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Introduction




Introduction to LEFT

Lattice EFT = Chiral EFT+ Lattice + Monte Carlo

1) EFT description of hadron interactions
p
contact terms + pion exchange potential

. LQCD LEFT
(2) The degrees of freedom on the lattice are hadrons
degree of freedom quarks & gluons hadrons
(3) Lattice spacing a = 1fm lattice spacing ~0.1fm ~1fm
(~ chiral symmetry breaking scale) dispersion relation relativistic non-relativistic
continuum limit v x
Solving low-energy many-body problems! model Lagrangian Hamiltonian
solver path integral Schrodlonger
equation

[1] Dean Lee, Prog. Part. Nucl. Phys. 63, 117 (2009).
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[2] Lahde, MeiBner, “Nuclear Lattice Effective Field Theory”, Springer (2019).



Applications of LEFT

Applications in Nuclear Physics

(1) Neutron-proton scattering [Li et al., Phys. Rev. C, 98, 044002(2018)]

* Phase shifts are more accurate at N3LO interaction

(2) Nuclear binding [Elhatisari et al., Phys. Rev. Lett., 117, 132501(2016)]

* The quantum phase transition of alpha particles depend on nuclear binding

(3) Alpha—alpha scattering [Elhatisari et al., Nature, 528, 111(2015)]
(4) Nuclear thermodynamics [Lu et al., Phys. Rev. Lett., 125, 192502(2020)]

(5) Properties of nuclel [Lu et al., Phys. Lett. B, 797, 134863(2019)]

(6) Hoyle state [Shen et al., Nat. Commun., 14, 2777(2023)]

Applications in Exotic Hadron  ???
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TABLE XXXIX. Summary for heavy-flavor three-body states. Energies are in units of MeV.

Components (TR Results (Method) Decay modes
Heavy_ﬂavor thre e_b O dy System DNN ) L(0) BS ~ 3500 — 15i (FCA, V) [836] A p, Ap [836]
NDK,NDK, —_—
) e BS ~ 3050, 3150, 4400 (FCA) [837] 1
NDD
DD*N L1+ 3 BS ~ 4773.2, 4790.7 (GEM) [838] Tt DOp T 0 Bah M gy
charmed baryon + charmed meson
DD*N %(7) difficult to form bound states (GEM) [838] T
(1) Gaussian expansion method (GEM) PRE 10) SO reD 21
I-like state ~ 2900 (QCDSR, xF) [£39]
DKK o) tio-bennd state (FCA3{821] t
DREY. 135 BS ~ 4738.6 (GEM) [840] =/, D, [840]
(2) QCD Sum I‘ule (QCD SR) D™ multi p several DY) states (FCA) [841, 842] T
pDD 0(?),1(?)  BS ~ 4241 — 104, [4320 — 13i, 4256 — 14i] (FCA) [843] T
P~ 10m) BS ~ 4162 (GEM) [273], 4140 (xF) [819], P R
. . . 4160 (FV) [820]
(3) BOI’n- Oppenhelmer appI'OXIIIlatIOIl (B O) DD 1(0) BS ~ 4181.2 (GEM) [822], 4191 (FCA) [825] D,D*, J/yK [822]
o) BS ~ 4317.9 (BO) [823] +
DD K 10 BS ~ ZZ?F(S:M; Zzo], 4317.9 (BO) [823], i g
(4) Fixed center approximation (FCA) J— I
DR a2 BS ~ [4850 — 467, 4754 — 50i], (FCA) |845] D*DWEK*, [845]
[A8%0~—t:364755——507] [D*D*K*, D*D™EK*]|
. DD*x, L, 2% BS ~ 6292.3,6301.5 (GEM) [829] J/ppD®), Toeh o [829]
(5) Faddeev equatlon (F) et al * JIWKK 0(17) Y (4260) ~ 4150 — 45i (xF) [481] T
DDD* 117y BS ~ 5742.2 (GEM) [833] DDDx(~)[833]
DD*D* %(O’, 52 several loosely bound states (GEM) [834] charmed mesons + ... [834]
é(()’, 1=:27537) several loosely bound states (GEM)[834]
D*D*D* charmed mesons + ... [834]
Three-body Quasi-two-body e 57 BS ~ 5790.9 — 49.8i, 5990.2, 5989.4 (FCA) [835]
":> . D*D*D®) 2l difficult to form bound states (GEM) [834] ¥
problem system SOlVng D*D*D L(2-) BS ~ 5879 (F) (846 t
D*D*D* 1(37) BS ~ 6019 (F) [R45] +
(oI o U1 1 e no bound state (GEM) [847] t6/17
oK $(07) BS ~ 7641.8 (GEM) [848] t

[1] Ming-Zhu Liu et al., arXiv:2404.06399 (2024).




The necessity of three-body force

(1) Direct three-body interactions

7~ N

A (MeV) 350 375/ 400  Exp\
CE 0.561 0.412 0.380

Eanr (*H) 7.64(1) -1 [ -7.78(1)  -8.482

Eonrsnr (CH) _8.483 -8.483 _8.483 -8.482

Exnr(‘He)  -29.8(4)  -29.4(4)
E2NF+3NF (4HG) —290(4) —286(4)
Exnp (°0)  -140.6(8) -141.7(8)

)

-29.2(4) -28.34
-28.4(4) -28.34
-141.8(9) -127.6

Eonrsone (1°0) -127.3(8) -128.1(8) N28.1(8) -127.
~__~
* In three-quark systems * In nucleus systems
* LQCD calculate gluon flux-tubel!-2! * LEFT calculate the binding energy!]
* The structure is “Y” type * The results with 3NF close to Exp.
(2) Study of many-body systems
[1] H. Ichie et al., Nucl. Phys.A 721,C899-C902(2003). [2] F. Bissey et al., Phys.Rev.D 76,114512(2007). 717

[3] Bao-Ge Deng et al., Sci. Sin-Phys. Mech. Astron., 54,292009(2024).



Study the three-
hadron system using LEFT




0(2317), 1(2460) in experimenta M system?

[
& 70_ T T T 1 T T T T T T T T T ]
° ot ‘ A 73]
% 60- on Zu 3 E I
=2 % S 250 4] >
S _F ? <20 - @
= 0F | | s 13 o
= FE ! S 10F ~ % 1 b
SR W A
- | 4 Data 3874 38 ] s~
C | X T — DD+ MpOpot eV/c2] » .
S0 Jp— %atcklgrlgugd St 42 Experimental proof\
I . CH of a bound state
105 + t H + H{ * J( - (resonance state)
- H}H oo #ﬁ j ###ij J( ﬂ + H JfHﬂJf & between two pairs
-2 H 0 7 of system. )
s s 88 3 |89 — 2.2 2.3 2.4 2.5 2.6
s s 8 2
mpopo+ [GGV/C ] M(DSJ) (GeV/c )
* Discovery of the *[lon LHCb * Discovery of ¢(2317),  1(2460)"Ion Belle
« A threshold very close to  Their mass difference is very close to the
e * ag hadronic molecule « 0(2317), 1(2460) as , hadronic molecule
* LQCD calculation 3] supports this scenario
[1] R. Aaij et al. (LHCD), Nature Phys. 18, 751(2022). [2] P. Krokovny et al. (Belle), Phys. Rev. Lett. 91, 262002 (2003). /17

[3] L. Liu et al., Phys. Rev. D 87, 014508 (2013).



TWO'bOdy mteraCthn m SyStem ﬁ By chiral effective field theory J

Deng et al., Phys. Rev. D 105, 054015(2022)
Ke et al., Phys. Rev. D 105, 114019(2022)

interaction P D D ; D* Du et al., Phys. Rev. D 105, 014024(2022)
L0 contact term X ; Shi et al., Phys. Rev. D 106, 096012(2022)
[ and OPE - 5 . | b Chen et al., Phys. Lett. B 833, 137391(2022)
Liu et al., Phys. Rev. D 107, 054041(2023)
Wang et al., Phys. Rev. D 107, 094002(2023) ... ...
interaction . R P Liu et al., Phys. Rev. D 79, 094026(2009)
[ LO and NLO Huang et al., Eur. Phys. J. C 83, 76(2023)
contact term D = D D - D Geng et al., Phys. Rev. D 82, 054022(2010)
Guo et al., Eur. Phys. J. A 40, 171-179(2009)
interaction K. K K3 K Yao et al., J. High Energy Phys. 11, 058(2015)

[ LO and NLO Zhong et al., Phys. Rev. D 78, 014029(2008)
contact term o D' D=——w D’ Wang, Phys. Rev. D 75, 034013(2007) ... ...
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https://inspirehep.net/authors/1507743
https://inspirehep.net/authors/1279168

TWO'bOdy mteraCtlon m SyStem ﬁ By chiral effective field theory J

interaction(ll D pr P 0 yCo : . € YOPE(g) — 39" € a€ g
| " D= \4) =~ " e
LO contact term | AfR @ +p
and OPE - 5 - ! D * One free parameter

Vid' (pi) =

(p1 p2 + i - Py + p1 - Py + p2 - )

interactionl?l K- L K 2f7r2
N ’ \\ L7 8M 4 / / / / /
[ LO and NLO . 7 VLo (pi) = — 3f§h1+ fz@z‘pﬁ%(pl-pzpl-p2+p1-p2p2-p1))
contact term D e p D —— D « One free parameter 3
* Other parameters are determined by other physical processes
interactionl2l K. K K- K
N .’ AR P 8]\4K * 4 / * ! / / / *
LO and NLO Vit (o) =(- 32 fiy f22‘P2+h5(p1-p2p1 ‘P +p1-Pop2 - p1)))E - €
contact term = — o D - D* e« One free parameter 3
Hamiltonian:
H,+ =Mp+ Mp- + Kpp- + fop(pi, D,)VSS: + VST, Single-particle regulatorl3! (equal to directly cutoff on lattice)
cc A ] I\ 2 . /
Hp:, =Mp + Mk + Kpk + fa5(pi, P;) VDK, faB(Pi, P;) = 1121 9a(Pi) 9 (P3)
_ 6 6
Hp,, =Mp- + Mg + Kp-x + f28(Pi, P;) VDK, ga(p) = exp(—p°/2A°)
EFT is applicable to physical processes where the * Better renormalization group invarianclei "

[1] M.-L. Du et al., Phys. Rev. D 105, 014024 (2022). [2] F.-K. Guo et al., Eur. Phys. J. A 40, 171 (2009). [3] B.-N. Lu et al., arXiv:2308.14559.



Extract two-body interaction parameters
" () ()

1 1 1

Interaction parameter Interaction parameter Interaction parameter
~05F i [
Z‘S\ -o- N\=400 (MeV) Sl --o- A\=400 (MeV) N --o- A=400 (MeV)
S SR -~ A=350 (MeV) i -¥- =350 (MeV) ! -¥- NA=350 (MeV)
| [ AR i —
E—lo— \:\. - - N\=300 (MeV) o 4 B -#- A\=300 (MeV) 0 L -#- A=300 (MeV)
\; .\\‘v\\O\ 5 [ 0-0_ o —0-0-0-0--0-0-0-0-0-0-0-0 5 [ 0 -0y 0-0-0-0--0-0-0-0--0-0-0--0
S o, T R g [
815 Nl O -0-0-0-0-0-0 5 o e s o6 L _xo
2 W< e Es v N5 Ania. Anin. i i A S A A S A 5 [ # TV ¥ - - - Y- -F-F-F-¥
S | \‘ *"'““"'-—-V——-V-_y | L
< | o, |
- - -8
2.0 N ‘l\‘\.‘ i P i P
~--_.__.__’__. .’,./ “g--m-S-8-E--E-8-8-0--E-1 " - .’l' “m--E--E-E-E--E--8-8-0--E-1
—_ L L PP M R ST SRR SRR R R R R I N T TR A SR SR N
6 8 10 12 14 16 18 10 6 8 10 12 14 16 18 6 8 10 12 14 16 18
L L L
[ ]

Use binding energy of ¥, 7(2317), 1(2460) to extract parameters o, 3, 3

« Calculate on box size L=53~193 cubic lattice with N=2 bosons
e Set cutoff A =300, 350, 400 MeV, and lattice spacing a=1/200 MeV~t =0.99 fm.

Long-range OPE makes convergence slower
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thl'ee—b()dy bound State LO contact term

three-body lagrangian £ = ¢3(HD, H "HD*HTY + G (HA, H HA*HT) * The contribution of first term is leading

three-body forces Vop+k(pi) = 1 f2 2y ps 1Dy +pa-ps 2Dy + Py p3+ 0y p3+ph-ps+ph-ps)e- €
0 . * One free parameter 3
E A\=400 (MeV) -£3- L=10 i
-50 E: _______ @::—::—:—ﬁau_u_&-"_% __O__ L=11 -50 ;: _______ %:8;;’.:’;__:‘&_ o O ‘ . ‘

“100f 8 -~ L=12 100 ;_D/,,,—/;g P— Mass and binding energies of
S -150f yam :i: iji sosof /) ——- DD treshold|  the bound state (MeV)
2 00k / - a S - - / e — e e o B D¢1D threshold
< -200f /ol B e—— R | RS PN < 200 / A 0 A=300 (MeV i
o —250 _ ,/'l 453 @??ff’;f _________ ---- TZK threshold & —250 / r ,// -%-- N=350 EM:V; N thThleW((l)I'kf

s00f / s il , | ||--- DzD" threshold Y I ~0-- =400 (MeV) (No three-body forces)

C / - 0 1 2 -/ . . :
-350 F 10 10 10 Ds1D threshold aenE 0 ! 2 + . + .
0 iﬁ L . : . V;hnneenor 330 F ¢ [ e l e l 10| ' — ( ' — )
0 o~ 0 1 z 0 T 0 1 2
10 -10710” 10 10 10 -10 -10 10 10 10 10 B o hei
Parameter C3 (MeV ™) Parameter C3 (MeV™5) orn- ppen c1imer
approximation [
* Calculate binding energy on box size L=103~143 cubic lattice with N=3 bosons 4317.92+385(53.52+358)

» Compare binding energy by sliding the strength of three-body force ( 3)

* A clear three-body bound state with bingding energy larger than 44 MeV * Consistent results compared

: e to other research
» Expand three-boson system in S-wave to mﬁmte volumef!]

AE
o — (kL) 3/220 exp(—pixL)
=1
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[1TY. Meng, et al., Phys. Rev. D 98, 014508(2018). [2] Li Ma et al., Chin. Phys. C 43, 014102(2019).



FirSt eXCited State Of SYStem Renormalization group invaria@

Same ground energy

The values of the parameter 3 on lattice with A =400, 350, 300 MeV _
P Different momentum cutoffs
A (MeV)| Parameter 9 10 11 12 13 14 ate Different parameters
400 0.100 0.100 0.100 0.100 0.100 0.100 ¢“—§ Tnput 5
350 |cs (MeV™®)|  0.170 0.162 0.164 0.164 0.163 0.163 gFi‘cted Obtain the same excited states?
300 0.328 0.305 0.281 0.278 0.281 0.280 | Fitted \

excited states (S-wave)

i The three-body binding energy of the ground and the first excited
30k state with the different cutoffs

The first excited states with different cutoffs coincide with each
............... A=300 (MeV)

EEET EEES  EEEE wmms  wess | |- Ac3souev) other when the box size goes large

e —— A=400 (MeV)

Ep MeV)
L
e
(D
i
|
Hi
;
|

i -—- Di,D*threshold | * Two close excited states correspond to the rho-type and lambda-
0 g DsD threshold type excitation in the quark model
l | l Ll I * The quantum number is 17: Use the standard angular momentum
9 10 11 12 13 14 . . N
L and parity projection technlque[ ]

|\IJA 24 ZXn |‘110>

[1]B.-N. Lu et al., Phys. Rev. D 90, 034507 (2014). 7




Summary




(1) We applied the lattice EFT to study exotic hadron.
. three-body system has a clear bound state with quantum number = 1"

* Binding energy is within the range of (-84, -44) MeV

(2) To check the renormalization group invariance of our framework
* The first excited states with different cutoffs coincide with each other when the box size goes large
* Splitting of the first excited state due to radial excitation between different constitents, like the
excitations when calculating the baryon excitation in the quark model.

9

(3) Lattice EFT, as an Ab 1nitio calculation for many-body problem, is promising for the study of exotic
hadrons.
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