

o (Lb/CLs+b could be calculated by g, and g, 4

— For observed limit, replace the Asimov dataset to data, calculate CLs+b and CLb, then CLs
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> Combine: RooStats / RooFit - based software tools used for statistical analysis in CMS

> It provides a command line interface to many different statistical techniques available
inside
e Parameter estimation and setting of confidence intervals
¢ Signal significance
e Upper Limit

e Provides many statistical checking tools (FitDiagostic, Impact, GOF, Bias,
etc.)

2 Github: Link

» Documents: Combine Tool



https://github.com/cms-analysis/HiggsAnalysis-CombinedLimit
https://cms-analysis.github.io/HiggsAnalysis-CombinedLimit/
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» Datacard settings

e For the combine usage, the first step 1s to generate datacard

Number of bins/channels Number of processes Number of nuisance parameters (*:determined automatically)

> text to workspace

e To saving the running time of the
al) combine, could covert the datacard
s in text format to RooFit workspace

o textZworkspace.py datacard.txt -m
Mass -0 workspace.root

Name DE fect on process
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> Best fit of the POl and confidence

interval
: 8
< 7k .
~ combine -M MultiDimFit o memd
datacard _partl _with_norm.root —-m 125 — 6 — Observed
freezeParameters MH —--saveWorkspace 50
-n .bestfit :
ar
e confidence interval: o
— combine -M MultiDimFit .
datacard _partl _with_norm.root —-m 125 — :
freezeParameters MH -n .scan ——algo bt
grid ——points 20 —--setParameterRanges 03;
r=1o,h1 r
— plotlDScan.py

higgsCombine.scan.MultiDimFit.mH125. roo
t -0 part2_scan




YRASHA R R fi |

Institute of High Energy Physics |/ Z
Chinese Academy of Sciences g :

> Set upper limits (Toy method)

e Observed:
— combine -M HybridNew datacard.txt ——LHCmode LHC-1limits —--saveHybridResult

—— Hybrid New ——
Limit: r < 10.9705 +/- 0.386687 @ 95% CL
Done in 0.47 min (cpu), 0.47 min (real)

e Expected:

— combine -M HybridNew datacard.txt ——LHCmode LHC-1limits —--saveHybridResult
——expectedFromGrid 0.5

—— Hybrid New ——
Limit: r < 14.2678 +/—- 0.217055 @ 95% CL
Done in 0.62 min (cpu), 0.62 min (real)

e Plotting:

- python $CMSSW_BASE/src/HiggsAnalysis/CombinedLimit/test/plotTestStatCLs.py
——1nput higgsCombine.HybridNew.mH120.root —po1i r ——val all ——mass 120

— python printTestStatPlots.py cls_gmu _distributions.root
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> Set upper limits (AsymptoticLimits method)
e combine -M AsymptoticLimits workspace.root
-— AsymptoticLimits ( CLs )

Observed Limit: r < 10.8183
Expected 2.5%: 7.0537

Expected 16.0%: 9.8108

Expected 50.0%: 14.5625
Expected 84.0%: 22.3988
Expected 97.5%: 33.5971

CMS DAS C.Wang(IHEP CAS) 23/01/2024 24
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> Pre and post fit (FitDiagnostics)

e combine -M FitDiagnhostics workspace.root -m 200 --rMin -1 --
rMax 2 --saveShapes --saveWithUncertainties

e Tt will do b-only and s+b fits, gotten pre/post fits

Combine will produce pre- and post-fit distributions (for fit_s and fit_b) in the fitdiagnostics.root output file:

eo0e '\ ROOT Object Browser

Browser [Eno Edit View Options Tools uolpv
Files | Canvas_1 () | Editor 1 (x|
e N Ztautau in signal_region
(CIPROOF Sessions Ztautau
& —
%E’.Zm,.mm 1800 Entries 31
B ———_7 v Mean 4.88
[ norm_prefit; L
oo £160- + StdDev  2.19
B W40 jf
~ Dshapes_fit b1 -
- [Jnorm_sit_b;1 -
s P 120 +
-3 shapes_fit_s;1 ™
| DDV_u,'I &
| =2 signal_region;1 100—
| [ Jdata;t =
L ietFakes;t >
P |kbbrmntau;l 3 =
5 |4 diboson;1 —|—
Ll ttbar : =
! | total;1 : 60 = —l_
| {a total_signai;1 1 L
? | total_background;1 - +
| 1§ total_covar1 40—
- Cttbar _er;t = +
[ Jnorm_fit_s;1 :
B~ fipet 20" +
% |tree_prefit;1 -
Dm _ 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 | 1 I 1 1 1 1 I
0 5 10 15 20 25 ae 30
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Test combine tools
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