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Quantum 
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Sensitivity

Spatial 
Resolution



Concept of Fields

Michael FaradayOn New Magnetic Actions in 1846

https://en.wikipedia.org/wiki/Michael_Faraday


Closest & Remotest



Measurement of Magnetic Fields

Magnetic Resonance Imaging (MRI)



Measurement of Magnetic Fields

Earth Magnetic Field 

Mars Maven Mission



Measurement of Magnetic Fields

Physics beyond the Standard Model

Hspin = Hmag +HBSM = �~µ · ~Bex � ~µ · ~�
<latexit sha1_base64="UbJNEU4O/VMcukFy5iRVRkuRKh4="></latexit><latexit sha1_base64="UbJNEU4O/VMcukFy5iRVRkuRKh4="></latexit><latexit sha1_base64="UbJNEU4O/VMcukFy5iRVRkuRKh4="></latexit><latexit sha1_base64="UbJNEU4O/VMcukFy5iRVRkuRKh4="></latexit>

Axions



Noble Atom Based Magnetometers

S = 0, L = 0
<latexit sha1_base64="yxfmuXfyNyWhhPSLylti5wu/M4U="></latexit><latexit sha1_base64="yxfmuXfyNyWhhPSLylti5wu/M4U="></latexit><latexit sha1_base64="yxfmuXfyNyWhhPSLylti5wu/M4U="></latexit><latexit sha1_base64="yxfmuXfyNyWhhPSLylti5wu/M4U="></latexit>

IXe�129 = 1/2, IXe�131 = 3/2
<latexit sha1_base64="cgu1H/d7BkPwutuw9QfzEMAKPWE="></latexit><latexit sha1_base64="cgu1H/d7BkPwutuw9QfzEMAKPWE="></latexit><latexit sha1_base64="cgu1H/d7BkPwutuw9QfzEMAKPWE="></latexit><latexit sha1_base64="cgu1H/d7BkPwutuw9QfzEMAKPWE="></latexit>



Noble Atom Based Magnetometers

S = 0, L = 0
<latexit sha1_base64="yxfmuXfyNyWhhPSLylti5wu/M4U="></latexit><latexit sha1_base64="yxfmuXfyNyWhhPSLylti5wu/M4U="></latexit><latexit sha1_base64="yxfmuXfyNyWhhPSLylti5wu/M4U="></latexit><latexit sha1_base64="yxfmuXfyNyWhhPSLylti5wu/M4U="></latexit>

IXe�129 = 1/2, IXe�131 = 3/2
<latexit sha1_base64="cgu1H/d7BkPwutuw9QfzEMAKPWE="></latexit><latexit sha1_base64="cgu1H/d7BkPwutuw9QfzEMAKPWE="></latexit><latexit sha1_base64="cgu1H/d7BkPwutuw9QfzEMAKPWE="></latexit><latexit sha1_base64="cgu1H/d7BkPwutuw9QfzEMAKPWE="></latexit>

I
<latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit>

Long nuclear spin coherence time



Noble Atom Based Magnetometers

Xe-129 
S=0 
L=0 

I=1/2

Bz

Larmor Precession

Magnetic dipole moment

M = �hIi
<latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit>

!L = �Bz
<latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit>



Noble Atom Based Magnetometers

Xe-129 
S=0 
L=0 

I=1/2

Bz

�Bz
<latexit sha1_base64="tUobNzmXMTC6T/r/tgRDyWhhPMg="></latexit><latexit sha1_base64="tUobNzmXMTC6T/r/tgRDyWhhPMg="></latexit><latexit sha1_base64="tUobNzmXMTC6T/r/tgRDyWhhPMg="></latexit><latexit sha1_base64="tUobNzmXMTC6T/r/tgRDyWhhPMg="></latexit>

Dark Matter 
Particles’ Effect

!
<latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit>

I
<latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkURHct2AdokSSd1qHTJEwmQin6A27128Q/0L/wzjgFtYhOSHLm3HvOzL03TAXPlOe9Fpy5+YXFpeJyaWV1bX2jvLnVypJcRqwZJSKRnTDImOAxayquBOukkgWjULB2ODzV8fYdkxlP4ks1Tll3FAxi3udRoIhqXNyUK17VM8udBb4FFdhVT8ovuEYPCSLkGIEhhiIsECCj5w o+PKTEdTEhThLiJs5wjxJpc8pilBEQO6TvgHZXlo1prz0zo47oFEGvJKWLPdIklCcJ69NcE8+Ns2Z/854YT323Mf1D6zUiVuGW2L9008z/6nQtCn0cmxo41ZQaRlcXWZfcdEXf3P1SlSKHlDiNexSXhCOjnPbZNZrM1K57G5j4m8nUrN5HNjfHu74lDdj/Oc5Z0Dqo+l7VbxxWaid21EXsYBf7NM8j1HCOOprG+xFPeHbOHOFkTv6Z6hSsZhvflvPwAfttj04=</latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkURHct2AdokSSd1qHTJEwmQin6A27128Q/0L/wzjgFtYhOSHLm3HvOzL03TAXPlOe9Fpy5+YXFpeJyaWV1bX2jvLnVypJcRqwZJSKRnTDImOAxayquBOukkgWjULB2ODzV8fYdkxlP4ks1Tll3FAxi3udRoIhqXNyUK17VM8udBb4FFdhVT8ovuEYPCSLkGIEhhiIsECCj5w o+PKTEdTEhThLiJs5wjxJpc8pilBEQO6TvgHZXlo1prz0zo47oFEGvJKWLPdIklCcJ69NcE8+Ns2Z/854YT323Mf1D6zUiVuGW2L9008z/6nQtCn0cmxo41ZQaRlcXWZfcdEXf3P1SlSKHlDiNexSXhCOjnPbZNZrM1K57G5j4m8nUrN5HNjfHu74lDdj/Oc5Z0Dqo+l7VbxxWaid21EXsYBf7NM8j1HCOOprG+xFPeHbOHOFkTv6Z6hSsZhvflvPwAfttj04=</latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkURHct2AdokSSd1qHTJEwmQin6A27128Q/0L/wzjgFtYhOSHLm3HvOzL03TAXPlOe9Fpy5+YXFpeJyaWV1bX2jvLnVypJcRqwZJSKRnTDImOAxayquBOukkgWjULB2ODzV8fYdkxlP4ks1Tll3FAxi3udRoIhqXNyUK17VM8udBb4FFdhVT8ovuEYPCSLkGIEhhiIsECCj5w o+PKTEdTEhThLiJs5wjxJpc8pilBEQO6TvgHZXlo1prz0zo47oFEGvJKWLPdIklCcJ69NcE8+Ns2Z/854YT323Mf1D6zUiVuGW2L9008z/6nQtCn0cmxo41ZQaRlcXWZfcdEXf3P1SlSKHlDiNexSXhCOjnPbZNZrM1K57G5j4m8nUrN5HNjfHu74lDdj/Oc5Z0Dqo+l7VbxxWaid21EXsYBf7NM8j1HCOOprG+xFPeHbOHOFkTv6Z6hSsZhvflvPwAfttj04=</latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkURHct2AdokSSd1qHTJEwmQin6A27128Q/0L/wzjgFtYhOSHLm3HvOzL03TAXPlOe9Fpy5+YXFpeJyaWV1bX2jvLnVypJcRqwZJSKRnTDImOAxayquBOukkgWjULB2ODzV8fYdkxlP4ks1Tll3FAxi3udRoIhqXNyUK17VM8udBb4FFdhVT8ovuEYPCSLkGIEhhiIsECCj5w o+PKTEdTEhThLiJs5wjxJpc8pilBEQO6TvgHZXlo1prz0zo47oFEGvJKWLPdIklCcJ69NcE8+Ns2Z/854YT323Mf1D6zUiVuGW2L9008z/6nQtCn0cmxo41ZQaRlcXWZfcdEXf3P1SlSKHlDiNexSXhCOjnPbZNZrM1K57G5j4m8nUrN5HNjfHu74lDdj/Oc5Z0Dqo+l7VbxxWaid21EXsYBf7NM8j1HCOOprG+xFPeHbOHOFkTv6Z6hSsZhvflvPwAfttj04=</latexit>

Shift

M = �hIi
<latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit>

Larmor Precession !L = �Bz
<latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit>

Signal intensity



!
<latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit>

I
<latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit>

Shift

Obstacle to Precision Measurement: Dissipation

Bz

Xe-129 
S=0 
L=0 

I=1/2

I
<latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit>

!
<latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit>

Broadening

M = �hIi
<latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit>

Larmor Precession
!L = �Bz

<latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit>

Signal intensity

Signal intensity



Where comes dissipation?

Xe

Rb

Collision with cell wall

Collision with 
auxiliary gases

X-Y

Bz
<latexit sha1_base64="0KN1oHfQE4fRVVx8JzKkeR7dyGo="></latexit><latexit sha1_base64="0KN1oHfQE4fRVVx8JzKkeR7dyGo="></latexit><latexit sha1_base64="0KN1oHfQE4fRVVx8JzKkeR7dyGo="></latexit><latexit sha1_base64="0KN1oHfQE4fRVVx8JzKkeR7dyGo="></latexit>

Spatial inhomogeneity of bias field



Obstacle to Precision Measurement: Dissipation

Bz

Xe-129 
S=0 
L=0 

I=1/2

I
<latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit><latexit sha1_base64="Ri8vGNUEHQgw1vaiaMG5MiALSrg="></latexit>

!
<latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit>

Broadening

Bloch Equations:

Magnetic dipole moment M
Pumping

T1, T2
<latexit sha1_base64="Du8H5PBlEdvR77JCUsxt/HHlhD0="></latexit><latexit sha1_base64="Du8H5PBlEdvR77JCUsxt/HHlhD0="></latexit><latexit sha1_base64="Du8H5PBlEdvR77JCUsxt/HHlhD0="></latexit><latexit sha1_base64="Du8H5PBlEdvR77JCUsxt/HHlhD0="></latexit>

Dissipation->

M = �hIi
<latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit> dM

dt
= �M⇥B0 +

2

4
�Mx/T2

�My/T2

�(Mz �M0)/T1

3

5

<latexit sha1_base64="2o7vEk3uYK/cpPQHs7rjV5gwPHQ="></latexit><latexit sha1_base64="2o7vEk3uYK/cpPQHs7rjV5gwPHQ="></latexit><latexit sha1_base64="2o7vEk3uYK/cpPQHs7rjV5gwPHQ="></latexit><latexit sha1_base64="2o7vEk3uYK/cpPQHs7rjV5gwPHQ="></latexit>

Larmor Precession
!L = �Bz

<latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit>



Obstacle to Precision Measurement: Dissipation

Bz

Xe-129 
S=0 
L=0 

I=1/2

Bloch Equations:

M = �hIi
<latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit>

Long time steady state:

Mx = My = 0, Mz = M0
<latexit sha1_base64="wKHCIc7qTw03VGKpWxPO3qD+l78="></latexit><latexit sha1_base64="wKHCIc7qTw03VGKpWxPO3qD+l78="></latexit><latexit sha1_base64="wKHCIc7qTw03VGKpWxPO3qD+l78="></latexit><latexit sha1_base64="wKHCIc7qTw03VGKpWxPO3qD+l78="></latexit>

M0
<latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit>

Larmor Precession
!L = �Bz

<latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit>

Magnetic dipole moment M
Pumping

dM

dt
= �M⇥B0 +

2

4
�Mx/T2

�My/T2

�(Mz �M0)/T1

3

5

<latexit sha1_base64="2o7vEk3uYK/cpPQHs7rjV5gwPHQ="></latexit><latexit sha1_base64="2o7vEk3uYK/cpPQHs7rjV5gwPHQ="></latexit><latexit sha1_base64="2o7vEk3uYK/cpPQHs7rjV5gwPHQ="></latexit><latexit sha1_base64="2o7vEk3uYK/cpPQHs7rjV5gwPHQ="></latexit>



Long time steady state: Mx = My = 0, Mz = M0
<latexit sha1_base64="wKHCIc7qTw03VGKpWxPO3qD+l78="></latexit><latexit sha1_base64="wKHCIc7qTw03VGKpWxPO3qD+l78="></latexit><latexit sha1_base64="wKHCIc7qTw03VGKpWxPO3qD+l78="></latexit><latexit sha1_base64="wKHCIc7qTw03VGKpWxPO3qD+l78="></latexit>



Mx
<latexit sha1_base64="tPe672WZu0C5dekLELDT92gVEkI="></latexit><latexit sha1_base64="tPe672WZu0C5dekLELDT92gVEkI="></latexit><latexit sha1_base64="tPe672WZu0C5dekLELDT92gVEkI="></latexit><latexit sha1_base64="tPe672WZu0C5dekLELDT92gVEkI="></latexit>

Free Induction Decay



Another Scheme : Feedback

x

y

zBz

M0
<latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit>

�My
<latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit><latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit><latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit><latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit>

Bx(t) =↵My(t)/�

By(t) =� ↵Mx(t)/�
<latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit><latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit><latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit><latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit>

dMy(t)

dt
= ��BzMx + ↵MzMy �

My

T2
<latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit>

dMx(t)

dt
= �BzMy + ↵MzMx � Mx

T2
<latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit>

dMz(t)

dt
= ↵(Mx +My)

2 � M0 �Mz

T1
<latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit>



x

y

zBz

M0
<latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit>

�My
<latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit><latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit><latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit><latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit>

Bx(t) =↵My(t)/�

By(t) =� ↵Mx(t)/�
<latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit><latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit><latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit><latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit>

dMy(t)

dt
= ��BzMx + ↵MzMy �

My

T2
<latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit>

dMx(t)

dt
= �BzMy + ↵MzMx � Mx

T2
<latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit>

dMz(t)

dt
= ↵(Mx +My)

2 � M0 �Mz

T1
<latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit>

Deviate from the steady state (0,0,M_0)

Another Scheme : Feedback



x

y

zBz

M0
<latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit>

�My
<latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit><latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit><latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit><latexit sha1_base64="fJ75e/bF7ISvs98lUOppRySDz+U="></latexit>

Bx(t) =↵My(t)/�

By(t) =� ↵Mx(t)/�
<latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit><latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit><latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit><latexit sha1_base64="JqWJJq8bfmQqFXMvDOHCUNCzzO8="></latexit>

Deviate from the steady state (0,0,M_0)

d�My

dt
= (↵M0 � 1/T2)�My

<latexit sha1_base64="U3Hvh0ai9hVPqfCg+puDEO4oZmw="></latexit><latexit sha1_base64="U3Hvh0ai9hVPqfCg+puDEO4oZmw="></latexit><latexit sha1_base64="U3Hvh0ai9hVPqfCg+puDEO4oZmw="></latexit><latexit sha1_base64="U3Hvh0ai9hVPqfCg+puDEO4oZmw="></latexit>

↵M0 � 1/T2 > 0
<latexit sha1_base64="msuacwpKDC4FusbSiyMieNrGK0c="></latexit><latexit sha1_base64="msuacwpKDC4FusbSiyMieNrGK0c="></latexit><latexit sha1_base64="msuacwpKDC4FusbSiyMieNrGK0c="></latexit><latexit sha1_base64="msuacwpKDC4FusbSiyMieNrGK0c="></latexit>

If

unstable
dMy(t)

dt
= ��BzMx + ↵MzMy �

My

T2
<latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit>

dMx(t)

dt
= �BzMy + ↵MzMx � Mx

T2
<latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit>

dMz(t)

dt
= ↵(Mx +My)

2 � M0 �Mz

T1
<latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit>

Another Scheme : Feedback



Steady Precession - Limit Cycle

Bz

Xe-129 
S=0 
L=0 

I=1/2
Bloch Equations:M = �hIi

<latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit><latexit sha1_base64="ZVcsiJ+FJzxPD2lzqsVA0zg5DtI="></latexit>

M0
<latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit><latexit sha1_base64="QRdXaynU85O3yoS0vgjVgIs2Vi8="></latexit>

dMy(t)

dt
= ��BzMx + ↵MzMy �

My

T2
<latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit><latexit sha1_base64="96hZA0GI+prHG+zK/v19jjEHXCQ="></latexit>

dMx(t)

dt
= �BzMy + ↵MzMx � Mx

T2
<latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit><latexit sha1_base64="839tGiB+rwVFnkvl3zgPEPxj+fk="></latexit>

dMz(t)

dt
= ↵(Mx +My)

2 � M0 �Mz

T1
<latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit><latexit sha1_base64="y0zlBn2g4BOcQKAKrW0BbQU5bpE="></latexit>

Larmor Precession

!L = �Bz
<latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit><latexit sha1_base64="o6eln3ytsD6bZUTRQgaUMEi2UtI="></latexit>



B0 = 3.04 µT, Tm = 3⇥ 104 s
<latexit sha1_base64="72chF2k058n3fYMafbo+/ePCsvs="></latexit><latexit sha1_base64="72chF2k058n3fYMafbo+/ePCsvs="></latexit><latexit sha1_base64="72chF2k058n3fYMafbo+/ePCsvs="></latexit><latexit sha1_base64="72chF2k058n3fYMafbo+/ePCsvs="></latexit>

�⌫FT = 50 µHz
<latexit sha1_base64="qbt+pv6mnshZwrXTa+Ks9Y0GBcM="></latexit><latexit sha1_base64="qbt+pv6mnshZwrXTa+Ks9Y0GBcM="></latexit><latexit sha1_base64="qbt+pv6mnshZwrXTa+Ks9Y0GBcM="></latexit><latexit sha1_base64="qbt+pv6mnshZwrXTa+Ks9Y0GBcM="></latexit>

A. Yoshimi, et al, Physics Letters A 376, 1924 (2012)



A. Yoshimi, et al, Physics Letters A 376, 1924 (2012)



Co-magnetometers

 The global network of optical magnetometers for exotic (GNOME) physics searches

Axion-like particles 
for dark matter

S. Afach, et. al, Nature Physics 17, 1396–1401 (2021)



A New Coupled Set-up
B1,z

<latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit><latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit><latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit><latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit>

B2,z
<latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit><latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit><latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit><latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit>

Bz
<latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit><latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit><latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit><latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit>

Bx(t) = ↵[M1,y(t) +M2,y(t)]/2�
<latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit><latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit><latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit><latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit>

By(t) = �↵[M1,x(t) +M2,x(t)]/2�
<latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit><latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit><latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit><latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit>

arXiv:2302.05264

Dual Cells



Bloch Equations
B1,z

<latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit><latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit><latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit><latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit>

B2,z
<latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit><latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit><latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit><latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit>

Bz
<latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit><latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit><latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit><latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit>

Bx(t) = ↵[M1,y(t) +M2,y(t)]/2�
<latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit><latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit><latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit><latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit>

By(t) = �↵[M1,x(t) +M2,x(t)]/2�
<latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit><latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit><latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit><latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit>

dMj

dt
= �Mj ⇥Bj +

2

4
�Mj,x/T2

�Mj,y/T2

�(Mj,z �M0)/T1

3

5

<latexit sha1_base64="orI+Yyzgse9OAAJnVcLz08ya5JI="></latexit><latexit sha1_base64="orI+Yyzgse9OAAJnVcLz08ya5JI="></latexit><latexit sha1_base64="orI+Yyzgse9OAAJnVcLz08ya5JI="></latexit><latexit sha1_base64="orI+Yyzgse9OAAJnVcLz08ya5JI="></latexit>

!1,L = �B1,z

!2,L = �B2,z
<latexit sha1_base64="6sjbkNkh4mZ+WbapnDie79reK40="></latexit><latexit sha1_base64="6sjbkNkh4mZ+WbapnDie79reK40="></latexit><latexit sha1_base64="6sjbkNkh4mZ+WbapnDie79reK40="></latexit><latexit sha1_base64="6sjbkNkh4mZ+WbapnDie79reK40="></latexit>

!1,L = !c + ✏/2

!2,L = !c � ✏/2
<latexit sha1_base64="mrKYzr6JVx+EoxsCwq0qnfAwVvs="></latexit><latexit sha1_base64="mrKYzr6JVx+EoxsCwq0qnfAwVvs="></latexit><latexit sha1_base64="mrKYzr6JVx+EoxsCwq0qnfAwVvs="></latexit><latexit sha1_base64="mrKYzr6JVx+EoxsCwq0qnfAwVvs="></latexit>



Stability Diagram
B1,z

<latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit><latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit><latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit><latexit sha1_base64="/FQo0ICqdSl4f5jbOUawz2zZ+hY="></latexit>

B2,z
<latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit><latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit><latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit><latexit sha1_base64="BpsgqQQ0XikF3ZaTwibC/vyBBWo="></latexit>

Bz
<latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit><latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit><latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit><latexit sha1_base64="cSpHnYBFOYuKdYHeRBRMJoAhWHs="></latexit>

Bx(t) = ↵[M1,y(t) +M2,y(t)]/2�
<latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit><latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit><latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit><latexit sha1_base64="xoE6E6aGtLu/sMmYjdXkrX70QAQ="></latexit>

By(t) = �↵[M1,x(t) +M2,x(t)]/2�
<latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit><latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit><latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit><latexit sha1_base64="+7UHEiXLw1u05TQM27sypgq4AVk="></latexit>



Mx
<latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit>

Mx
<latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit>

My
<latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit><latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit><latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit><latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit>

My
<latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit><latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit><latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit><latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit>

Mz
<latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit>

Mz
<latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit>

Spot by Sight

Which is which?



Dimension Reduction

M1,z =M2,z

M2
1,x +M2

1,y =M2
2,x +M2

2,y
<latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit><latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit><latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit><latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit>



Dimension Reduction

M1,z =M2,z

M2
1,x +M2

1,y =M2
2,x +M2

2,y
<latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit><latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit><latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit><latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit>

x

y

M2,T
<latexit sha1_base64="b10uYv4dYwz6W2ecSecn6tEaqnM="></latexit><latexit sha1_base64="b10uYv4dYwz6W2ecSecn6tEaqnM="></latexit><latexit sha1_base64="b10uYv4dYwz6W2ecSecn6tEaqnM="></latexit><latexit sha1_base64="b10uYv4dYwz6W2ecSecn6tEaqnM="></latexit>

M1,T
<latexit sha1_base64="FIJj1W8jwqL9J7kuvbroqc4vbag="></latexit><latexit sha1_base64="FIJj1W8jwqL9J7kuvbroqc4vbag="></latexit><latexit sha1_base64="FIJj1W8jwqL9J7kuvbroqc4vbag="></latexit><latexit sha1_base64="FIJj1W8jwqL9J7kuvbroqc4vbag="></latexit>

MT
<latexit sha1_base64="AMuQJZZ6asNGlWLQ8y8n7bwEwIg="></latexit><latexit sha1_base64="AMuQJZZ6asNGlWLQ8y8n7bwEwIg="></latexit><latexit sha1_base64="AMuQJZZ6asNGlWLQ8y8n7bwEwIg="></latexit><latexit sha1_base64="AMuQJZZ6asNGlWLQ8y8n7bwEwIg="></latexit>



Dimension Reduction

M1,z =M2,z

M2
1,x +M2

1,y =M2
2,x +M2

2,y
<latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit><latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit><latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit><latexit sha1_base64="WmvJBs4P4/2l2s28DiENvSkF4pA="></latexit>

x

y

M2,T
<latexit sha1_base64="b10uYv4dYwz6W2ecSecn6tEaqnM="></latexit><latexit sha1_base64="b10uYv4dYwz6W2ecSecn6tEaqnM="></latexit><latexit sha1_base64="b10uYv4dYwz6W2ecSecn6tEaqnM="></latexit><latexit sha1_base64="b10uYv4dYwz6W2ecSecn6tEaqnM="></latexit>

M1,T
<latexit sha1_base64="FIJj1W8jwqL9J7kuvbroqc4vbag="></latexit><latexit sha1_base64="FIJj1W8jwqL9J7kuvbroqc4vbag="></latexit><latexit sha1_base64="FIJj1W8jwqL9J7kuvbroqc4vbag="></latexit><latexit sha1_base64="FIJj1W8jwqL9J7kuvbroqc4vbag="></latexit>

MT
<latexit sha1_base64="AMuQJZZ6asNGlWLQ8y8n7bwEwIg="></latexit><latexit sha1_base64="AMuQJZZ6asNGlWLQ8y8n7bwEwIg="></latexit><latexit sha1_base64="AMuQJZZ6asNGlWLQ8y8n7bwEwIg="></latexit><latexit sha1_base64="AMuQJZZ6asNGlWLQ8y8n7bwEwIg="></latexit>

MT ⌘Mx + iMx ⌘ Aei✓/2

�MT ⌘M1,T �M2,T ⌘ Bei(✓+⇡/2)
<latexit sha1_base64="6IREg9fFVm5stA8TL5kjZMUV5nA="></latexit><latexit sha1_base64="6IREg9fFVm5stA8TL5kjZMUV5nA="></latexit><latexit sha1_base64="6IREg9fFVm5stA8TL5kjZMUV5nA="></latexit><latexit sha1_base64="6IREg9fFVm5stA8TL5kjZMUV5nA="></latexit>



Dimension Reduction

MT ⌘Mx + iMx ⌘ Aei✓/2

�MT ⌘M1,T �M2,T ⌘ Bei(✓+⇡/2)
<latexit sha1_base64="6IREg9fFVm5stA8TL5kjZMUV5nA="></latexit><latexit sha1_base64="6IREg9fFVm5stA8TL5kjZMUV5nA="></latexit><latexit sha1_base64="6IREg9fFVm5stA8TL5kjZMUV5nA="></latexit><latexit sha1_base64="6IREg9fFVm5stA8TL5kjZMUV5nA="></latexit>

dA

dt
=↵MzA+ ✏B/2�A/T2

dB

dt
=� ✏A/2�B/T2

dMz

dt
=� ↵A2/4� (Mz �M0)/T1

d✓

dt
=� !c

<latexit sha1_base64="IZo8YbYqul8G4fRX9ZG9EyH+QSY="></latexit><latexit sha1_base64="IZo8YbYqul8G4fRX9ZG9EyH+QSY="></latexit><latexit sha1_base64="IZo8YbYqul8G4fRX9ZG9EyH+QSY="></latexit><latexit sha1_base64="IZo8YbYqul8G4fRX9ZG9EyH+QSY="></latexit>

6 -> 3



Phase Portraits

Limit Cycles

Quasi-periodic 
Orbits

Chaos

Mx
<latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit>

Mx
<latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit>

Mx
<latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit>

Mz
<latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit>

Mz
<latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit>

Mz
<latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit>

Mx
<latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit><latexit sha1_base64="hBK4vu8xicjYzT2fAgQncO2cYmc="></latexit>

My
<latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit><latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit><latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit><latexit sha1_base64="GCa+qv47TYZLUEnGU4xnGO/Bu5g="></latexit>

Mz
<latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit><latexit sha1_base64="gxwwQzAh3jMrwImvp4C0RgJE2xI="></latexit>



Summary

Limit Cycle

!s =
!1,L + !2,L

2
<latexit sha1_base64="CGLmp3bMwXXAx61SO9EMhdwQXqw="></latexit><latexit sha1_base64="CGLmp3bMwXXAx61SO9EMhdwQXqw="></latexit><latexit sha1_base64="CGLmp3bMwXXAx61SO9EMhdwQXqw="></latexit><latexit sha1_base64="CGLmp3bMwXXAx61SO9EMhdwQXqw="></latexit>

QPO 

Multi-band 
Excitation



Thanks for Your Attention



Continuum Limit

!
<latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit>

!1
<latexit sha1_base64="jZbojcj4IhExGuOphuWSKJgm5PM="></latexit><latexit sha1_base64="jZbojcj4IhExGuOphuWSKJgm5PM="></latexit><latexit sha1_base64="jZbojcj4IhExGuOphuWSKJgm5PM="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="IXHjeu5JOXdQVlSyL452JW9+DEg="></latexit><latexit sha1_base64="IXHjeu5JOXdQVlSyL452JW9+DEg="></latexit><latexit sha1_base64="6OEtCzKchbUhahxRK8Xz3jZGqG8="></latexit><latexit sha1_base64="jZbojcj4IhExGuOphuWSKJgm5PM="></latexit><latexit sha1_base64="jZbojcj4IhExGuOphuWSKJgm5PM="></latexit><latexit sha1_base64="jZbojcj4IhExGuOphuWSKJgm5PM="></latexit><latexit sha1_base64="jZbojcj4IhExGuOphuWSKJgm5PM="></latexit><latexit sha1_base64="jZbojcj4IhExGuOphuWSKJgm5PM="></latexit><latexit sha1_base64="jZbojcj4IhExGuOphuWSKJgm5PM="></latexit>

!2
<latexit sha1_base64="GbUFjDSsIClGlnf7nq6LVFHdYVw="></latexit><latexit sha1_base64="GbUFjDSsIClGlnf7nq6LVFHdYVw="></latexit><latexit sha1_base64="GbUFjDSsIClGlnf7nq6LVFHdYVw="></latexit><latexit sha1_base64="GbUFjDSsIClGlnf7nq6LVFHdYVw="></latexit>

⇢(!)
<latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit><latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit><latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit><latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit>

!
<latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit>

⇢(!)
<latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit><latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit><latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit><latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit>



Continuum Limit: Stability Diagram

!
<latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit><latexit sha1_base64="nJvvNs0l3+9k9v2pv+rEj7tV89c="></latexit>

⇢(!)
<latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit><latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit><latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit><latexit sha1_base64="ddCbhP6g7UiXQ6PZNFOCSWpzh5Q="></latexit>

!c + ✏/2
<latexit sha1_base64="52vHhYZHFyAmrVWdoqAbOUB1reA="></latexit><latexit sha1_base64="52vHhYZHFyAmrVWdoqAbOUB1reA="></latexit><latexit sha1_base64="52vHhYZHFyAmrVWdoqAbOUB1reA="></latexit><latexit sha1_base64="52vHhYZHFyAmrVWdoqAbOUB1reA="></latexit>

!c � ✏/2
<latexit sha1_base64="Wa1lUIcFTN9/37FpTxlC0uQlHVw="></latexit><latexit sha1_base64="Wa1lUIcFTN9/37FpTxlC0uQlHVw="></latexit><latexit sha1_base64="Wa1lUIcFTN9/37FpTxlC0uQlHVw="></latexit><latexit sha1_base64="Wa1lUIcFTN9/37FpTxlC0uQlHVw="></latexit>


