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• Background: Classical Quark model and exotic hadrons.

• Investigation of the confinement mechanisms: 

✓ Sum of two-body confinements 

✓ Novel string-like confinement model. 

• Summary. 



Classical Quark model
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• Classical Quark model (QM): 

𝐸 ∼ 𝜎𝑟

E. Eichten, et al. Phys. Rev. Lett. 34, 369

• Quark interactions: one gluon exchange + linear confinement

• Successfully for ground and low-lying excited states.

• Struggles with excited states above two-hadron threshold

𝒄
"𝒄



• Exotic states: beyond CQM

Exotic Hadrons
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• Candidates for Multiquark Hadrons (𝑁 ≥ 4)

• What are they?

✓ Different Confinement configurations
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!𝒒
𝒒 𝒄
"𝒄

𝒄
!𝒒

"𝒄
𝒒

𝜋

✓ Coupling to thresholds play an essential role

• Focus: Confinement Mechanism of tetraquark + coupling to two-hadron scattering states. 

𝐷!"∗ 2317 &X 3872 @2003,…, 𝑃$ @2019, X(6900)@2020, 𝑇$$%@2021 



Conventional quark model Hamiltonian
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• Hamiltonian: 

r0(mi, mj) = A(
2mimj

mi + mj
)−B

H = ∑
i (mi + p2

i

2mi ) − TG + ∑
i<j

(λi ⋅ λj)
4 Vij

• Nonrelativistic quark model: color-Coulomb+ linear+ hyperfine 

Vij(r) = αs

rij
− 3

4 brij − 2παs

3mimj ( σ
π )

3

e−σ2r2
ijσi ⋅ σj• QM1: 

• QM2(AL1): 

• QM1 and QM2 reproduce the similar mass spectrum for 𝑇$$ ̅$$̅.

T Barnes , et al. Phys. Rev. D 72 (2005) 054026

Silvestre-Brac, Few-Body Syst. 20, 1 (1996)

Vij(r) = − 3
4 ( κ

r
+ λr − Λ + 2πκ′ 

3mimj

exp(−r2/r2
0)

π3/2r3
0

σi ⋅ σj)

PDG



• Four body system: two independent color singlet states are allowed 

Conventional quark model
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✓ Diquark-antidiquark: (𝑄𝑄)-( 4𝑄 4𝑄):

43$ ⊗3$ = 1$ and 6$ ⊗ 46$ = 1$.

✓ Meson-Meson: (𝑄 4𝑄)-(𝑄 4𝑄): singlet + hidden color states 

Or Either two of them are equivalent

• Not orthogonal



Gaussian expansion method
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• 4-body Jacobi coordinates

Compact diquark-antidiquark Scattering channel (2 color singlet mesons)

• Gaussian expansion method: solving Few-body problem: E. Hiyama, et al. Prog. Part. Nucl. Phys. 51 223-307 

Gaussian function spinflavor 

ψJM = ∑
C=a,b

∑
α

A12A34 ∑
α

ℬ(C)
α ξ(C)

C η(C)
I [[ϕnl (rC) ⊗ ϕNL (RC) ⊗ ϕνλ (ρC)]JL

⊗ χ(C)
S ]

JM

Color



Resonances
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Complex scaling method

• Complex scaling method: identification of resonant and bound states.

S.Aoyama et al. PTP. 116, 1  (2006).
T. Myo et al. PPNP. 79, 1 (2014)
N. Moiseyev, Physics reports 302, 212 (1998)

• Bound states & resonances: independent of 𝜃

• Scattering state: along continuum line and rotate with 2𝜃
Phys. Rev. D 106, 096005



Tetraquark
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arXiv: 2404.01238

• 𝑄𝑄 4𝑄' 4𝑄' 𝑄, 𝑄' = 𝑐, 𝑏 , 𝑄𝑄4𝑞4𝑞(𝑞 = 𝑢, 𝑑, 𝑠)

✓ Constrained by Fermi-Dirac statistics: less No. of 
possible flavor-spin-color wave functions

• 62 resonant states and 3 bound states

https://arxiv.org/abs/2404.01238


Experimental search for 𝑇!! ̅! ̅!
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• Observation of structure 𝑇$$ ̅$ ̅$ in di-𝐽/𝜓 and 𝐽/𝜓𝜓(2𝑆) channel 
J/ψ-J/ψ resonances observed in experiments

LHCb, Science Bulletin 65 (2020) 198 3.

CMS, Phys. Rev. Lett. 132, 111901.

E. B.-T. on behalf of the ATLAS Collaboration, 
https://agenda.infn.it/event/28874/ contributions/170298/. 

ATLAS, Phys. Rev. Lett. 131 (2023) 15, 151902



𝑇!! ̅! ̅!
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• 1st pole VS X(6900): 
✓ 100 MeV higher mass & consistent decay width

• 2nd pole: a candidate for X(7200).

• Absence of the lower 𝑿(6600) state.
✓ a wide resonance asymptote will oscillate very 
strongly in the complex plane.

• The confinement mechanism∼ 𝑏𝑟.Phys. Rev. D 106, 096005



𝑇## $# $#
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LHCb, JHEP 1810, 086 (2018). 

CMS, PLB 808 (2020) 135578

• No significant excess observed for 𝑻𝒃𝒃)𝒃)𝒃.
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• Two resonances for 𝑻𝒃𝒃)𝒃)𝒃.



𝑇## $% $%
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• 2 bound states with 𝐼 𝐽* = 0(1%).
✓Lowest deeply bound state: 𝐵𝐵𝛾

✓ Caution for second lower bound state: 
The long-range interactions (e. g. 𝜋) for the near-
threshold states

• I=1: 12 resonances, 𝑽𝒄𝒎-repulsive 

• I=0: 2 bound states and 3 resonances. 𝑽𝒄𝒎- attractive 

Vcm = 1
mimj ⟨ λi

2
λj

2 σiσj⟩

𝐼 = 0

𝐼 = 1

Pedro Bicudo, Phys. Rept. 1039 (2023) 1-49



𝑇!! $% $%
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LHCb, Nature Commun. 13 (2022) 1, 3351 

• The bound states with 𝐼 𝐽* = 0(1%).

✓ 𝛿𝑚- = −15 MeV >>𝛿𝑚-
./0 = −361 ± 40 keV

✓ Not allowed in 𝐷𝐷𝜋, but only 𝐷𝐷𝛾

• A loosely bound 𝑻𝒄𝒄% observed

Experimental 𝑻𝒄𝒄% is not a tetraquark state



Mass ratio dependence 
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•𝑄𝑄4𝑞4𝑞(𝐼 = 1): 1!
1"#

increasing, masses  and decay widths of the resonances decrease → bound states.

• 𝑉$. ∼ 2
3
∼ 𝛼!𝑢45 (reduced mass): 𝑉66$. is significant

• 𝑉$1 ∼ 2
1$1%

7$
8
7%
8
𝜎4𝜎5 : 𝑉99$1 is significant 

• I=1: 
✓ 𝑉66$. attractive and increasing with larger 1!

1"#

✓ 𝑉99$1 repulsive and slow rise

• I=0: attractive 𝑉66$. & 𝑉99$1 , thus smaller 1!
1"#

(physical value) can form the bound state.



Investigation of the confinement mechanisms 
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• Conventional quark-quark confinement potential form #𝑄𝑄 meson: 𝑉 𝑟 ∼ 𝑏𝑟

• Application to baryons (𝑞𝑞𝑞):

• Direct application to 𝑇!!!" "!# "!$:

✓ Problem:  long-range color van der Waals between color singlet mesons,

T. Appelquist, et al. Phys. Lett. B77, 405 (1978)

+ Y-shape?
V. Dmitrasinovic et al., Eur. Phys. J. C 
62, 383-397 (2009) 

(∆-shape)



String confinement model
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• long-range color van der Waals between color singlet mesons disappear. H. Miyazawa, PR D20, 2953 (1979)
N. Isgur, J. E. Paton, Phys. Lett. B 124, 247 (1983)
M. Oka, Phys. Rev. D 31, 2274 (1985).
J. Vijande, et. Al. Phys. Rev. D 85, 014019 (2012).

• “Reconnection of strings and quark matter”

H. Miyazawa, PRD20, 2953 (1979).

• “String Flip-Flop” --Strings can make a transition to another spatial 
configuration when they touch each other.

• The lattice QCD may choose the adiabatic potential of the configuration with the shortest string lengths to 
minimize the string tension energy – Flip-Flop model

F. Okiharu, et al. PRD72 (2005) 014505
C. Alexandrou . et al. Nucl. Phys. A 518, 723-751 (1990) 
F. Okiharu .et al. J. Mod. Phys. 7, 774-789 (2016) 
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• are not smoothly connected in SU(3), because the overlap of
is not complete.

String Flip-Flop model

• The flip-flop potential model may not be satisfactory for color SU(3): choice of color configurations has 
some ambiguity 

Hidden color channel automatically mixed 
• The transition between two color configurations is dynamically generated, and the HC channel can be treated 
as an independent configuration.

18



Novel string-like confinement potential
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• Three bases: States with different string configurations are orthogonal

• Minimal surface area 𝑆: N-body force 

Phys. Rev. D.37.2431
Nucl. Phys. A 505, 655-669.
Prog. Theor. Phys. Suppl. 137, 21-42.

𝑎 ∼ 1/ 𝜎 ∼ 0.45 fmconfinement range: 

|1⟩⟩ |1′⟩⟩ Hidden color

Phys. Rev. D 108 (2023) 7, L071501

|1⟩⟩ |1′⟩⟩



A toy model: Conventional QM VS String-like potential
• Born-Oppenheimer (BO) potential: The quark positions are fixed.

Fixed 𝑥 = 0.5 fm

20



A toy model: Conventional QM VS String-like potential
• Born-Oppenheimer (BO) potential: The quark positions are fixed.

Fixed 𝑥 = 0.5 fm

Mixing induced a strong attraction at short distances
with important mixing of the hidden color (hc) state.

21



Novel string-like potential: 𝑇!! ̅! ̅!

• Application to the 𝑇$$ ̅$ ̅$ and 𝑇:: ;: ;: states: 
reproduce the two meson thresholds

N-body force 
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• Parameters are same as the conventional QM

• Replace the linear confinement by the string-like confinement



Novel string-like potential: 𝑇!! ̅! ̅!
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• 1st pole : a candidate for X(6600)

• 2nd pole: a candidate for X(6900).

• A third pole at around 7.0 GeV?– convergency not good. For instance: 𝟎%%: E=6980.4 MeV , 𝚪 =29.0 MeV



𝑇!! ̅! ̅! spectrum 

𝜅 = 0.10

• Conventional confinement:

✓ 1st pole -X(6900) &2nd pole-X(7200).

✓ Absence of the lower 𝑿 𝟔𝟔𝟎𝟎 state.

• Novel string confinement: N-body force

✓ Mixings of states induce a strong attraction.

✓ A bound state appears.

✓ Two candidates for X(6900) and X(6900).

✓ X(7200) or X(7000)?
24

Phys. Rev. D 106, 096005 Phys. Rev. D 108 (2023) 7, L071501



Pole trajectories

C. Hanhart et,al, Phys. Rev. D 106 (2022), 114003 
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𝑇## $# $# spectrum

26

Still on going



Summary
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• The mass spectra of S-wave 𝑄𝑄 4𝑄′ 4𝑄′ and 𝑄𝑄4𝑞4𝑞 tetraquark.

• TWO confinement potentials: − <
=
𝜎Σ4>5 𝑇4 ⋅ 𝑇5 𝑟45 VS 𝑒?

&
' 3&(

) %3)') %3&') %3)()

• − <
=
𝜎Σ4>5 𝑇4 ⋅ 𝑇5 𝑟45: 3 bound  states with 𝐼 𝐽* = 1% and 62 low-lying resonant tetraquarks.

✓ A deep bound 𝑇:: ;9 ;9 (𝐵𝐵𝛾) and a shallow 𝑇:: ;9 ;9 state; A bound 𝑇$$ ;9 ;9 (𝐷𝐷𝛾) experimental  𝑇$$%

✓ 𝑐𝑐 ̅𝑐 ̅𝑐 : Absence of lower 𝑿(6600) & 1st pole -X(6900) &2nd pole-X(7200) .

• General rule: Lager 1!
1"#

, the easier to form the bound states

• 𝑒?
&
' 3&(

) %3)') %3&') %3)() : 𝑐𝑐 ̅𝑐 ̅𝑐 and 𝑏𝑏4𝑏4𝑏

✓ 𝑐𝑐 ̅𝑐 ̅𝑐 : Additional bound state & 1st pole -X(6600)&2nd pole-X(6900) & Third pole at 7.0 GeV-X(7200)?

✓𝑏𝑏4𝑏4𝑏: 2 bound state and 7 resonances. 



Thank you for your attention! 
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