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Introduction



Introduction

« The first radially-excited states of 7 — 1’ are assigned to #(1295) — n(1405/1475), among which one of the
states is regarded as 0~

T glueball candidate.

« However, there are many puzzles:

1. Controversial observations: one state observed in KK, vV, nxr but two states observed (only) in other

KK final states:

2. LQCD simulation: the mass of 0~

X(2370)?BESIII, PRL132.181901
X

glueballs are calculated to be above 2GeV;

BESIII, JHEP03(2023)121

| 12000 - —+- Data
3. Supernumerary problem: one or two states? their natures? % 10000 F. + 0 - e :
| ' ity Wuetal,PRL.108.081803 I 0"(MD) e :
Trlangle smgularlty. ueta R i) :
(1440) (K) M( n K(K) 1 S 6000f 1M = -, £
1(1440 1440) (1440) _ 2 - 2" (M) :

—)—/ \ —>—< K(K) K ¢ 4000 g

K‘(K) 0(980 K — ' L '

K(K) Flat peak! 2000
a,(980) K e -
(a) (b) (C) 0 125 1 3. 1 35 14 145 1 S5 155 1 6

two-state scenario.

A better understanding of O
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M(K"KgnO)(GeV/c?)
« Recently, BESIII collaboration reports the high-statistics J/yy — }/KOKOJZ'O data and the data seem to favor the

S.X.Nakamura et al., PRD.109.014021;PRD.107.L.091505

~T spectrumin 1.2 ~ 1.5GeV is strongly desired!



Top-Down approach R T

Isobar model (Oﬁ'She”) J.R.Pelaez, j.physrep.2022.03.004 “

Aston et al. —o—+
30

v/ Unitarity, Analyticity, Crossing symmetry

20

X may fail to describe two-body interactions properly Low efficiency of qu /

X hard to deal with off-shell cuts when truncated finitely o6 07 o015 o8 o085 09 o095
_ ) : T Tt
| \ \
| X a0(980) X
The inefficiency of isobar-model is manifesting in many aspects such as:
B~ — Dtz Duetal, PRL126192001(2021) V — 37 FNiecknig et al., EPJC722014(2012) Jo(1370)J.R.Pelzez, PRL130051902(2023)
x10° _ ) | I | |
. y't -
0.5 ¢ ) T Zicy
| §§—§§ -3 ¢ I o My =6 GeV
> 04f + :
S 12&3-b unitarity.
o1l | 4 l ,
2100 2200 2300 2400 ’ "% [CeV? 1
Mp-+ »- [MeV]



Bottom-Up approach

Dispersion theory (on-shell)

Im(s) A\ v/ Unitarity, Analyticity, Crossing symmetry 8 |
ﬁ .ll',
v/ Sub-channel interactions determined from scattering data %
@ v/ To gain the maximal analyticity and continuation
C ) C > Re(s) (lq] > 1GeV)

Our goals:

» To provide the generic KK, nnr,37 FSls below 1.6GeV;

* Jo understand the “distortion” of the three-body unitarity over the two-body one and the triangle
singularity mechanism;

* Jo provide the systematic prescriptions for iso-scalar pseudo-scalar spectra.



Muskhelishvili-Omnes Framework



Amplitudes on the Mandelstam plane

The LO amplitude of J/wr — Y0~ — yKKYz" can be factorized as,

Decay region

_ u prv.Ea b _
%J/l//—)}/KOKOﬂ'O X €//”/aﬁ€J/WP 6}, ql %O_+—>KOK07TO(S’ t, l/t)

Tt
_ Kk & K*(892)
J/§y /\ : X
M(s, t, u) > K |u
S
_ ay (980
) a(980)
Scattering region :// /// \\\ \\\%K*Z“;
—10 -5 . u[(é;eVZ] (mnx+%K) 10
By virtue of crossing symmetry and reconstruction theorem, Gram(s, 1, g, mg, m) < 0

1 1 1 1/2 1 1/2
M (s, 1,1) = —=F Y(s) + [(——=)F V20 + (———=)(1(s — 1) — MF(0)] + [t < u]

V2 V3 V3

The single-variable amplitudes f’]fg(x) are then all what we desire!
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Single-variable amplztudes I;f )
disc;D : B\ W‘(Y
e} 2 5 LR N

C
Dispersion relation for two-body scattering,
discF/(s) = 2iTV (s + ie)Z(s)(F'(s + ie) + Fi(s + ie))
The most general solution (inhomogeneous Omnes problem), X=s,1
X r’ dx' Q7' TF)Z()FHx)

xntl X x'—x—ie

Piﬁ(x) = Qﬁ(x)(ao +apx + -+ a,x" + )

T
th

FSls Sub-channel interaction Crossed-channel projection

5[ N’ 1 51 _ p
With Q{,(x) — exp(%J' J(x) X . ) N x—éj(oo)/yz' (OO) T — Z(S)

x, X (X' —x —i€) } : { 52(00) 2 — P(¥)

Froissart-Martin bound: # (x) < xlog*(x) 52(00) =1 — Py(?) [1(s — u) — A] < O(t%)
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Inhomogeneities F1(x): paw.a 0 F!

F(s) = (- \/7)2<97”2>t+( \/7)[ (Zg = $)(3s = Xg) = 2AF|?), + (- \/7)S K\ %P Gwl/2>t+( \/;) KK(Z“””z)t
(

fhx, dz S (. 2))) - ds’, dt’, du’
J_ Js=(s) Jt=(s) Ju=(s)
o elastic Kmr — Km& — Riemann sheet 1 only 8
6
. . > r : Ec;ﬁ g >
¢ inelastic KK — Kn, Kn — KK — Riemann sheet 1&2 ¢ 2 o E g
—6 5 _1 5
| 04\4 054M25
e F has the right-hand-cut as €2 gy S~ %
Re s[GeV] Im s[GeV] Re s[GeV'] Im s[GeV ]

________________________________

~
W
Mt
Y
v

The integration needs to be continued on unphysical sheet!
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Analytical structure and continuation

M.Albaladejo et al., EPJC(2015)75:488 Qs

Kn' Scattering J.R.Pelaez, j.physrep.2022.03.004 72-;/] —_ KK Scattering
o_m:.: |s|=m} — m2 Analytic structure of tK — mKpartial waves Is| = m? _ m% 3
r e RS -1
;em nwoz 8?.02 8902 nK 0 Zero mn KK
- -~ o e ® O0F----0 >
o (mr) o mn) W
a,(980)
[ A RS - 11
 Single-channel continuation: QII(§) = QI(S)/S(S).
« Model-independent accesses to S(5):
Vs
A. Conformal expansion: Ti(s) = -, cotSl(s) = F(s) ) B w(s)"
/ o(s) cotoj(s) — i / 2g>/+1 ; "
. . a(s — sp)
B. Schlesinger fraction method: Cy(s) = F;(s)/(1 P );
1 +——

ceedy_1(5 — Sy_1)

These methods give consistent results!

11

QN(Sa S())
RM(S’ SO)

C. Pade series: PAA}(S, o) =




[.J)=(1/2.0 & 1) Kr scatterin

o Elastic up til K’ threshold; L. von Detten et al., EPJC(2021) 81:420 Pole positions (MeV):
Continued to lower-half plane on RS-II . K 667 — i335:

« Treatment: conformal expansion ( ~ K# threshold)

= Schlesinger fraction ( ~ 1.3GeV). « K*(892): 892 —i28

6 II\‘ — Re
10 - K¢ (1430) \
5 0 ~ Jyv Im
=T N~ Abs 20 20
4 - 5 Ko (700) |
o N = 10 10
—o 3 “$ 07 o o
© ( S0 S o
2 -5 v &
10 — -10
1 - 1.0° 1.0
10 Y 08 %02 08
0- T T T T T T T T T T T T - 06 0.8 1.0 1_85 06 0.8 1.0 1_85
00 05 1.0 15 20 25 00 05 1.0 15 20 25 T2 g s[GeV’] S 12 g s[GeV]
2 2
Vs[GeV] Vs[GeV] Re s[GeV'1 Re s[GeV'1
20 -
3.0 - —— Re
15 - — Im
2.5 - ligsz) -—- Abs
2.0 - 10- .
] d =
U 1.5 - o 2] <
'e)] G - K*(1680) &
1.0 A 0 - N —— e
1.0 1.0
0.5 - J _5 - —20 0.5 —20 0.5
0.0 0.0
0.0 - > 03 10 -0.5 Y 1.0 -0.5
1 1 1 1 1 1 1 1 1 1 1 1 . 1.2 _1. 2 " 1.2 _1. 2
0.0 0.5 1.0 1.5 2.0 2.5 0.0 0.5 1.0 1.5 2.0 2.5 , Tm s[GeV] 2 Im s[GeV']
Vs[GeV] Vs[GeV] Re s[GeV'] Re s[GeV']
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I.J) = (1.0) zn — KK scattering

The isovector n — KK coupling has a significant inelastic effect due to the onset of
a,(980) and a,(1450). We adopt the following 0, 17, g which satisfies the most (5 ~ 6)

chiral Constralnts, 1 [ T*(S’)Z(S’)Q(S’) B.Moussallam, EPJC14,111-122(2000)
Q(S) — dS/ J.F.Donoghue, NPB343(1990)
T ; ¢/ — ¢ — J€ M.Doring,JHEP10(2013)011
!
Ty — Re 3 - — Re
D 200 - I I
g On E:Z'J / asz‘J
X5y 622 G G 2i0
s 0 1 - e<°11 — ] :
2 0- . o 2o J
0 1 2 3 0 1 2 3 4 0 1 2 3 4 T(S) — s |
. e 7 __
3 - ‘o i, T
—_— 1 — Re 3 - — Re g .
2 - g Im Im 2102
O 2.5 - onN 2 'J
1 G O-O'J g G- /\/\
'\/\/f . M oLy T~ M.Albaladejo et al., EPJC(2015)75:488
0- - - - - - - - - M.Albaladejo et al., EPJC(2017)77:508
0 1 2 3 0 1 2 3 4 0 1 2 3 4
Vs[GeV] Vs[GeV] Vs[GeV]

The form factors F gm’KK(S) are evaluated to be the same with that in the above refs.
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“Effective” elastic KK scatterin

The 2 X 2 Omnés matrix describes the coupling between the production amplitudes J/yw 77 — 71 and J/ywyz — KK,

/& Q(l)(S)m,] 7 Q(l)(S)KK — y/Led
%KK = %)(,KIZ :

T.Isken et al., EPJC(2017)77:489;E.Kou et al. ,JHEP12(2023)17
To simplify the problem, we adopt the idea of “effective phase shift” (LO approximation of production form factors),

MEE = Q(S)ym_J([ZP 1(8) + Q) g kg Pa(s) = (S - Qym_qqz(s) + Qg ki($))P eff(S) = Qeff(S)P eff(S)-

When & = 1(FZ(0) = 0.816,F%(0) = 1 @NLO therein), /\
Re Qa0(980) Im Qa0(980) | :' | | ' i ' ' ' ' |
: / | 5.0 F a,(980) //II R -
= 2.5 J

— Interpolated —2.5F
— —mn, KK

Q(l)(s )m7—>KK Q(l)(s JKR—KR

20 20

10 10

0 0

-10 -10

0.2 0.2
-20 0.0 —-20 0.0
0.6 -0.2 0.6 —-0.2

I
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
08 10 ~0.4 0815 ~0.4 o 7

] ]
0.0 0.5

N S[Gev2]1-2 _O'I?’n S[GeV] - S[Gev2]1'2 —O.I?n S[GeV’] 0.5 1.0 1;?Gev2]2fo 25 3.0 «/5[5?8‘/]
The ambiguity of & shall not affect a lot!
| | \/s” o0, 1 997.1 — i26.1 . 1465 — 1137
e Only changes high-energy behaviour 4980} \/Sa0(1450) : — 1

* Shifted into elastic region by contour deformation
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Khrul-Trieman Framework



Khrui-Trieman equation: 1 — 3 decaying

n+1 - F(x)sin 81(x’ : ~x+
o [ dx Fsindhd 510y o | sy
X QL) | (' — x)

J -
3‘7§ md Calculate 5’}7§ 4 Calculate 3‘7§
KT solution basis >

J.Gasser and A.Rusetsky,EPJC(2018)78:906

- can be avoided by contour deformation;

F(x) = QUx){P,(x)

v/

lteration

1

The pseudo-threshold singularity ! «

(m, —m,)*—1
e.g. yy collisions, pp annihilation...

» The solutions are linearly-independent of subtractions a,/b,/c; — Generic & Reusable;

M (s, t,u; mnx) = Z C, A (5,1, u; m,?x)

 The subtractions are calculated from CHPT / fitted by experimental data;
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KT basis function: ¢, = 1

30 ds” F(s)sin 8L(s’ 4 [ dt FY2()sin M2 t [ dt’ FY2(t)sin V(1
gé(s) _ Q(l)(s)s :9 01( ), ,O( ) 37;(1)/2(0 — Q(l)/z(l‘)— ; 0 152 )/ (,) ( ) {O};%/z(l‘) — Q%/z(l‘){l 4 — / 1 152 )/ } ( )
) s [Qus) (s = s) )t Q)| —1) w) Q)| —1)
Dominant channel to 77(1440)! Triangle singularity
K- K- K- o
I

Iy 7 FSI J/vy .- Iy .-

— —> —\+ —\K:L +
NN |
K7(P) ™ K* K* ™

When ngKgﬂ'O i 1.44G€V,




KT basis function: ¢, = 1

A}

And for each KgKgﬂO bin in
1.24 ~ 1.6 GeV...

0. 13
36'@?Lo ﬂ%é

— O

- K*K — ayr: Triangle singularity 5

i
Q%@”i%5 15%#ﬁ

- K*K — kK: weak coupling

- K*K — K*K: vertex renormalization

1
e

NUTNONUTN
9 [@]0: [@]0: (@]
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Pk
>,
7
o

KT basis function: a, = 1 or

e 4 o
s 0 Tt
o -2
AL P &
009 35118
And for the case a, = 1...
0.0
- - W 5o N
- agw — KK: sizable coupling s s o
_10.0O \A‘ﬂlﬁ% =
o1
~ = 10.0 <o
E'U‘) 7.5 HEH
O 5.0 n
< 25 \ﬁ%@@ < 111%g%5
0'3)-@_3_.21.5 1.1%%%% b 8.0 1.12}§%%
y 2 o, 2 2 T, 2 2 e
m5|GeV"| m3. |GeV7| m3. |GeV”]|

Each case a;, b, c; = 1 corresponds to such a basis!
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Discussion
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KK[S] + Kx[S, P]

S.X.Nakamura et al., PRD.109.014021

‘PRD.107.L.091505 BESIII, JHEP03(2023)121

0.65 0.65
) ) ~0.60 ~0.60
S.X. Nakamura’s MC  S.X. Nakamura’s MC ;00 . 000
D ' p) '
e ] [ ] (e e e
S 0.6 -‘ . 0.6 - 08 L& | 08 L | : 045 $ 045
8 i ] i _ | _ 0.40 0.40
& 1.0 1.2 14 1.6
% 05 r . 05 r . 0.6 k- - 06 K -
Ry ' ‘ ' B - - ' 1 — 1335
o4+, ., W, o4 = "4 094 L W g4 L L0 = My, —
1 11 1.2 1.3 14 1 1.2 1.4 1 12 14 16 1.8 0.7 3 _ 0.7 ‘ T
:N:> [ :N>
07 F 1 06 18 >0t 13
[ ] 7« 3 ] 7«
0.6 h 0.8 0.5 NS¥ 0.5 : Ngk
i 0.4 ] 0.4 b, o
0.5 i 0.6 1.0 1.1 1.2 1.3 1.4
04 _l A 1 " 1 A L i 1 04
m, = 1375 m, = 1375
1 111213 14 x @
08 — o7 H 07
§ 1375 | 1 = =
0.7 - . S 06 F & 06
0.6 1 08 NEé 05 N§§ 0.5
0.5 7] 0.6 0.4 Er|....|....|....|.... rorsrar 04 Eroeteeiitoiito ot
. 0.4 '_l o I_' 0.4 L - 101112131415 101112131415
1 1.11.21.31.415 1121416 1.8 m, = 1405 m, = 1405
_. 08 ‘ N 405 08 ;[ e 1555 | 0.8 ] 0.8 1
< 07 t 107 : - 0.7 1= 0.7 =
S?’ 06 r 0.6 08 r ] 0.6 % 0.6 %
N4 — 06 ~ 1 1 < i
05 | 1 05 _ ‘_i_.._ 0.5 1 0.5 15
04 ) . 1 . 1 . 1 0-4 [ IR RPN RRPU S R | 0-4 P T S ) .. T 04 04
1 12 14 16 112141618 2 1 12141618 2
0.9 m, = 1435 m, = 1435
83 5 1.2 ; 1.2
- Lo08 1.0 L OF 1.0
0.6 {'S 0.7 qu) 0.7
0.5 — 0.6 0.8 = 0.6 0.8
o .- o4 +~, ., | , ' L L NEM 0.5 0.6 Ng 0.5 0.6
1 12 14 16 1 12 14 16 112141618 2 112141618 2 0.4 Bl nso 0.4 0.4 Blmmbnnom 0.4
) (GeVz) 2 (GeVz) ) (GeVz) i (GeVZ) 1.0 12 14 16 1.001.251.501.752.00 1.0 12 14 16 1.001.251.501.752.00
KK KsKs KsKs KsKs m%(K[GeV2] m%(K[GeVQ] m%(K[GeV2] m%(K[GeVZ]
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Analysis from Monte-Carlo data

ay from tree-level and TS

Peaks and kinematic reflection of K*K

m3.. [GeVz]

ma. [GeVZ]

Constructive/destructive interference

between aym & kK 2 (G

On real axis (Data), our model is consistent with S.X. Nakamura, PRD109.014021;107.L091505

On complex plane (analytical continuation), it remains questionable.
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F ittin S C h e m e u tO O n e - l O O l e U e Y.Cheng et al., arXiv:2407.10234

The preliminary Khrui-Trieman study implies that

 Most corrections above two-loops shall be able to be absorbed into the vertex, propagators...

* The one-loop approximation (TS mechanism) may be reasonable

125 130 135 140 145 150 155  1.6(
M, . [GeV]

o
Fitted a — (K2-P)
0.3 « Exp N e (KK-S)
< |= 02
— -
P /\\
o /o
007 S——
0.7 0.8 0.9 1.0 1.1

|lsobaric approach

« n(1295) & n(1440) intermediators

) 3-body spectrum

04 ——- !nHKK-."’ / ~ -
— - m(KK-S) / ~\
m (K /
03 m(Kx-P) , r \ \\
'}lIKK.‘?) I/ \
e :ntKK S) / \ \
= 0 /
— n(Kz-P) \ \
. / - "\
- NR SN
// ~
0.0, e e £ — —
1.25 1.30 1.3§ .40 1.45 .50 1.5§
M, . [GeV)
0.5 .
— - (K2-P) Fitted
04, [\ e (KK-S) & Exp
.
< | = \m
0.2 = \ SN
0.0 ' e
1.0 1.1 1.2 1.3 1.4
Mgk |GeV|

. } BESII| spectra
w0 (&) 2-body spectra

B } BESIII MC
« Dalitz plots

A comprehensive dispersive

analysis is on the way!



Summary & Outlook

 The nature of iso-scalar pseudo-scalar states and their dynamics involved are still
beyond our knowledge;

 The 2-body KK FSls have been established dispersively (almost model-independently)
and the 3-body ones are almost ready= 17,37 etc

 The above treatment proceeds similarly for generic 3-body scatterings in a modern &
sophisticated perspective = f,(1285), f,(1420), a,(1260)

 The comprehensive understanding of those states relies on the inclusions of more robust
experimental data (upcoming) and more fundamental theories such as yPT (setting up)
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Thank you!






MC fitting in 1sobaric approach
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Pseudo-threshold singularity and its nature

KKK (S) s*(s)

VA M3, m3) /(= )2 — 5 + e/ (mn, +ma)? — s + ie

S

S = (m,,x + mn)2

Krk (1)
\/)\(t,m%,m%{)\/(mnw —mr)? —t+ier/(my, + mK)Z — t + ic
t ;
The singular behaviour of .73“5(:13) at pseudo-threshold is Kf,%(lw()m) X \/am_lwwﬂz
@ manifests both when solving F1(z) and F(x)
@ S-wave (J =0) = integrable numerically
© above S-wave (J > 0) = very hard to integrate numerically

. n I T\ of /
The integral H(z) = 2 [ 4z J{z)sind(@) J.Gasser NPB850(2011)96-147

r '™ |Q(x!)|(x' —x)
@ is finite on physical sheet, i.e., H(a, + i€)
Q@ disc H(a;) = H(a, + t€) — H(a, — 1€) = o0

© can be evaluated both analytically and numerically

n(1440)
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Avoiding the pseudo-threshold singularit
sin 65 (z')

H(x + ie) =

@ Analytical approach

— (s {/

M7 (s

T

-/

dx’ F (x")

r/n I‘G2J+1(CE’)(CIB, — o —

G.Colangelo et al.,EPJC(2018)78:947

ds’(b )Hl(S) h(s")P(s2)Hi(s2)

i) |€2;(2")]

(s/ — s —i€)(s2 — 8")3/2

- ¢(s2)Hi(s2)G(s)}

J.Gasser and A.Rusetsky,EPJC(2018)78:906

o Contour deformation without crossing the pole positions (% diverges at pole)

........
I O A A

Im x
>

wm

+

m

>
A
=
=Z

@ Contour deformation even crossing the pole positions:

sin 67 (z') the singularity is avoided

|25 (")

is free of the singularities = < | |
integrate on elastic complex region now!
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Analytical continuation of sin 8,/ | Q" | (1

For 2-body elastic scattering,

1290] (8) . 1 1 1
2io(s)  o(s) cotd(s) —i

fi(s) = =

with cot d;(s) real and satisfying Schwartz reflection theorem and can be expanded by
conformal polynomials on a certain analytical region.
The S-matrix is then,

5(s) {1 + 20 fi(s) = LS g5 >0
°) = cot §;(s™)+i1x __ cotd;(s)—1
[Cot 5?(3*)—1',] — cot 5i(S)+’i’ s < 0.
T sin §; (s e¥01(3) gin &/ (s I o) (.
By utilizing g5} = 5 = Gl memm—r and () = Z, one
derives,
1 1 Cx
Sin 5[ (8) o Ql(I) (s) cotd;(s)—1? ~3S 2 0
$2(s)] 5 ! Js < 0

QI(I) (s) cot d;1(s)+4?

The convention of cot §;(s) may differentiate from the literature by an extra minus

sign on the lower half plane but the conclusion shall not changel
30



Analytical continuation of sin 5,/ | Q% | (2

The complex function

Re

Re

/

e
Y~

.6 0.8

0.50
0.25
0 _00.2050
1.0 1 57-0.50 :
Re t]GeV? Im t|GeV~|

0.10 __
0.05
0.00
_ 0.50
0.05 \Abzs
0.6 -
0.8 ~0.25

"~ 1.2 —0.50
Im t|GeV?]

Re t|GeV?]

. o1/2
sin §4'; (s

1/2
192/ (s)]

1/2
sindy (1

1/2
| Q1 ()

Im

Im

0.2
0.1
0.0
-0.1
-0.2 0.50
0 8025
0.6 -
0.8 —-0.25
1.0 1 57-0.50 :
Pe t[GeV2] Im t|GeV7|
0.1
0.0
~0.1
0.50
-0.2 ‘ 8625
0.6 -
0.8 —0.25
1.0 1 57-0.50 2
Pe t[GeVz] Im t|GeV~|

31

of Km scatterings are plotted below,

The dispersive integral on any
deformed integral-path on the
lower half plane

(even crossing the pole position)
has been checked to be
consistent with that integrated
from the real axis!




