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TABLE XIX: Systematic uncertainties (%) on fluxes for the energy-
unconstrained analysis of the salt data set. Note that “const.” de-
notes an energy-independent systematic component and “E dep” an
energy-dependent part.

Source NC uncert. (%) CC uncert. (%) ES uncert. (%)
Energy scale (const.) -3.3, +3.8 -0.9, +1.0 -1.6, +1.9
Energy scale (E dep.) -0.1, +0.1 -0.1, +0.1 -0.1, +0.1
Energy radial bias -2.0, +2.1 -0.6, +0.7 -1.1, +1.2
Energy resolution -0.8, +0.8 -0.2, +0.2 -0.7, +0.7
β14 mean (const.) -3.6, +4.5 -4.0, +3.7 -1.2, +1.3
β14 mean (E dep.) -0.1, +0.2 -0.2, +0.0 -0.0, +0.1
β14 width -0.0, +0.0 -0.2, +0.2 -0.2, +0.2
Radial scale (const.) -3.0, +3.3 -2.6, +2.5 -2.6, +3.0
Radial scale (E dep.) -0.6, +0.5 -0.9, +0.8 -0.7, +0.8
Vertex x -0.0, +0.0 -0.0, +0.0 -0.1, +0.1
Vertex y -0.1, +0.0 -0.0, +0.0 -0.1, +0.1
Vertex z -0.2, +0.2 -0.1, +0.1 -0.0, +0.0
Vertex resolution -0.1, +0.1 -0.1, +0.1 -0.1, +0.1
Angular resolution -0.2, +0.2 -0.4, +0.4 -5.1, +5.1
Internal neutron bkgd. -1.9, +1.6 -0.0, +0.0 -0.0, +0.0
Internal γ bkgd. -0.1, +0.1 -0.1, +0.1 -0.0, +0.0
Internal Cherenkov bkgd. -0.9, +0.0 -0.9, +0.0 -0.0, +0.0
External Cherenkov bkgd. -0.2, +0.0 -0.2, +0.0 -0.0, +0.0
Instrumental bkgd. -0.4, +0.0 -0.3, +0.0 -0.0, +0.0
Neutron capture eff. -2.3, +2.1 -0.0, +0.0 -0.0, +0.0
Total systematic -6.9, +7.6 -5.1, +4.7 -6.2, +6.5
Cross section [45] ±1.1 ±1.2 ±0.5
Total statistical ±4.2 ±3.7 ±9.3

TABLE XX: Systematic uncertainties (%) on fluxes for the energy-
constrained analysis of the salt data set. Note that “const.” denotes an
energy-independent systematic component and “E dep” an energy-
dependent part.

Source NC uncert. (%) CC uncert. (%) ES uncert. (%)
Energy scale (const.) -0.3, +0.7 -3.7, +3.9 -1.8, +1.6
Energy scale (E dep.) -0.9, +1.0 -1.0, +1.0 -0.2, +0.2
Energy radial bias -0.1, +0.1 -2.5, +2.6 -1.0, +0.9
Energy resolution -2.1, +2.1 -1.1, +1.1 -0.6, +0.6
β14 mean (const.) -2.2, +3.0 -2.4, +2.0 -0.5, +2.3
β14 mean (E dep.) -0.2, +0.2 -0.2, +0.2 -0.7, +0.7
β14 width -0.0, +0.0 -0.1, +0.1 -0.8, +0.8
Radial scale (const.) -3.0, +3.3 -2.7, +2.6 -1.9, +2.9
Radial scale (E dep.) -0.2, +0.2 -1.3, +1.2 -0.8, +0.8
Vertex x -0.0, +0.1 -0.0, +0.0 -0.1, +0.1
Vertex y -0.1, +0.0 -0.0, +0.0 -0.2, +0.2
Vertex z -0.1, +0.1 -0.1, +0.0 -0.0, +0.0
Vertex resolution -0.1, +0.1 -0.2, +0.2 -0.7, +0.7
Angular resolution -0.2, +0.2 -0.4, +0.4 -4.9, +4.9
Internal neutron bkgd. -1.9, +1.6 -0.0, +0.0 -0.0, +0.0
Internal γ bkgd. -0.2, +0.1 -0.1, +0.0 -0.0, +0.1
Internal Cherenkov bkgd. -0.9, +0.0 -0.8, +0.0 -0.0, +0.0
External Cherenkov bkgd. -0.2, +0.0 -0.2, +0.0 -0.0, +0.0
Instrumental bkgd. -0.4, +0.0 -0.3, +0.0 -0.0, +0.0
Neutron capture eff. -2.3, +2.1 -0.0, +0.0 -0.0, +0.0
Total systematic -5.4, +5.7 -6.2, +6.0 -5.9, +6.6
Cross section [45] ±1.1 ±1.2 ±0.5
Total Statistical ±3.9 ±3.1 ±9.8

Note that the uncertainties on the ratios are not normally dis-
tributed.

The non-νe active neutrino component (φµτ) of the 8B flux
can be determined by subtracting the φe component, as mea-
sured by the CC flux, from the NC and ES fluxes. Whereas the
NC measurement is equally sensitive to all active neutrinos,
the ES measurement has reduced sensitivity to non-electron
neutrinos in the form φES = φe + 0.1553φµτ. The resulting φµτ
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FIG. 29: Flux of µ + τ neutrinos versus flux of electron neutri-
nos. CC, NC and ES flux measurements are indicated by the filled
bands. The total 8B solar neutrino flux predicted by the Standard So-
lar Model [13] is shown as dashed lines, and that measured with the
NC channel is shown as the solid band parallel to the model predic-
tion. The narrow band parallel to the SNO ES result correponds to
the Super-Kamiokande result in [9]. The intercepts of these bands
with the axes represent the ±1σ uncertainties. The non-zero value
of φµτ provides strong evidence for neutrino flavor transformation.
The point represents φe from the CC flux and φµτ from the NC-CC
difference with 68%, 95%, and 99% C.L. contours included.

fluxes, in units of 106 cm−2 s−1, are

φNC,uncon
µτ = 3.26 ± 0.25 (stat) +0.40

−0.35 (syst)
φES,uncon
µτ = 4.36 ± 1.52 (stat) +0.90

−0.87 (syst).

Figure 29 shows the flux of non-electron flavor active neutri-
nos (φµτ) versus the flux of electron neutrinos (φe). The error
ellipses shown are the 68%, 95% and 99% joint probability
contours for φµτ and φe.

Adding the constraint of an undistorted 8B energy spectrum
to the signal extraction yields, for comparison with earlier re-
sults (in units of 106 cm−2s−1):

φcon
CC = 1.72+0.05

−0.05(stat)+0.11
−0.11(syst)

φcon
ES = 2.34+0.23

−0.23(stat)+0.15
−0.14(syst)

φcon
NC = 4.81+0.19

−0.19(stat)+0.28
−0.27(syst),

with corresponding ratios

φcon
CC
φcon

NC
= 0.358 ± 0.021 (stat) +0.028

−0.029 (syst)

φcon
CC
φcon

ES
= 0.736 ± 0.079 (stat) +0.050

−0.049 (syst),
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uncertainties were not included in the analysis; the absolute
normalization ε was determined from the fit to the data. The
best-fit value is

sin2 2θ13 = 0.092± 0.016(stat)± 0.005(syst)

with a χ2/NDF of 4.26/4. All best estimates of pull parameters
are within its one standard deviation based on the correspond-
ing systematic uncertainties. The no-oscillation hypothesis is
excluded at 5.2 standard deviations.

The accidental backgrounds were uncorrelated while the
Am-C and (alpha,n) backgrounds were correlated among
ADs. The fast-neutron and 9Li/8He backgrounds were site-
wide correlated. In the worst case where they were correlated
in the same hall and uncorrelated among different halls, we
found the best-fit value unchanged while the systematic un-
certainty increased by 0.001.

Fig. 4 shows the measured numbers of events in each de-
tector, relative to those expected assuming no oscillation. The
6.0% rate deficit is obvious for EH3 in comparison with the
other EHs, providing clear evidence of a non-zero θ13. The
oscillation survival probability at the best-fit values is given
by the smooth curve. The χ2 versus sin22θ13 is shown in the
inset.
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FIG. 4. Ratio of measured versus expected signal in each detector,
assuming no oscillation. The error bar is the uncorrelated uncertainty
of each AD, including statistical, detector-related, and background-
related uncertainties. The expected signal is corrected with the best-
fit normalization parameter. Reactor and survey data were used to
compute the flux-weighted average baselines. The oscillation sur-
vival probability at the best-fit value is given by the smooth curve.
The AD4 and AD6 data points are displaced by -30 and +30 m for
visual clarity. The χ2 versus sin2 2θ13 is shown in the inset.

The observed νe spectrum in the far hall is compared to
a prediction based on the near hall measurements in Fig. 5.
The disagreement of the spectra provides further evidence of
neutrino oscillation. The ratio of the spectra is consistent with
the best-fit oscillation solution of sin2 2θ13 = 0.092 obtained
from the rate-only analysis [31].
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FIG. 5. Top: Measured prompt energy spectrum of the far hall (sum
of three ADs) compared with the no-oscillation prediction from the
measurements of the two near halls. Spectra were background sub-
tracted. Uncertainties are statistical only. Bottom: The ratio of mea-
sured and predicted no-oscillation spectra. The red curve is the best-
fit solution with sin2 2θ13 = 0.092 obtained from the rate-only anal-
ysis. The dashed line is the no-oscillation prediction.

In summary, with a 43,000 ton-GWth-day livetime expo-
sure, 10,416 reactor antineutrinos were observed at the far
hall. Comparing with the prediction based on the near-hall
measurements, a deficit of 6.0% was found. A rate-only anal-
ysis yielded sin2 2θ13 = 0.092± 0.016(stat) ± 0.005(syst).
The neutrino mixing angle θ13 is non-zero with a significance
of 5.2 standard deviations.

The Daya Bay experiment is supported in part by the Min-
istry of Science and Technology of China, the United States
Department of Energy, the Chinese Academy of Sciences, the
National Natural Science Foundation of China, the Guang-
dong provincial government, the Shenzhen municipal govern-
ment, the China Guangdong Nuclear Power Group, Shanghai
Laboratory for Particle Physics and Cosmology, the Research
Grants Council of the Hong Kong Special Administrative Re-
gion of China, University Development Fund of The Univer-
sity of Hong Kong, the MOE program for Research of Ex-
cellence at National Taiwan University, National Chiao-Tung
University, and NSC fund support from Taiwan, the U.S. Na-
tional Science Foundation, the Alfred P. Sloan Foundation, the
Ministry of Education, Youth and Sports of the Czech Repub-
lic, the Czech Science Foundation, and the Joint Institute of
Nuclear Research in Dubna, Russia. We thank Yellow River
Engineering Consulting Co., Ltd. and China railway 15th Bu-
reau Group Co., Ltd. for building the underground laboratory.
We are grateful for the ongoing cooperation from the China
Guangdong Nuclear Power Group and China Light & Power

Daya Bay

T2KDaya BaySuper-K

T2K



Three-flavor Oscillation 3

U =
c12c13 s12c13 s13e−iδCP

−s12c23 − c12s13s23eiδCP c12c23 − s12s13s23eiδCP c13s23

s12s23 − c12s13c23eiδCP −c12s23 − s12s13c23eiδCP c13c23

• The PMNS matrix

P (να → νβ) = δαβ − 4
3

∑
i<j

Re (UαiUβjU*αjU*βi) sin2
Δm2

jiL
4E

+ 2
3

∑
i<j

Im (UαiUβjU*αjU*βi) sin
Δm2

jiL
2E

cij ≡ cos θij , sij = sin θij

three mixing angles and one CP-violating phase

• Mass-squared differences Δm2
ji ≡ m2

j − m2
i

two mass-squared differences

✓ Neutrinos are massive! 
✓ Leptonic flavor mixing is significant!
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Neutrino oscillations in matter
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The effect of coherent forward scattering must be taken into account when considering the oscillations of
neutrinos traveling through matter. In particular, for the case of massless neutrinos for which vacuum
oscillations cannot occur, oscillations can. occur in matter if the neutral current has an off-diagonal piece
connecting different neutririo 'types. Applications discussed are solar neutrinos and a proposed experiment
involving transmission of neutrinos through 1000 km of rock.

I. INTRODUCTION

There exists considerable interest in the pos-
sibility that one type of neutrino may transform
into another type while propagating through the
vacuum. ' A number of experiments have been pro-
posed to search for such oscillations. "' In order
for such vacuunz oscilIations to occur, it is nec-
essary that at least one neutrino have a nonzero
mass and that the neutrino masses be not all de-
generate. In addition, there must be a noncon-
servation of the separate lepton numbers (like
electron number and muon number) so that the
different neutrino types as defined by the weak
charged current are mixtures of the mass eigen-
states.
In this paper we show that even if all neutrinos

are massless it is possible to have oscillations
occur when neutrinos pass through matter. This
can happen as a result of coherent forward scatter-.
ing provided that this scattering is partially off
diagonal in neutririo type. The phenomenon is an-
alogous to the regeneration of K~ from a K~ beam
passing through matter, A simple model is given
in Sec. II from which it is seen that the oscilla-
tion length in matter of normal density is of the
order 10' cm or larger. One of the proposed ex-
periments' to test the hypothesis of vacuum oscil-
lations involves the detection of neutrinos 1000
km distant from their source at Fermilab. Since
the neutrinos would pass through the earth, we
show that this experiment could possibly also test
the hypothesis that the neutral current changes
neutrinos from one type to another.
If neutrinos have a mass and vacuum oscillations

do occur, these oseillations may be modified when
neutrinos pass through matter. For the case of
electron-type neutrinos v, such a modification takes
place even if the neutrino scattering is described
by a standard theory. The effect of the medium
in this case, discussed in Sec. III, arises from
the coherent forward scattering of v, as a result
of its charged-current interaction with electrons.

It is shown that the modification is large only if
the vacuum oscillation length is larger than 10'
cm.
Our results are summarized in Sec. IV and their

significance with respect to gauge models of cur-
rent interest is discussed.

' GIf = ~ L~cl~,

L, = c os~ o[v y~(1+ y, )v + v,y, (1 + y, )v~]
+ sin'a[v, y~(1+ y, )v, + v,y, (1+y, )v, ],

~x =gpPNP+8'n'6" +8' e'4e+' ' '
(2a)

(2b)

where the ellipses represent terms in J, of no in-
ter est for our present considerations. The essen-
tial term in II„ is the off-diagonal term propor-
tional to sin'o. , where v, and v, are neutrino types
defined by the charged-current interaction. We
have also assumed v, —v, symmetry, which sim-
plifies the discussion and maximizes the effect
of interest.
The neutrino current may be rewritten

L, = cos'a(v, v, + v, v, )+ sin'a(v, v, —v, v, ),
v, +

v2 = va

(4)

where we have omitted the Lorentz indices. A
beam originally v, propagating through matter is
described by

~
v, (x)) = (~ v, )e""&"+ ~

v,)e""2")/W,
where the indices of refraction,

n, = 1+ (2&N/k') f, (0),
are different because of the sin'n term. Because
the interaction is weak, for practical purposes we

II. OSCILLATIONS FOR MASSLESS NEUTRINOS
I

We consider here a simple model involving two
types of massless neutrinos for which the effective
neutral-current Hamiltonian is
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Sci., 82, 457 (1982). 
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Fig. 9.1. Feynman diagrams of the coherent forward elastic scattering processes
that generate the CC potential VCC through W exchange and the NC potential
VNC through Z exchange.

through coherent forward elastic weak CC and NC scatterings [1065, 731, 715, 222,
828, 844, 530, 418, 845, 747, 387, 716, 464]. The Feynman diagrams of CC and NC
scattering are shown in Fig. 9.1.

Let us first calculate the CC potential VCC for an electron neutrino propagating
in a homogeneous and isotropic gas of unpolarized electrons [530, 716]. From the
effective low-energy charged-current weak interaction Lagrangian in eqn (3.224),
the effective CC Hamiltonian corresponding to the left diagram in Fig. 9.1 is

H
(CC)

eff (x) =
GF√

2

[
νe(x)γρ

(
1 − γ5

)
e(x)

] [
e(x)γρ

(
1 − γ5

)
νe(x)

]
. (9.5)

In order to separate the neutrino and electron contributions, we apply to eqn (9.5)
the Fierz transformation in eqn (2.508):

H
(CC)

eff (x) =
GF√

2

[
νe(x)γρ

(
1 − γ5

)
νe(x)

] [
e(x)γρ

(
1 − γ5

)
e(x)

]
. (9.6)

The average of the effective Hamiltonian over the electron background in the rest
frame of the medium is given by

H
(CC)

eff (x) =
GF√

2
νe(x)γρ

(
1 − γ5

)
νe(x)

∫
d3pe f(Ee, T )

× 1

2

∑

he=±1

⟨e−(pe, he)|e(x)γρ

(
1 − γ5

)
e(x)|e−(pe, he)⟩ . (9.7)

The electron states correspond to the electrons in the left diagram in Fig. 9.1. Their
four-momenta and helicities before and after the scattering are identical, because
the interaction must leave the medium unchanged in order to contribute coherently
to the neutrino potential. For simplicity, for the electron background we consider a
finite normalization volume V according to the method discussed in section 2.13,

charged current (CC) neutral current (NC)

𝒱CC = 2GμNece
V,CC

𝒱NC = 2GμNfc
f
V,NC

only for νe

universal for 
three flavors

For antineutrinos, the matter potentials change 
accordingly to opposite signs.

𝒱e = 𝒱CC + 𝒱NC , 𝒱μ = 𝒱τ = 𝒱NC

ℋNC
eff (x) =

Gμ

2 [να(x)γμ (1 − γ5) να(x)] [f(x)γμ (c f
V,NC − c f

A,NCγ5) f(x)]
• Low-energy effective Hamiltonian

ℋCC
eff (x) =

Gμ

2 [νe(x)γμ (1 − γ5) νe(x)] [e(x)γμ (ce
V,CC − ce

A,CCγ5) e(x)]
homogeneous and isotropic background fermions

average over all possible states 
of background fermions

neutrinos in the dense-matter environment [9,10]. Further
discussions about the impact of ϵμτ on neutrino oscillations
can be found in Refs. [11,12].
In the calculation of ϵμτ, however, the previous

works [7,8] concentrate on the flavor-dependent radiative
corrections, e.g., V̂τ

NC − V̂μ
NC, instead of the one-loop NC

potentials V̂α
NC themselves (for α ¼ e, μ, τ). Moreover,

the one-loop radiative corrections to the CC potential
in the on-shell scheme have not been studied thus far.1

Therefore, it is interesting to calculate neutrino matter
potentials in the SM at the one-loop level, including the
NC potential V̂α

NC for three-flavor neutrinos and the CC
potential V̂CC for the electron neutrino. The motivation for
such a calculation is twofold. First, the flavor-independent
part of the one-loop NC potential V̂α

NC is irrelevant for
flavor oscillations of three active neutrinos but may be
important for active-sterile neutrino oscillations, particularly
in the supernova environment [14,15]. Second, the future
long-baseline accelerator neutrino oscillation experiments,
such as DUNE [16] and T2HK [17], will be able to
determine neutrino mass ordering and probe leptonic CP
violation, and they are already sensitive enough to the
Earth matter effects. Obviously, the precise calculation
of V̂CC at the one-loop level is necessary to achieve
high-precision measurements of the neutrino mass ordering
and the CP-violating phase.
In this work, we carry out a complete one-loop calcu-

lation of the MSW potentials in the SM. More explicitly,
after performing one-loop renormalization of the SM in
the on-shell scheme [18–21], we compute the scattering
amplitudes for να þ f → να þ f at one loop, where
f ¼ u, d, e are the SM fermions in ordinary matter.
For the electron neutrino νe, both CC and NC interactions
must be taken into account, while only the latter is
considered for νμ;τ. For both NC and CC interactions, since
the distributions of background particles are assumed to be
homogeneous and isotropic, only the vector-type couplings
cfV;NC and cfV;CC are directly involved in matter potentials.
After obtaining finite scattering amplitudes, we extract the
matter potentials by comparing the obtained amplitudes
and those generated by the effective weak Hamiltonian
of neutrino interactions in the forward limit. After inputting
the latest values of all physical parameters, we find that
the one-loop correction to the NC potential is about 8%,
while that to the CC potential is about 6%. In the future
long-baseline accelerator neutrino oscillation experiments,
e.g., DUNE and T2HK, it is promising to probe the one-
loop correction to the CC potential. For comparison, we
also calculate the one-loop corrections in the MS scheme

with running parameters as inputs. Our results of the
vector-type couplings agree perfectly with those in the
previous work [13].
The remaining part of this paper is organized as

follows. In Sec. II, we outline the basic strategy for one-
loop calculations of the MSW matter potentials in the SM,
and explain the notations and the on-shell scheme of the
one-loop renormalization implemented in our calculations.
The analytical results for the one-loop NC and CC potentials
are presented in Secs. III and IV, respectively. Then, in
Sec. V, we specify the input parameters and evaluate the
one-loop corrections. The calculations of the vector-type
couplings at the one-loop level in the MS scheme are given
in Sec. VI. We summarize our main results in Sec. VII.
For completeness, the renormalization of the SM and some
details of our calculations are given in Appendix.

II. STRATEGY FOR ONE-LOOP CALCULATIONS

In this section, we explain how to calculate the one-loop
potentials in the SM. For the low-energy neutrinos propa-
gating in ordinary matter, the coherent forward scattering
with background particles modifies their dispersion rela-
tions and its impact on neutrino flavor conversions can be
described by the effective potentials at the amplitude level.
The ordinary matter is composed of protons, neutrons and
electrons, so the NC interactions contribute to the matter
potentials for all-flavor neutrinos, whereas the CC inter-
action is relevant only for the electron neutrinos.

A. Effective Hamiltonians and matter potentials

The amplitudes for relevant two-body scattering proc-
esses να þ f → να þ f, with α ¼ e, μ, τ and f ¼ u, d, e,
can be divided into the NC and CC parts. For the NC part,
we can directly read it off from the low-energy effective
Hamiltonian

HNC
eff ðxÞ ¼

Gμffiffiffi
2

p
h
ναðxÞγμð1 − γ5ÞναðxÞ

i

×
h
fðxÞγμðcfV;NC − cfA;NCγ

5ÞfðxÞ
i
; ð2:1Þ

where cfV;NC and cfA;NC refer, respectively, to the vector-
type and axial-vector-type couplings for the NC interaction.
At the tree level, these couplings in the SM have been
collected in Table I.

TABLE I. The vector-type and axial-vector-type couplings for
the NC interaction of neutrinos in the SM, where s≡ sin θw and
f ¼ u, d, e.

f ¼ u f ¼ d f ¼ e

cfV;NC
1
2 −

4
3 s

2 − 1
2 þ

2
3 s

2 − 1
2 þ 2s2

cfA;NC
1
2 − 1

2 − 1
2

1The radiative corrections in the MS scheme have been
evaluated in Ref. [13] in the low-energy effective theory. The
authors are grateful to Dr. Oleksandr Tomalak for bringing this
relevant work to our attention.
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• NC couplings in the SM

• CC couplings in the SM ce
V,CC = ce

A,CC = 1
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Fig. 9.1. Feynman diagrams of the coherent forward elastic scattering processes
that generate the CC potential VCC through W exchange and the NC potential
VNC through Z exchange.

through coherent forward elastic weak CC and NC scatterings [1065, 731, 715, 222,
828, 844, 530, 418, 845, 747, 387, 716, 464]. The Feynman diagrams of CC and NC
scattering are shown in Fig. 9.1.

Let us first calculate the CC potential VCC for an electron neutrino propagating
in a homogeneous and isotropic gas of unpolarized electrons [530, 716]. From the
effective low-energy charged-current weak interaction Lagrangian in eqn (3.224),
the effective CC Hamiltonian corresponding to the left diagram in Fig. 9.1 is

H
(CC)

eff (x) =
GF√

2

[
νe(x)γρ

(
1 − γ5

)
e(x)

] [
e(x)γρ

(
1 − γ5

)
νe(x)

]
. (9.5)

In order to separate the neutrino and electron contributions, we apply to eqn (9.5)
the Fierz transformation in eqn (2.508):

H
(CC)

eff (x) =
GF√

2

[
νe(x)γρ

(
1 − γ5

)
νe(x)

] [
e(x)γρ

(
1 − γ5

)
e(x)

]
. (9.6)

The average of the effective Hamiltonian over the electron background in the rest
frame of the medium is given by

H
(CC)

eff (x) =
GF√

2
νe(x)γρ

(
1 − γ5

)
νe(x)

∫
d3pe f(Ee, T )

× 1

2

∑

he=±1

⟨e−(pe, he)|e(x)γρ

(
1 − γ5

)
e(x)|e−(pe, he)⟩ . (9.7)

The electron states correspond to the electrons in the left diagram in Fig. 9.1. Their
four-momenta and helicities before and after the scattering are identical, because
the interaction must leave the medium unchanged in order to contribute coherently
to the neutrino potential. For simplicity, for the electron background we consider a
finite normalization volume V according to the method discussed in section 2.13,

𝒱CC = 2GμNe

Hm = UH0U
† +

𝒱CC 0 0
0 0 0
0 0 0

+
𝒱NC 0 0

0 𝒱NC 0
0 0 𝒱NC

=
1

2E
U

m2
1 0 0

0 m2
2 0

0 0 m2
3

U† + (
a 0 0
0 0 0
0 0 0)

i
d
dt

νe
νμ
ντ

= UH0U
†

νe
νμ
ντ

, H0 =
1

2E

m2
1 0 0

0 m2
2 0

0 0 m2
3

• Effective Hamiltonian in vacuum

• Effective Hamiltonian in matter

a ≡ 2 2GμNeE

๏ The energy of solar 8B neutrinos is E = 10 MeV, 
take Ne = 100 NA cm-3 for ρ = 150 g cm-3 in the 
solar center. 


matter parameter  

mass-squared difference 

a = 2 2GμNeE ≈ 1.53 × 10−4 eV2

Δm2
21 ≈ 7.41 × 10−5 eV2

Only CC potential for  is relevant 
for neutrino oscillation in matter.

νe
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Fortschr. Phys. 88 (1990) 3 167 

lation of a theory of the unified electroweak interaction, theoretically consistent and in 
agreement with all experimentally known phenomena of electroweak origin 131. The 
trace of this development is quite different from that encountered in formulating Quan- 
tum Electrodynamics (QED) as the theory of pure electromagnetic forces : the quantized 
form of Maxwell’s theory has been well established for nearly 60 years and has kept its 
principal structure since the pioneering work of Dirac, Heisenberg, and Pauli ; later 
developments [4] simplified the practical perturbative handling tremendously. 

The relatively long period for which &ED has been available made it possible to sub- 
ject it to experimental tests like measurements of the anomalous g factor of the electron 
and the muon [5] proving the correctness of the theoretical concept to an accuracy which 
is as yet unique in the wide area of probing the fundamental laws of physics. Those pre- 
cision tests were milestones in revealing the basic character of &ED as a quantized field 
theory since the theoretical predictions follow from a systematic application of the field 
theoretical version of quantum mechanical perturbation theory. Although the higher 
order perturbative terms are usually quite complicated in their concrete manifestations 
they are finally the consequence of a simply structured Lagrangian. This Lagrangian can 
be considered the classical Lagrangian of a corresponding unquantized theory which, 
however, would never give rise to the small measurable effects following from the quan- 
tized version. Hence, the experimental verification of the quantum effects confirms that 
quantum field theory is the adequate theoretical framework for the description of the 
fundamental interactions. 

Testing a theory at its quantum level becomes possible if the following conditions are 
satisfied : 
(i) existence of a theory that makes precise predictions beyond the lowest order, 

(ii) availability of experiments which are sensitive to such small effects. 
Both conditions have been fulfilled in case of QED. 

The spectacular prediction of the weak vector bosons from the unification of electro- 
magnetic and weak interactions and their experimental verification have a parallel in 
the physics of electromagnetism : 

Maxwell’s unification of the electric and the magnetic forces led to the prediction of 
electromagnetic waves propagating with the velocity of light. Thus, the experimental 
proof of their existence and properties by Hertz’s experiments has been the confirmation 
of the field theory of the electromagnetic interaction at  the classical level, whereas the 
further efforts in course of the 20th century have confirmed the same field theory also at  
the quantum level. 

Quite analogously, the electroweak unification has predicted the existence of massive 
vector bosons with masses of the order of the Fermi scale (G, vi)-’’’ m 250 GeV, which 
was known experimentally from earlier days’ data on particle decays. The appearance of 
a second parameter necessary for specifying the precise mass values, the electroweak 
mixing angle sin2 Ow, comes in since the unification is not really complete but still in- 
volves two independent coupling constants. This small “defect” {from an aesthetic point 
of view) requires one more experimental information obtained e.g. from neutrino 
scattering. The experimental verification of that prediction in pH collisions [6] may be 
considered a confirmation of the standard model at the classical level. 

In complete analogy to QED, the standard model as a quantized gauge field theory 
allowing a perturbative treatment beyond the lowest order exhibits higher order effects 
which are measurable in suitable experiments. But in contrast to &ED, the experimental 
facilities so far have not yet reached that high level of precision necessary for detecting 
the quantum effects (there are, however, already strong indications for the presence of 
higher order contributions [3]). In  the sense of our analogy to electromagnetism, we are 
presently in the phase after Hertz’s experiments but before measuring Lamb shift and 

1* 

W. Hollik, 1990

✓ Yang-Mills gauge theory (1954) 
✓ Brout-Englert-Higgs mechanism (1964) 
✓ Glashow-Salam-Weinberg model (1960s) 
✓ Renormalizability (1970s)

predict ✓ Weak-neutral current (1973) 

✓ W/Z gauge boson (1983)

m2
W =

πα

2Gμ sin2 θw

, m2
Z =

m2
W

1 − sin2 θw

mth
W ≈ 77.6 GeV , mth

Z ≈ 88.5 GeV

input parameters •  from Thomson scattering


•  from μ lifetime


•  from neutrino-quark scattering

α ≈ 1/137.036
Gμ ≈ 1.166 × 10−5 GeV−2

sin2 θw ≈ 0.231

tree-level relation
} mex

W ≈ 80.9 GeV , mex
Z ≈ 91.9 GeV

VS

m2
W =

πα

2Gμ sin2 θw(1 − Δr)loop corrections
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JUNO ✴ 700 m deep, 35.4 m diameter glass sphere 
✴ 20 kilotons liquid scintillator 
✴ an energy resolution of 2.95% at 1 MeV [2405.17860]

★  Neutrino mass-ordering 
✦ Precision measurements of 

oscillation parameters  
• Supernova Burst Neutrinos & DSNB

• Solar/atmospheric/terrestrial neutrinos

• Nucleon Decays (GUT)

• New physics searches

after 6 years of data taking 
✓ 3-4σ CL of mass-ordering & sub-percent precision 

2204.13249

percent

sub-percent

1507.05613
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Fig. 5. 1σ CP precision as a function of δCP (true). Hierarchy unknown. θ23 = 42◦ .

T2HK, as is naively expected. From the figures we observe that the uncertainty in the density 
gives non-negligible contribution to the precision of δCP, particularly for DUNE.

On the other hand, the correlation of the true and test CP phases is shown in the bottom panel 
of Fig. 5. Although this figure naively offers the impression that parameter degeneracy (mainly 
sign degeneracy) is significantly less serious even for T2HK than Fig. 8 in Ref. [10], in which 
the analysis was performed with the old design of T2HK with two 0.19 Mton tanks in Japan, 
sign degeneracy in the bottom panel of Fig. 5 is more serious than that in Ref. [10] because 
significance in Fig. 5 is only 1σ whereas it is 3σ in Fig. 8 in Ref. [10].

Fig. 6 shows the appearance probabilities Pµe ≡ P(νµ → µe) and P̄µe ≡ P(ν̄µ → µ̄e) are 
plotted as a function of E in GeV for a few case cases of δCP and density scaling ‘DS’ to illustrate 
how the uncertainty in the Earth’s density can cause an incorrect value for the CP phase. The 
density scaling refers to a factor by which the density ρ is multiplied. The top row is for T2HK 
and the bottom row is for DUNE. In each row, the left panel corresponds to neutrinos and the 
right panel corresponds to antineutrinos. From the panels we understand that:

P(νµ → νe;1.0ρ, δCP = −72◦) ≃ P(νµ → νe;1.1ρ, δCP = −70◦) for T2HK (4.11)

P(νµ → νe;1.0ρ, δCP = −74◦) ≃ P(νµ → νe;1.1ρ, δCP = −69◦) for DUNE (4.12)

The above condition is true for both neutrinos and antineutrinos. For this reason, in the case 
of T2HK, for a true value of δCP = −90◦ and true density ρ, δCP (test) = −72◦ is allowed at 
1σ when the test density is ρ. However, the test value of δCP = −70◦ becomes also allowed at 
1σ when the test density is 1.1ρ, thus deteriorating the CP precision by 2◦. For DUNE, the CP 
precision deteriorates by 5◦, when the test density becomes 1.1ρ. Therefore we understand that 

11

Sensitivity on DUNE & T2HK 10

JUNO

measure δCP, determine mass-ordering and θ23 octant

70-kilotons liquid argon

68 m diameter ×71 m hight 
260 kilotons water 2210.09103
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Fig. 5. 1σ CP precision as a function of δCP (true). Hierarchy unknown. θ23 = 42◦ .

T2HK, as is naively expected. From the figures we observe that the uncertainty in the density 
gives non-negligible contribution to the precision of δCP, particularly for DUNE.

On the other hand, the correlation of the true and test CP phases is shown in the bottom panel 
of Fig. 5. Although this figure naively offers the impression that parameter degeneracy (mainly 
sign degeneracy) is significantly less serious even for T2HK than Fig. 8 in Ref. [10], in which 
the analysis was performed with the old design of T2HK with two 0.19 Mton tanks in Japan, 
sign degeneracy in the bottom panel of Fig. 5 is more serious than that in Ref. [10] because 
significance in Fig. 5 is only 1σ whereas it is 3σ in Fig. 8 in Ref. [10].

Fig. 6 shows the appearance probabilities Pµe ≡ P(νµ → µe) and P̄µe ≡ P(ν̄µ → µ̄e) are 
plotted as a function of E in GeV for a few case cases of δCP and density scaling ‘DS’ to illustrate 
how the uncertainty in the Earth’s density can cause an incorrect value for the CP phase. The 
density scaling refers to a factor by which the density ρ is multiplied. The top row is for T2HK 
and the bottom row is for DUNE. In each row, the left panel corresponds to neutrinos and the 
right panel corresponds to antineutrinos. From the panels we understand that:

P(νµ → νe;1.0ρ, δCP = −72◦) ≃ P(νµ → νe;1.1ρ, δCP = −70◦) for T2HK (4.11)

P(νµ → νe;1.0ρ, δCP = −74◦) ≃ P(νµ → νe;1.1ρ, δCP = −69◦) for DUNE (4.12)

The above condition is true for both neutrinos and antineutrinos. For this reason, in the case 
of T2HK, for a true value of δCP = −90◦ and true density ρ, δCP (test) = −72◦ is allowed at 
1σ when the test density is ρ. However, the test value of δCP = −70◦ becomes also allowed at 
1σ when the test density is 1.1ρ, thus deteriorating the CP precision by 2◦. For DUNE, the CP 
precision deteriorates by 5◦, when the test density becomes 1.1ρ. Therefore we understand that 
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Table 4
The sensitivity for mass ordering, the θ23 octant and CP for conservative values of the true parameter for different choices 
of the uncertainty in the density. For the mass ordering, we provide the values of 

√
χ2. Additionally, for the octant −

assuming that the true value for (θ23, δCP) is (45◦ , −90◦) − we provide the region for which θ23 is permitted at 5σ . For 
CP violation (CPV), the fraction of the δCP region for which CPV can be discovered at χ2 = 25 is given for θ23 = 42◦ . 
For the CP precision, the 1σ error for δCP = −90◦ is given.

Sensitivity Max |%ρ/ρ| T2HK DUNE T2HK+DUNE

Mass ordering 0% 1.03 7.8 11.7
significance 5% 1.00 7.5 11.4
[σ ] 10% 0.96 7.2 11.1

Octant 0% 42.343◦ − 48.674◦ 42.21◦ − 49.03◦ 42.96◦ − 48.00◦
at 5% 42.340◦ − 48.676◦ 42.16◦ − 49.11◦ 42.93◦ − 48.03◦
5σ 10% 42.338◦ − 48.678◦ 42.12◦ − 49.18◦ 42.93◦ − 48.06◦

CP violation 0% 21.4 37.4 54.9
fraction 5% 20.8 34.2 52.7
[%] 10% 19.8 32.0 50.2

CP Precision 0% 18◦ 16◦ 12◦
at 5% 19◦ 19◦ 13◦
1σ 10% 20◦ 21◦ 13◦

factory. However, with an uncertainty of 5% we observed that the CP precision of DUNE has a 
non-negligible impact. Therefore, when the precision of the CP phase δCP becomes important in 
the future, the effect of the uncertainty in the density should be considered properly.

In this study, we did not include the atmospheric neutrino measurement at Hyper-kamiokande. 
If information of the atmospheric neutrino of Hyper-kamiokande is included, then the sensitivity 
of the whole Hyper-kamiokande project, which includes the T2HK experiment and the atmo-
spheric neutrino measurement, to mass ordering will be improved, as shown in Refs. [2,10,33]. 
A treatment of the uncertainty in the density for the analysis of atmospheric neutrinos is compli-
cated and it is a subject in the future work.
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Self-energy ⌫e-e-W box diagrams �ce
V,CC

�6.4⇥ 10�3 4.5⇥ 10�2 1.9⇥ 10�2 5.8⇥ 10�2

Table 3: The one-loop contributions to �ce
V,CC

from the W -boson self-energy, vertices and box
diagrams. The tree-level vector-type coupling is ce

V,CC
= 1.

matter with Np ⇡ Nn, the one-loop correction to the NC potential is about 8.2%.

Similar to the case of the NC potential, we collect all the contributions to �ce
V,CC

in Table 3.

It shows that there is a correction of about 6% to the CC matter potential. Whereas the NC po-

tentials are the same for three-flavor neutrinos, except for the tiny flavor-dependent contributions,

this correction to the CC potential of electron neutrinos will play an important role in neutrino

flavor conversions. In the near future, the long-baseline accelerator neutrino experiments DUNE

and T2HK will make use of the MSW e↵ect to resolve the sign of �m2

31
, and also determine

the octant of ✓
23

and the CP-violating phase �
CP

. The oscillation probability in the appearance

channel ⌫µ ! ⌫e with matter e↵ects can be written as [32]

P
�
⌫µ ! ⌫e

�
⇡ sin2 ✓23 sin

2 2✓13
sin2 (�31 � aL)

(�31 � aL)2
�2

31

+sin 2✓23 sin 2✓13 sin 2✓12
sin (�31 � aL)

(�31 � aL)
�31

sin(aL)

(aL)
�21 cos (�31 + �

CP
)

+ cos2 ✓23 sin
2 2✓12

sin2(aL)

(aL)2
�2

21
, (5.6)

where �ij ⌘ �m2

ijL/(4E) with �m2

ij ⌘ m2

i �m2

j for ij = 21, 31 being the neutrino mass-squared

di↵erences and a ⌘ V/2 have been defined. Here L is the baseline length and E is the beam energy

of neutrinos. The first line on the right-hand side of Eq. (5.6) denotes the dominant oscillation

term driven by �m2

31
. As the contributions from the NC potential are identical for three neutrino

flavors (when the tiny flavor-dependent parts are neglected), only the CC potential is relevant.

At the tree level, we have a = GµNe/
p
2, while the 5.8% correction to the CC potential at the

one-loop level should be included.

As an example, we now investigate the impact of the one-loop correction to the matter potential

on the sensitivity to neutrino mass ordering at DUNE, for which the baseline length is L =

1300 km [33] and the average matter density is ⇢
avg

= 2.848 g/cm3 [34]. With the global-fit results

of neutrino oscillation parameters [35], the oscillation probability in Eq. (5.6) can be numerically

calculated in both cases of normal mass ordering (NO) and inverted mass ordering (IO). Since

DUNE is su�ciently sensitive to the di↵erence in the oscillation probabilities between NO and IO

cases, we expect that the di↵erence caused by the one-loop correction to the matter potential can
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The di↵erence of oscillation probabilities �P (⌫µ ! ⌫e) ⌘ PNO(⌫µ ! ⌫e) � P IO(⌫µ ! ⌫e)

between NO and IO cases at DUNE has been plotted in Fig. 3. In the left and middle panels, the

tree- and one-loop-level results of �P (⌫µ ! ⌫e) are respectively denoted by the black solid curve

and blue dashed curve. The di↵erence of �P (⌫µ ! ⌫e) between tree- and one-loop-level results

16

Matter effects are important in long-
baseline accelerator experiments.

Directly affect mass-ordering 
determination and δCP measurement.

−90∘

ΔδCP
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✓ Yang-Mills gauge theory (1954) 
✓ Brout-Englert-Higgs mechanism (1964) 
✓ Glashow-Salam-Weinberg model (1960s) 
✓ Renormalizability (1970s)

predict ✓ Weak-neutral current (1973) 

✓ W/Z gauge boson (1983)

Neutrino interactions 
Perturbative calculations are possible 

for EW theory.

Neutrino precision measurement era 
Experimental precision is comparable to 
the quantum corrections (percent-level).

Loop effects of  neutrinos need to be considered!

Fortschr. Phys. 88 (1990) 3 167 

lation of a theory of the unified electroweak interaction, theoretically consistent and in 
agreement with all experimentally known phenomena of electroweak origin 131. The 
trace of this development is quite different from that encountered in formulating Quan- 
tum Electrodynamics (QED) as the theory of pure electromagnetic forces : the quantized 
form of Maxwell’s theory has been well established for nearly 60 years and has kept its 
principal structure since the pioneering work of Dirac, Heisenberg, and Pauli ; later 
developments [4] simplified the practical perturbative handling tremendously. 

The relatively long period for which &ED has been available made it possible to sub- 
ject it to experimental tests like measurements of the anomalous g factor of the electron 
and the muon [5] proving the correctness of the theoretical concept to an accuracy which 
is as yet unique in the wide area of probing the fundamental laws of physics. Those pre- 
cision tests were milestones in revealing the basic character of &ED as a quantized field 
theory since the theoretical predictions follow from a systematic application of the field 
theoretical version of quantum mechanical perturbation theory. Although the higher 
order perturbative terms are usually quite complicated in their concrete manifestations 
they are finally the consequence of a simply structured Lagrangian. This Lagrangian can 
be considered the classical Lagrangian of a corresponding unquantized theory which, 
however, would never give rise to the small measurable effects following from the quan- 
tized version. Hence, the experimental verification of the quantum effects confirms that 
quantum field theory is the adequate theoretical framework for the description of the 
fundamental interactions. 

Testing a theory at its quantum level becomes possible if the following conditions are 
satisfied : 
(i) existence of a theory that makes precise predictions beyond the lowest order, 

(ii) availability of experiments which are sensitive to such small effects. 
Both conditions have been fulfilled in case of QED. 

The spectacular prediction of the weak vector bosons from the unification of electro- 
magnetic and weak interactions and their experimental verification have a parallel in 
the physics of electromagnetism : 

Maxwell’s unification of the electric and the magnetic forces led to the prediction of 
electromagnetic waves propagating with the velocity of light. Thus, the experimental 
proof of their existence and properties by Hertz’s experiments has been the confirmation 
of the field theory of the electromagnetic interaction at  the classical level, whereas the 
further efforts in course of the 20th century have confirmed the same field theory also at  
the quantum level. 

Quite analogously, the electroweak unification has predicted the existence of massive 
vector bosons with masses of the order of the Fermi scale (G, vi)-’’’ m 250 GeV, which 
was known experimentally from earlier days’ data on particle decays. The appearance of 
a second parameter necessary for specifying the precise mass values, the electroweak 
mixing angle sin2 Ow, comes in since the unification is not really complete but still in- 
volves two independent coupling constants. This small “defect” {from an aesthetic point 
of view) requires one more experimental information obtained e.g. from neutrino 
scattering. The experimental verification of that prediction in pH collisions [6] may be 
considered a confirmation of the standard model at the classical level. 

In complete analogy to QED, the standard model as a quantized gauge field theory 
allowing a perturbative treatment beyond the lowest order exhibits higher order effects 
which are measurable in suitable experiments. But in contrast to &ED, the experimental 
facilities so far have not yet reached that high level of precision necessary for detecting 
the quantum effects (there are, however, already strong indications for the presence of 
higher order contributions [3]). In  the sense of our analogy to electromagnetism, we are 
presently in the phase after Hertz’s experiments but before measuring Lamb shift and 

1* 

W. Hollik, 1990
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WHY matter potential @ 1-loop order? 
Is it necessary to discuss 1-loop effects for neutrinos?
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Radiative corrections to neutrino indices of refraction
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Quantum loop corrections to coherent forward neutrino scattering and indices of refraction n„,I'
l =e,p, ~ are examined in the standard SU(2)L )&U(1) model. For a neutral unpolarized medium
with particle densities N, =N~, N„we find p„(n„n„—)=—V 2G„N, [ 1 +0 (am„'/ms )] ande p

2

p„(n„—n„)= " [(N~+N„)ln(m, /m@ )+(N~+ 3 N„)] .2' sin 0~ m s
Implications of our results for neutrino matter oscillations and elastic scattering are briefly dis-
cussed.

The effect of coherent forward scattering on neutrino
oscillations in matter was investigated a number of years
ago by Wolfenstein. ' More recently, Mikheyev and Smir-
nov employed that analysis to show how for a realistic
range of neutrino masses and mixing parameters, neutrino
matter oscillations between v, and v„or v in the Sun's in-
terior could be significantly enhanced and thus modify the
spectrum of solar v, neutrinos. Such a scenario (hence-

I

forth referred to as the MSW effect) provides a natural
solution to the solar neutrino puzzle, i.e., why only about
of the v, flux predicted by the standard solar model is

experimentally observed.
The basic mechanism responsible for the MSW effect is

contained in the coupled evolution equations' ' for left-
handed neutrino states vI(t) propagating through matter
with neutrino indices of refraction n„, , I =e,p, r,

v, (t)
i v(t) = Vdt v,(t)

0
0
0

0 0
0 (m, '—m, ')/2p.

(m) —m2 )/2p 0
V —p—1

0

0
0

0 0
0 n —nV V

n —n 0V V v, (t)
v„(t)
v, ( t)

where V is a 3)&3 unitary matrix which relates weak-interaction states v„vz, and v, with vacuum mass eigenstates v;
(with masses m;), i = 1,2, 3, via

vp
v~

V1
=V V2

V3

C1

$1C2
—s1s2

$1c3 $1$3
i5 i5c1c2c3 $2$3e c1C2s3+$2c3c
i5 i5C1$2C3 +C2$3e c1s2s3—c2c3e

V1

V2

V3

(2)

c;—:cosO;, s;—= sin8;, i = 1,2, 3,

and p =E »m; is the neutrino momentum or energy.
[The same equation governs right-handed-antineutrino
evolution, but in that case (n„—1)=—(n, —1).]» Eq.
(1) we have generalized the two-neutrino-mixing example
usually considered to three neutrino species and have
neglected a p„(1 n+m2 /—2p„) 1 term which would
only give rise to an overall phase that does not affect os-
cillations. Indeed, the only quantities that govern oscilla-
tory behavior in matter are the mixing angles in Eq. (2),
the mass-squared differences m; —mj, the neutrino
momentum, and differences in the indices of refraction
n —n and n —n . The last parameters describeV V

)tt

differences between interactions of the distinct neutrino
flavors with the medium. Those refraction indices can be
obtained from the neutrino scattering amplitudes

GpM(vt f~vr f)= i " vty—(1—ys )2
Xvlfy (C,f+C,fy))f, (3)

where f is a generic fermion. For an unpolarized medium
of normal matter one finds '

p„(n, —1)=—V 2G& g C„,fNf, (4)f=e, u, d
where Nf is the particle number density of f's in the
medium.
We have factored out the muon decay constant

Gz ——1.16636+0.000 02 && 10 GeV

in Eqs. (3) and (4). It is defined by the muon lifetime for-
mula '
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877 sin 0~ (12b)

8m. Sin2e~
(12c)

(v;f)
p "' provide the leading effect and are therefore poten-
tially interesting. ' Such terms arise from the one-loop di-
agrams in Fig. 1. The contribution of those diagrams,
neglecting heavy-quark mixing' and strong interactions,
can be extracted from Ref. 19. We find that the &&box
and Z exchange diagrams give rise to nonuniversal
0 (am, /m w ) corrections that modify p " as follows2 2 (v;f)

[for E (5 GeV (Ref. 20)]:
(vr'f) (vr'f (vp'f)
p =—p p (12 )a

2Gp 3~ m~p„(n, n„—)= z ln
'Ir sin 8w m w

2m~
N, .5

m~
(15)

Comparing Eqs. (15) and (8a), one finds using m, =1.78
GeV, m~ ——81 GeV,

n —nv v

n —n
e P

2m,—3(x
2 ln

2m sin Og mp

2m~ 5+-
my 6

It is interesting to note that the leading-logarithmic term
depends only on the total nucleon density Nz+N„. For
an isoscalar medium with N„=N~ =N„ this becomes

where =5~10-' . (16)

(2+x)x 3(2—x)x
1Jx= + lnx

1—x (1—x)2
2x +6x lnx as x—+0,
—x as x~ao,'
(4—x)x 3x lnxKx= +

(1—x)

(13a)

4x as X~O,
+x as x~oo . (13b)

2m~G„3a
pv(nv 11v 2 2v 2 2~sin Hw mw

&( (N~+N„) ln
2mq

m gr

2 2

+ —,N„+0 ln
mp mph'

(14)

For a neutral unpolarized medium with N, =Nz and N„
arbitrary, one finds ' from Eqs. (12) and (13)

(17a)

L(m, /mw )8''sin 0~
a m~+ ln

3m sin20~ m&

L(x)= +-x (7—x) 2 (2+x)(4x —1) lnx .
(1—x)

(17b)

(17c)

Those corrections are, however, independent of f; so they
cancel out of n v for a neutral medium."7-

If a fourth generation of fermions with lepton doublet
(vL, ,L) exists, we know from recent UA1 bounds that
mL &42 GeV, so mL /m~ & —„. In that case n —n

L p
and nv —n are not so small. Indeed, making the re-L vr
placement m, ~mL in Eqs. (12)—(17), we find for
Np ——N„

As one might expect, the induced-loop effect for n —n „
is much smaller than the important n tree-level result,v
but not completely negligible.

Tv, f)The parameters A. " are also modified by
O(am, /mw ) corrections. From the Z and y exchange
diagrams in Fig. 1, one finds'

(v 'f) (v f) (Y f)
7

a
p (n, n)=—~2 4m. sin 8

xL —mL /m~2 2

X [(Np+N„)J(xi )+(Np+ , N„)K( x)]L, —
(18)

W W n —nVL V

n —nV V

—CX

16m sin Op

FIG. 1. One-loop diagrams, which give rise to nonuniversal
(v~-dependent) radiative corrections to the scattering vif ~vif,f =u, d, or e. The vq-self-energy diagram is meant to denote
corrections to both vi external legs.

20XL +XL 24XI —3XI+ lnxL . (19)
1—xL (1—xL, )

me ≪ mμ ≪ mτ & Ne = Np = Nn

in ordinary matter

ϵμτ ≡
̂𝒱 τ
NC − ̂𝒱 μ

NC

𝒱CC

≈ −
3α

2π sin2 θw

m2
τ

m2
W [ln ( m2

τ

m2
W ) +

5
6 ] ≈ 5.19 × 10−5 But greatly affect the 

flavor conversions of 
SN neutrinos with  
ρ ~ 106 g cm-3.

Extremely small !

flavor-dependent corrections
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• NC potential  
Flavor-dependent (1986) + Flavor-independent (?)





Important in active-sterile neutrino oscillations. 

• CC potential (only for , ?)

Have not been studied thus far! 


Achieve high-precision measurements.

𝒱FI
NC+𝒱e

NC 0 0
0 𝒱FI

NC+𝒱μ
NC 0

0 0 𝒱FI
NC+𝒱τ

NC

νe

Hm = UH0U
† +

𝒱CC 0 0
0 0 0
0 0 0

+
𝒱NC 0 0

0 𝒱NC 0
0 0 𝒱NC

A complete one-loop calculation of the 
MSW potentials in the SM is needed.

ϵμτ ≡
̂𝒱 τ
NC − ̂𝒱 μ

NC

𝒱CC

≈ −
3α

2π sin2 θw

m2
τ

m2
W

ln ( m2
τ

m2
W ) +

5
6

≈ 5.19 × 10−5

flavor-dependent parts
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𝒱CC = 2GμNece
V,CC

𝒱NC = 2GμNfc
f
V,NC

ℋNC
eff (x) =

Gμ

2 [να(x)γμ (1 − γ5) να(x)] [f(x)γμ (c f
V,NC − c f

A,NCγ5) f(x)]
ℋCC

eff (x) =
Gμ

2 [νe(x)γμ (1 − γ5) νe(x)] [e(x)γμ (ce
V,CC − ce

A,CCγ5) e(x)]

neutrinos in the dense-matter environment [9,10]. Further
discussions about the impact of ϵμτ on neutrino oscillations
can be found in Refs. [11,12].
In the calculation of ϵμτ, however, the previous

works [7,8] concentrate on the flavor-dependent radiative
corrections, e.g., V̂τ

NC − V̂μ
NC, instead of the one-loop NC

potentials V̂α
NC themselves (for α ¼ e, μ, τ). Moreover,

the one-loop radiative corrections to the CC potential
in the on-shell scheme have not been studied thus far.1

Therefore, it is interesting to calculate neutrino matter
potentials in the SM at the one-loop level, including the
NC potential V̂α

NC for three-flavor neutrinos and the CC
potential V̂CC for the electron neutrino. The motivation for
such a calculation is twofold. First, the flavor-independent
part of the one-loop NC potential V̂α

NC is irrelevant for
flavor oscillations of three active neutrinos but may be
important for active-sterile neutrino oscillations, particularly
in the supernova environment [14,15]. Second, the future
long-baseline accelerator neutrino oscillation experiments,
such as DUNE [16] and T2HK [17], will be able to
determine neutrino mass ordering and probe leptonic CP
violation, and they are already sensitive enough to the
Earth matter effects. Obviously, the precise calculation
of V̂CC at the one-loop level is necessary to achieve
high-precision measurements of the neutrino mass ordering
and the CP-violating phase.
In this work, we carry out a complete one-loop calcu-

lation of the MSW potentials in the SM. More explicitly,
after performing one-loop renormalization of the SM in
the on-shell scheme [18–21], we compute the scattering
amplitudes for να þ f → να þ f at one loop, where
f ¼ u, d, e are the SM fermions in ordinary matter.
For the electron neutrino νe, both CC and NC interactions
must be taken into account, while only the latter is
considered for νμ;τ. For both NC and CC interactions, since
the distributions of background particles are assumed to be
homogeneous and isotropic, only the vector-type couplings
cfV;NC and cfV;CC are directly involved in matter potentials.
After obtaining finite scattering amplitudes, we extract the
matter potentials by comparing the obtained amplitudes
and those generated by the effective weak Hamiltonian
of neutrino interactions in the forward limit. After inputting
the latest values of all physical parameters, we find that
the one-loop correction to the NC potential is about 8%,
while that to the CC potential is about 6%. In the future
long-baseline accelerator neutrino oscillation experiments,
e.g., DUNE and T2HK, it is promising to probe the one-
loop correction to the CC potential. For comparison, we
also calculate the one-loop corrections in the MS scheme

with running parameters as inputs. Our results of the
vector-type couplings agree perfectly with those in the
previous work [13].
The remaining part of this paper is organized as

follows. In Sec. II, we outline the basic strategy for one-
loop calculations of the MSW matter potentials in the SM,
and explain the notations and the on-shell scheme of the
one-loop renormalization implemented in our calculations.
The analytical results for the one-loop NC and CC potentials
are presented in Secs. III and IV, respectively. Then, in
Sec. V, we specify the input parameters and evaluate the
one-loop corrections. The calculations of the vector-type
couplings at the one-loop level in the MS scheme are given
in Sec. VI. We summarize our main results in Sec. VII.
For completeness, the renormalization of the SM and some
details of our calculations are given in Appendix.

II. STRATEGY FOR ONE-LOOP CALCULATIONS

In this section, we explain how to calculate the one-loop
potentials in the SM. For the low-energy neutrinos propa-
gating in ordinary matter, the coherent forward scattering
with background particles modifies their dispersion rela-
tions and its impact on neutrino flavor conversions can be
described by the effective potentials at the amplitude level.
The ordinary matter is composed of protons, neutrons and
electrons, so the NC interactions contribute to the matter
potentials for all-flavor neutrinos, whereas the CC inter-
action is relevant only for the electron neutrinos.

A. Effective Hamiltonians and matter potentials

The amplitudes for relevant two-body scattering proc-
esses να þ f → να þ f, with α ¼ e, μ, τ and f ¼ u, d, e,
can be divided into the NC and CC parts. For the NC part,
we can directly read it off from the low-energy effective
Hamiltonian

HNC
eff ðxÞ ¼

Gμffiffiffi
2

p
h
ναðxÞγμð1 − γ5ÞναðxÞ

i

×
h
fðxÞγμðcfV;NC − cfA;NCγ

5ÞfðxÞ
i
; ð2:1Þ

where cfV;NC and cfA;NC refer, respectively, to the vector-
type and axial-vector-type couplings for the NC interaction.
At the tree level, these couplings in the SM have been
collected in Table I.

TABLE I. The vector-type and axial-vector-type couplings for
the NC interaction of neutrinos in the SM, where s≡ sin θw and
f ¼ u, d, e.

f ¼ u f ¼ d f ¼ e

cfV;NC
1
2 −

4
3 s

2 − 1
2 þ

2
3 s

2 − 1
2 þ 2s2

cfA;NC
1
2 − 1

2 − 1
2

1The radiative corrections in the MS scheme have been
evaluated in Ref. [13] in the low-energy effective theory. The
authors are grateful to Dr. Oleksandr Tomalak for bringing this
relevant work to our attention.
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• NC couplings in the SM

• CC couplings in the SM ce
V,CC = ce

A,CC = 1

✓ Extract the one-loop corrected vector-
type coefficients from renormalized 
scattering amplitudes

Δc f
V,NC ≡ ̂c f

V,NC − c f
V,NC

Δce
V,CC ≡ ̂c e

V,CC − ce
V,CC

1-loop level

Δc f
V,NC/c f

V,NC

Δce
V,CC/ce

V,CC

relative corrections

WHY corrections to the 
vector-type couplings?
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Perform the one-loop renormalization of  
the SM in the on-shell scheme.1

• Dimensional regularization 
’t Hooft & Veltman, 1972; Bollini & Giambiagi, 1972


• On-shell renormalization scheme 
Ross & Taylor, 1973; Sirlin, 1980; Aoki et al., 1982; Bohm, Spiesberger, 
Hollik, 1986; Hollik, 1990; Jegerlehner 1990; Denner, 1993; …

• Renormalization constants (counterterms)

Input parameters: 

@ ’t Hooft-Feynman gauge

α , mW , mZ , mh , mf

and the counterterms. More explicitly, the bare parameters
are given by

e0 ¼ Zee ¼ ð1þ δZeÞe;
m2

W;0 ¼ m2
W þ δm2

W;

m2
Z;0 ¼ m2

Z þ δm2
Z;

m2
h;0 ¼ m2

h þ δm2
h;

m2
f;0 ¼ m2

f þ δm2
f; ðA1Þ

while the renormalization of the physical fields is as
follows

W%
0μ ¼

ffiffiffiffiffiffiffi
ZW

p
W%

μ ¼
"
1þ 1

2
δZW

#
W%

μ ;

"
Z0μ

A0μ

#
¼

" ffiffiffiffiffiffiffiffi
ZZZ

p ffiffiffiffiffiffiffiffi
ZZA

p
ffiffiffiffiffiffiffiffi
ZAZ

p ffiffiffiffiffiffiffiffi
ZAA

p
#"

Zμ

Aμ

#

¼
"
1þ 1

2 δZZZ
1
2 δZZA

1
2 δZAZ 1þ 1

2 δZAA

#"
Zμ

Aμ

#
;

h0 ¼
ffiffiffiffiffiffi
Zh

p
h ¼

"
1þ 1

2
δZh

#
h;

fLi;0 ¼
ffiffiffiffiffiffiffiffiffi
Zf;L
ij

q
fLj ¼

"
1þ 1

2
δZf;L

ij

#
fLj ;

fRi;0 ¼
ffiffiffiffiffiffiffiffiffi
Zf;R
ij

q
fRj ¼

"
1þ 1

2
δZf;R

ij

#
fRj : ðA2Þ

The subscripts i and j of the fermion fields refer to
different generations. In our calculations, the flavor mixing
among different generations of quarks plays an insignifi-
cant role, so we ignore it and its radiative corrections.
Hence only the i ¼ j case is considered and the CKM
matrix is taken to be the identity matrix. A more careful
treatment of the renormalization of the CKMmatrix can be
found in Refs. [36–38]. In addition, the renormalization of
unphysical fields is irrelevant to the one-loop scattering
amplitudes and will be neglected as well.

2. Fixing the counterterms

The one-loop self-energies of the scalar and fermion
fields are denoted as iΣ, while those of gauge fields as
iΣT with

iΣV
μνðp2Þ ¼ iΣV

T

"
gμν −

pμpν

p2

#
þ iΣV

L
pμpν

p2
; ðA3Þ

for V ¼ W;Z; A; AZ. The counterterms are fixed by
imposing the on-shell conditions and can be expressed
in terms of the self-energies. The mass and wave function
counterterms of gauge bosons and the Higgs boson are
given by

δm2
W ¼−ReΣW

T ðm2
WÞ; δZW ¼Re

∂ΣW
T ðp2Þ
∂p2

$$$$
p2¼m2

W

;

δm2
Z ¼−ReΣZ

Tðm2
ZÞ; δZZ ¼Re

∂ΣZ
Tðp2Þ
∂p2

$$$$
p2¼m2

Z

;

δm2
h ¼þReΣhðm2

hÞ; δZh ¼−Re
∂Σhðp2Þ
∂p2

$$$$
p2¼m2

h

: ðA4Þ

The counterterms for the photon and A-Z mixing are

δZAA ¼ ∂ΣAA
T ðp2Þ
∂p2

$$$$
p2¼0

; δZAZ ¼ 2Re
ΣAZ
T ðm2

ZÞ
m2

Z
;

δZZA ¼ −2
ΣAZ
T ð0Þ
m2

Z
: ðA5Þ

Notice that there is a minus sign for the gauge-boson
self-energy in our notations compared to those in
Refs. [19–21]. Such a difference just arises from the
definition of the gauge-boson self-energy, which is
denoted as iΣT in our work while as −iΣT in the previous
literature. As a result, all the counterterms corresponding
to the gauge-boson self-energies in Eqs. (A4) and (A5)
have an opposite sign.
For the fermion masses and wave functions, the counter-

terms are fixed by

δmf ¼
mf

2
Re½Σf;L

ii ðm2
fÞ þ Σf;R

ii ðm2
fÞ þ 2Σf;S

ii ðm2
fÞ';

δZf;L
ii ¼ −ReΣf;L

ii ðm2
fÞ −m2

f
∂

∂p2
Re½Σf;L

ii ðp2Þ þ Σf;R
ii ðp2Þ þ 2Σf;S

ii ðp2Þ'
$$$
p2¼m2

f

;

δZf;R
ii ¼ −ReΣf;R

ii ðm2
fÞ −m2

f
∂

∂p2
Re½Σf;L

ii ðp2Þ þ Σf;R
ii ðp2Þ þ 2Σf;S

ii ðp2Þ'
$$$
p2¼m2

f

: ðA6Þ

As has been mentioned in the main text, the terms of OðxfÞ can be safely neglected, so only the first terms in the wave
function counterterms of fermions need to be taken into account. Note that the fermion self-energy has been decomposed
as below
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A Renormalization of the Standard Model

In this appendix, we explain some details about the on-shell renormalization of the Standard

Model (SM) and list all the relevant one-loop diagrams for completeness.

The renormalization procedure that we have adopted follows closely that in Ref. [21]. Instead

of repeating the derivations of all the counterterms, we just highlight some key points relevant

to our calculations. More details of the on-shell renormalization can be found in a number of

excellent reviews [18–21], where the SM Lagrangian and the Feynman rules are explicitly given.

A.1 Renormalization Constants

Once the set of input physical parameters is chosen, one can decompose the bare parameters and

fields, which will be marked by the subscript “0”, into the renormalized ones and the counterterms.

More explicitly, the bare parameters are given by

e0 = Zee = (1 + �Ze) e ,

m2
W,0 = m2

W + �m2
W ,

m2
Z,0 = m2

Z + �m2
Z ,

m2
h,0 = m2

h + �m2
h ,

m2
f,0 = m2

f + �m2
f , (A.1)

while the renormalization of the physical fields is as follows

W±
0µ =

p
ZWW±

µ =

✓
1 +

1

2
�ZW

◆
W±

µ ,

 
Z0µ

A0µ

!
=

 p
ZZZ

p
ZZAp

ZAZ

p
ZAA

! 
Zµ

Aµ

!
=

0

B@
1 +

1

2
�ZZZ

1

2
�ZZA

1

2
�ZAZ 1 +

1

2
�ZAA

1

CA

 
Zµ

Aµ

!
,

h0 =
p
Zhh =

✓
1 +

1

2
�Zh

◆
h ,

fL
i,0 =

q
Zf,L

ij fL
j =

✓
1 +

1

2
�Zf,L

ij

◆
fL
j ,

fR
i,0 =

q
Zf,R

ij fR
j =

✓
1 +

1

2
�Zf,R

ij

◆
fR
j . (A.2)
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• On-shell conditions

and the counterterms. More explicitly, the bare parameters
are given by

e0 ¼ Zee ¼ ð1þ δZeÞe;
m2

W;0 ¼ m2
W þ δm2

W;

m2
Z;0 ¼ m2

Z þ δm2
Z;

m2
h;0 ¼ m2

h þ δm2
h;

m2
f;0 ¼ m2

f þ δm2
f; ðA1Þ

while the renormalization of the physical fields is as
follows

W%
0μ ¼

ffiffiffiffiffiffiffi
ZW

p
W%

μ ¼
"
1þ 1

2
δZW

#
W%

μ ;

"
Z0μ

A0μ

#
¼

" ffiffiffiffiffiffiffiffi
ZZZ

p ffiffiffiffiffiffiffiffi
ZZA

p
ffiffiffiffiffiffiffiffi
ZAZ

p ffiffiffiffiffiffiffiffi
ZAA

p
#"

Zμ

Aμ

#

¼
"
1þ 1

2 δZZZ
1
2 δZZA

1
2 δZAZ 1þ 1

2 δZAA

#"
Zμ

Aμ

#
;

h0 ¼
ffiffiffiffiffiffi
Zh

p
h ¼

"
1þ 1

2
δZh

#
h;

fLi;0 ¼
ffiffiffiffiffiffiffiffiffi
Zf;L
ij

q
fLj ¼

"
1þ 1

2
δZf;L

ij

#
fLj ;

fRi;0 ¼
ffiffiffiffiffiffiffiffiffi
Zf;R
ij

q
fRj ¼

"
1þ 1

2
δZf;R

ij

#
fRj : ðA2Þ

The subscripts i and j of the fermion fields refer to
different generations. In our calculations, the flavor mixing
among different generations of quarks plays an insignifi-
cant role, so we ignore it and its radiative corrections.
Hence only the i ¼ j case is considered and the CKM
matrix is taken to be the identity matrix. A more careful
treatment of the renormalization of the CKMmatrix can be
found in Refs. [36–38]. In addition, the renormalization of
unphysical fields is irrelevant to the one-loop scattering
amplitudes and will be neglected as well.

2. Fixing the counterterms

The one-loop self-energies of the scalar and fermion
fields are denoted as iΣ, while those of gauge fields as
iΣT with

iΣV
μνðp2Þ ¼ iΣV

T

"
gμν −

pμpν

p2

#
þ iΣV

L
pμpν

p2
; ðA3Þ

for V ¼ W;Z; A; AZ. The counterterms are fixed by
imposing the on-shell conditions and can be expressed
in terms of the self-energies. The mass and wave function
counterterms of gauge bosons and the Higgs boson are
given by

δm2
W ¼−ReΣW

T ðm2
WÞ; δZW ¼Re

∂ΣW
T ðp2Þ
∂p2

$$$$
p2¼m2

W

;

δm2
Z ¼−ReΣZ

Tðm2
ZÞ; δZZ ¼Re

∂ΣZ
Tðp2Þ
∂p2

$$$$
p2¼m2

Z

;

δm2
h ¼þReΣhðm2

hÞ; δZh ¼−Re
∂Σhðp2Þ
∂p2

$$$$
p2¼m2

h

: ðA4Þ

The counterterms for the photon and A-Z mixing are

δZAA ¼ ∂ΣAA
T ðp2Þ
∂p2

$$$$
p2¼0

; δZAZ ¼ 2Re
ΣAZ
T ðm2

ZÞ
m2

Z
;

δZZA ¼ −2
ΣAZ
T ð0Þ
m2

Z
: ðA5Þ

Notice that there is a minus sign for the gauge-boson
self-energy in our notations compared to those in
Refs. [19–21]. Such a difference just arises from the
definition of the gauge-boson self-energy, which is
denoted as iΣT in our work while as −iΣT in the previous
literature. As a result, all the counterterms corresponding
to the gauge-boson self-energies in Eqs. (A4) and (A5)
have an opposite sign.
For the fermion masses and wave functions, the counter-

terms are fixed by

δmf ¼
mf

2
Re½Σf;L

ii ðm2
fÞ þ Σf;R

ii ðm2
fÞ þ 2Σf;S

ii ðm2
fÞ';

δZf;L
ii ¼ −ReΣf;L

ii ðm2
fÞ −m2

f
∂

∂p2
Re½Σf;L

ii ðp2Þ þ Σf;R
ii ðp2Þ þ 2Σf;S

ii ðp2Þ'
$$$
p2¼m2

f

;

δZf;R
ii ¼ −ReΣf;R

ii ðm2
fÞ −m2

f
∂

∂p2
Re½Σf;L

ii ðp2Þ þ Σf;R
ii ðp2Þ þ 2Σf;S

ii ðp2Þ'
$$$
p2¼m2

f

: ðA6Þ

As has been mentioned in the main text, the terms of OðxfÞ can be safely neglected, so only the first terms in the wave
function counterterms of fermions need to be taken into account. Note that the fermion self-energy has been decomposed
as below
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The subscripts i and j of the fermion fields refer to di↵erent generations. In our calculations, the

flavor mixing among di↵erent generations of quarks plays an insignificant role, so we ignore it and

its radiative corrections. Hence only the i = j case is considered and the CKM matrix is taken to

be the identity matrix. A more careful treatment of the renormalization of the CKM matrix can

be found in Refs. [36–38]. In addition, the renormalization of unphysical fields is irrelevant to the

one-loop scattering amplitudes and will be neglected as well.

A.2 Fixing the Counterterms

The one-loop self-energies of the scalar and fermion fields are denoted as i⌃, while those of gauge

fields as i⌃T with

i⌃V
µ⌫(p

2) = i⌃V
T

✓
gµ⌫ �

pµp⌫
p2

◆
+ i⌃V

L

pµp⌫
p2

, (A.3)

for V = W,Z,A,AZ. The counterterms are fixed by imposing the on-shell conditions and can be

expressed in terms of the self-energies. The mass and wave-function counterterms of gauge bosons

and the Higgs boson are given by

�m2
W = �Re ⌃W

T

�
m2

W

�
, �ZW = Re

@⌃W
T (p2)

@p2

����
p2=m2

W

,

�m2
Z = �Re ⌃Z

T

�
m2

Z

�
, �ZZ = Re

@⌃Z
T (p2)

@p2

����
p2=m2

Z

,

�m2
h = +Re ⌃h

�
m2

h

�
, �Zh = � Re

@⌃h (p2)

@p2

����
p2=m2

h

. (A.4)

The counterterms for the photon and A-Z mixing are

�ZAA =
@⌃AA

T (p2)

@p2

����
p2=0

, �ZAZ = 2Re
⌃AZ

T (m2
Z)

m2
Z

, �ZZA = �2
⌃AZ

T (0)

m2
Z

. (A.5)

Notice that there is a minus sign for the gauge-boson self-energy in our notations compared to

those in Refs. [19–21]. Such a di↵erence just arises from the definition of the gauge-boson self-

energy, which is denoted as i⌃T in our work while as �i⌃T in the previous literature. As a result,

all the counterterms corresponding to the gauge-boson self-energies in Eqs. (A.4) and (A.5) have

an opposite sign.

For the fermion masses and wave functions, the counterterms are fixed by

�mf =
mf

2
Re

h
⌃f,L

ii

�
m2

f

�
+ ⌃f,R

ii

�
m2

f

�
+ 2⌃f,S

ii

�
m2

f

�i
,

�Zf,L
ii = �Re ⌃f,L

ii

�
m2

f

�
� m2

f

@

@p2
Re

h
⌃f,L

ii

�
p2
�
+ ⌃f,R

ii

�
p2
�
+ 2⌃f,S

ii

�
p2
�i����

p2=m2
f

,

�Zf,R
ii = �Re ⌃f,R

ii

�
m2

f

�
� m2

f

@

@p2
Re

h
⌃f,L

ii

�
p2
�
+ ⌃f,R

ii

�
p2
�
+ 2⌃f,S

ii

�
p2
�i����

p2=m2
f

. (A.6)
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Compute the one-loop neutrino scattering 
amplitudes in ordinary matter.2 JH & Shun Zhou, PRD (2023)

Finite corrections to 
the NC coupling Δc f

V,NC = (−
Σr

Z

m2
Z

+ s2wΓr
ναναZ) c f

V,NC + s2wΓr
ffZ −

4m2
W

g2
ℳf

NC

(1)

να

f

να

f
Z

(2)

να

f

να

f
Z

(3)

να

f

να

f
Z

(4)

να

f

να

f
Z

(5)

να

f

να

f

(1)

νe

e

νe

eW

(2)

νe

e

νe

eW

(3)

νe

e

νe

eW

(4)

νe

e

νe

eW

(5)

νe

e

νe

e

Finite corrections to 
the CC coupling Δce

V,CC = (−
Σr

W

m2
W

+ 2 × 2sΓr
νeeW) ce

V,CC −
4m2

W

g2
ℳCC



One-loop Scattering Amplitudes 19

Compute the one-loop neutrino scattering 
amplitudes in ordinary matter.2

(1)

Z Z

h

(2)

Z Z

χ

(3)

Z Z

φ

(4)

Z Z

W

(5)

Z

Z

h

χ

(6)

Z

Z

φ

φ

(7)

Z

Z
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(8)

Z

Z
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(9)

Z
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h
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Z

Z

φ

W
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Z

Z

φ

W

(12)

Z

Z

W

W

(13)

Z

Z

f

f

(14)

Z

Z

Z-boson self-energy @ 1-loop

(1)
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f

f̄

f

f
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f
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f

f

χ
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f
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φ
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f

f̄
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χ
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Z

f

f̄

χ
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(6)

Z

f

f̄

φ

φ

f ′

(7)

Z

f

f̄

f

f

A

(8)

Z

f

f̄

f

f

Z
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Z
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f̄
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f ′
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Z

f

f̄

h

Z
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Z

f

f̄

φ

W

f ′
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Z

f

f̄

Z
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f
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f̄

W

φ

f ′
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Z

f

f̄

W

W

f ′

(15)

Z

f
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Z-f-f vertex @ 1-loop

JH & Shun Zhou, PRD (2023)

Including Goldstone bosons  for flavor-dependent terms.ϕ, χ
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Compute the one-loop neutrino scattering 
amplitudes in ordinary matter.2

W-boson self-energy @ 1-loop CC box diagrams @ 1-loop
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Z-boson self-energy @ 1-loop
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Extract corrections to the vector-type 
couplings of  CC and NC interactions.3

Finite corrections to 
the NC coupling

bosonic

fermionic

Flavor-independent !

hand, at the one-loop level, we implement the relation in Eq. (3.1) to determine bGµ from the same

experimental observation, i.e., bGµ(1��r) = Gexp
µ . In this case, the tree-level matter potential is

given by V =
p
2GµNfc

f
V, while the one-loop potential is bV =

p
2 bGµ(1 � �r)Nf (c

f
V + �cfV). As

the experimental value Gexp
µ is used to evaluate the matter potential at either the tree- or one-loop

level, we shall characterize the magnitude of radiative corrections by

bV
V � 1 =

p
2Gexp

µ Nf

⇣
cfV +�cfV

⌘

p
2Gexp

µ Nfc
f
V

� 1 =
�cfV
cfV

. (3.3)

It is worthwhile to mention that Eq. (3.3) is applicable to both NC and CC potentials, for which

one should make use of the corresponding vector-type couplings and their radiative corrections.

Therefore, in the subsequent discussions, we focus only on the radiative corrections to the vector-

type couplings.

3.2 Self-energy of Z-boson

The relevant Feynman diagrams of the scattering ⌫↵+ f ! ⌫↵+ f for the NC potential have been

shown in Fig. 1. After calculating the one-loop amplitudes, we can extract the corrections to the

vector-type coupling cfV,NC.

First, let us look at the self-energy of Z-boson in Fig. 1-(3), where the shaded circle represents

all possible contributions. The self-energy of Z-boson contributes to �cfV,NC as �(cfV,NC/m
2
Z)⌃

r
Z ,

where i⌃r
Z denotes the renormalized self-energy.

• Bosonic Contributions. The bosonic contributions to the Z-boson self-energy involve

gauge bosons, the Higgs boson, the Goldstone bosons and the Faddeev-Popov ghosts running

in the loop. The final result can be written as

(4⇡)2⌃r
Z�b =

g2m2
Z

8c2 (1� yh)

�
y4h � 6y3h + 17y2h � 22yh + 4

�
ln yh

�3

2
g2m2

Z

�
4c4 + 4c2 � 1

�
DiscB

�
m2

Z ,mW ,mW

�

+
g2m2

Z

4c2 (yh � 4)

�
y3h � 7y2h + 20yh � 28

�
DiscB

�
m2

Z ,mh,mZ

�

+
g2m2

Z

24c2
�
6y2h � 21yh � 288c6 � 264c4 + 112c2 + 49

�
, (3.4)

where the function DiscB (p2,m0,m1) is related to the Passarino-Veltman function via

B0

�
p2;m0,m1

�
= �+ ln

✓
µ2

m2
1

◆
+ 2 + DiscB(p2,m0,m1)�

m2
0 �m2

1 + p2

2p2
ln

✓
m2

0

m2
1

◆
, (3.5)

with µ being the renormalization mass scale. The explicit form of DiscB (p2,m0,m1) reads

DiscB
�
p2,m0,m1

�
=

p
� (m2

0,m
2
1, p

2)

p2
ln

"
m2

0 +m2
1 � p2 +

p
� (m2

0,m
2
1, p

2)

2m0m1

#
, (3.6)
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where the Källén function

� (x, y, z) ⌘ x2 + y2 + z2 � 2xy � 2yz � 2zx (3.7)

has been defined.

• Fermionic Contributions. For the fermions running in the loop, we have

(4⇡)2⌃r
Z�f =

X

f

4e2m2
Z

12yf � 3

�
6yf

⇥
a2f (1� 4yf ) + 2v2fyf

⇤
DiscB

�
m2

Z ,mf ,mf

�

+(4yf � 1)
⇥
a2f (1� 12yf ) + v2f (6yf + 1)

⇤ 
, (3.8)

where we have defined vf ⌘ cfV,NC/s2w and af ⌘ cfA,NC/s2w. Note that the summation is over

all the SM fermions and three colors for each type of quarks are taken into account.

3.3 Vertex Contributions

Then, we calculate the vertex corrections, for which the Feynman diagrams have been depicted in

Fig. 1-(2) and (4). For later convenience, we introduce the following functions

FZ(p
2) =

X

f

�⇥
4a2fm

2
f � p2

�
a2f + v2f

�⇤
B0

�
p2;mf ,mf

�

�4
�
a2f + v2f

�
B00

�
p2;mf ,mf

�
+ 2

�
a2f + v2f

�
A0(mf )

 
, (3.9)

FW (p2) =
X

{f,f 0}

⇥�
m2

f +m2
f 0
�
B0

�
p2;mf ,mf 0

�
� 4B00

�
p2;mf ,mf 0

�

�p2B0

�
p2;mf ,mf 0

�
+A0(mf ) + A0(mf 0)

⇤
, (3.10)

FA(p
2) =

X

f

Q2
f

⇥
�4B00

�
p2;mf ,mf

�
� p2B0

�
p2;mf ,mf

�
+ 2A0(mf )

⇤
, (3.11)

FAZ(p
2) =

X

f

Qfvf
⇥
�4B00

�
p2;mf ,mf

�
� p2B0

�
m2

Z ;mf ,mf

�
+ 2A0(mf )

⇤
, (3.12)

where Qf denotes the electric charge and {f, f 0} refers to the pair of fermions in the same isospin-

doublet. As the subscripts of these functions indicate, they represent the contributions from the

self-energies of Z-boson, W -boson, photon and the A-Z mixing in Eqs. (A.11)-(A.14). In addition,

their derivatives F 0
V (m

2
V ) ⌘ dFV (p

2)/dp2|p2=m2
V
for V = W,Z,A are also needed.

• The ⌫↵-⌫↵-Z Vertex. The contribution to �cfV,NC is given by s2wc
f
V,NC�

r
⌫↵⌫↵Z

with

(4⇡)2�r
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NC box diagram contributions @ 1-loop
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Figure 2: The relevant Feynman diagrams of the scattering ⌫e+e ! ⌫e+e for the CC potential at
the tree level (1) and at the one-loop level (2)-(5). The notations are the same as those in Fig. 1.

+62c6 � 250c4 + 40c2 + 3
⇤
ln

✓
m2

W

m2
Z

◆

� g2

96c5s

⇥�
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�
4c2 � 3

�
yh

�960c10 + 320c8 + 1004c6 � 676c4 � 26c2 + 3
⇤
. (3.16)

This renormalized vertex has also been calculated in Ref. [18], where the results in

Eqs. (5.42)-(5.44) agree perfectly with ours.

3.4 Box-diagram Contributions

Finally, we consider the box diagrams shown in Fig 1-(5). The contribution to �cfV,NC is actually

given by �(4m2
W/g2)Mf

NC, where the relevant amplitudes from the one-loop box diagrams are

expressed as iMf
NC with f = u, d, e. These amplitudes are UV-finite and no renormalization is

needed. For the scattering with the neutrino ⌫↵, the box diagrams for three di↵erent types of

background particles lead to

(4⇡)2Mu
NC = � g4

8m2
W


5� 4c2

4c2
+ x↵ (ln x↵ + 1)

�
, (3.17)

(4⇡)2Md
NC = +

g4

2m2
W


20c2 � 1

16c2
+ x↵ (ln x↵ + 1)

�
, (3.18)

(4⇡)2Me
NC = +

g4

2m2
W


28c2 � 9

16c2
+ x↵ (ln x↵ + 1)

�
. (3.19)

The first two results are consistent with Eqs. (7.1)-(7.3) in Ref. [30], whereas the final one is the

same as in Eq. (5.51) of Ref. [18]. The neutrino flavor-dependent parts have been found to be

compatible with the previous calculations in Refs. [7, 8].

4 The Charged-current Potential

In parallel with the discussions about the NC potential, there are also three types of radiative

corrections to the CC potential VCC, which will be denoted by �ceV,CC. The relevant Feynman

diagrams of the elastic scattering between electron neutrinos and electrons ⌫e+ e ! ⌫e+ e for the

CC potential have been given in Fig. 2.

12

Flavor-dependent !  
Consistent with previous results 

Δc f
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NC
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Extract corrections to the vector-type 
couplings of  CC and NC interactions.3

Finite corrections to 
the CC coupling Δce

V,CC = (−
Σr

W

m2
W

+ 2 × 2sΓr
νeeW) ce

V,CC −
4m2

W

g2
ℳCC

B. Vertex contributions

Then, we turn to the CC vertex corrections, which have been shown in Figs. 2(2) and 2(4). The total contribution to
ΔceV;CC from the νe-e-W vertex can be expressed as

ffiffiffi
2

p
sΓr

νeeWc
e
V;CC with the renormalized vertex iΓr

νeeW defined as follows

ð4πÞ2Γr
νeeW ¼ g2

c2

"
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#
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24c4s2
ð60c8−8c6þ71c4−22c2−2ÞDiscBðm2

W;mW;mZÞ

− g2

24s2
ðy2h−4yhþ12ÞDiscBðm2

Z;mh;mZÞþ
g2

24s2
ð48c6þ68c4−16c2−1ÞDiscBðm2

Z;mW;mWÞ

þ g2

48s2
ðy3h−6y2hþ18yh−20c2Þ lnyh−

g2

48
½ðc4þc2þ2Þx3h− ð6c2þ9Þx2hþ18xhþ168c2−8& lnxh

þ g2

48c6s2
ðc6y3h−6c6y2hþ18c6yh−48c10−36c8þ166c6−119c4þ18c2þ2Þ ln

$
m2

W

m2
Z

%

þ g2

24c4
½ðc2þ2Þy2h−6c2yh−96c8−224c6þ32c4þ23c2þ2&: ð4:3Þ

As mentioned before, the same CC vertex appears both in
Figs. 2(2) and 2(4), so a factor of 2 is present in the vertex
correction in Eq. (2.7).

C. Box-diagram contributions

Finally, the contributions from the UV-finite box dia-
grams should be included, for which the Feynman dia-
gram has been shown in Fig. 2(5). Since the electrons
are present in the background, electron neutrinos interact
with them via both NC and CC processes. In particular,
for the box diagrams, it is impossible to categorize the
contributions into either NC or CC type. However, it is
clear that both νμ and ντ interact with the background
particles only through the NC interaction. For this reason,
we select the box diagrams that are universal for all
three types of neutrinos as the NC part, whereas the
remaining ones are the CC part. The contribution from
box diagrams can be written as −ð4m2

W=g
2ÞMCC with the

amplitude

ð4πÞ2MCC ¼ −
g4

8m2
Ws

2

"
2s4ðln xe − 1Þ

þ ð2c4 þ 6c2 − 3Þ ln
$
m2

W

m2
Z

%#
: ð4:4Þ

Here it is worth mentioning that for the box diagram
involving the internal photon propagator, the generalized
Fierz identity [31]

νeðxÞð1þ γ5ÞeðxÞeðxÞð1 − γ5ÞνeðxÞ

¼ −
1

2
νeðxÞγμð1 − γ5ÞνeðxÞeðxÞγμð1þ γ5ÞeðxÞ; ð4:5Þ

has been utilized to transform the contributions into the
correction to the vector-type coupling.

V. NUMERICAL RESULTS

Given the finite corrections in the previous sections, we
now specify the input parameters and evaluate the one-loop
corrections to the matter potentials. The latest values of
relevant input parameters are quoted from the Particle Data
Group [1] and summarized below:
(1) The fine structure constant

α≡ e2=ð4πÞ ¼ 1=137.035999084: ð5:1Þ

(2) The gauge-boson and Higgs-boson masses2

mW ¼ 80.377 GeV; mZ ¼ 91.1876 GeV;

mh ¼ 125.25 GeV: ð5:2Þ

(3) The quark masses

mu ¼ 2.16 MeV; mc ¼ 1.67 GeV;

mt ¼ 172.5 GeV; md ¼ 4.67 MeV;

ms ¼ 93.4 MeV; mb ¼ 4.78 GeV: ð5:3Þ

2The latest measurement ofW-boson mass given by the CDF-II
collaboration is mW ¼ 80.433 GeV [32], yielding a 7σ discrep-
ancy with the SM expectation. However, we have checked that the
difference in the correction to the matter potential caused by such
a discrepancy appears at the order of Oð10−4Þ.
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Evaluate the one-loop corrections to the 
MSW matter potentials.4

• Input parameters 

- The fine structure constant:  

- The gauge-boson and Higgs-boson masses:  

 

- The quark masses:  

 

- The charged-lepton masses:  

α ≡ e2/(4π) = 1/137.035999084

mW = 80.377 GeV, mZ = 91.1876 GeV, mh = 125.25 GeV

mu = 2.16 MeV, mc = 1.67 GeV, mt = 172.5 GeV
md = 4.67 MeV, ms = 93.4 MeV, mb = 4.78 GeV

me = 0.511 MeV , mμ = 105.658 MeV , mτ = 1.777 GeV

JH & Shun Zhou, PRD (2023)
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Evaluate the one-loop corrections to the 
MSW matter potentials.4

(4) The charged-lepton masses

me ¼ 0.511 MeV; mμ ¼ 105.658 MeV;

mτ ¼ 1.777 GeV: ð5:4Þ

All the particle masses quoted above refer to the on-shell
masses, except for those of three light quarks (i.e., u, d,
and s). Instead, the running masses of three light quarks at
the energy scale of μ ¼ 2 GeV are used, since the on-shell
masses of light quarks are not well-defined due to the
nonperturbative nature of quantum chromodynamics at
low energies.
From Eq. (2.2), we can observe that the tree-level

NC potential induced by each type of fermions in the
matter is proportional to the vector-type coupling cuV;NC ¼
0.2026, cdV;NC ¼ −0.3514, and ceV;NC ¼ −0.0539, where
these couplings have been displayed in Table I and

evaluated by using s2 ¼ 1 −m2
W=m

2
Z ≈ 0.223. The cor-

responding corrections to these vector-type couplings
from the Z-boson self-energy, vertex corrections, and
box diagrams are listed in Table II, accordingly. The
flavor-dependent corrections are labeled as “fd,” where
we have chosen the flavor α ¼ τ for example. It shows
clearly that the flavor-dependent contributions are two
to three orders of magnitude smaller than the flavor-
independent ones. Therefore, in the final results of
ΔcfV;NC in the last column of Table II, we only list
the dominant flavor-independent values.
Then, we can translate the NC potential induced by

quarks and electrons into that by protons, neutrons and
electrons via the relations among their number densities,
namely, Nu ¼ 2Np þ Nn, Nd ¼ Np þ 2Nn, and Ne ¼ Np.
The one-loop correction to the NC potential is thus
given by

ΔcV;NC
cV;NC

¼
Npð2ΔcuV;NC þ ΔcdV;NC þ ΔceV;NCÞ þ NnðΔcuV;NC þ 2ΔcdV;NCÞ

NnðcuV;NC þ 2cdV;NCÞ
≈ 0.062þ 0.02

Np

Nn
; ð5:5Þ

where the relation 2cuV;NC þ cdV;NC þ ceV;NC ¼ 0 has been
implemented. Therefore, for the ordinary matter with
Np ≈ Nn, the one-loop correction to the NC potential is
about 8.2%.
Similar to the case of the NC potential, we collect all the

contributions to ΔceV;CC in Table III. It shows that there is a
correction of about 6% to the CC matter potential. Whereas
the NC potentials are the same for three-flavor neutrinos,
except for the tiny flavor-dependent contributions, this

correction to the CC potential of electron neutrinos will
play an important role in neutrino flavor conversions. In the
near future, the long-baseline accelerator neutrino experi-
ments DUNE and T2HK will make use of the MSW effect
to resolve the sign of Δm2

31, and also determine the octant
of θ23 and the CP-violating phase δCP. In consideration of
both one-loop corrections to the matter potential and the
uncertainty in the matter density, we shall carry out a more
dedicated study to explore their impact on the determi-
nation of neutrino mass ordering and the precise measure-
ments of the CP-violating phase at both DUNE and T2HK
in a separate work.

VI. RESULTS IN THE MS SCHEME

Although we have carried out all the calculations in the
on-shell scheme, it is also interesting to make a comparison

TABLE III. The one-loop contributions to ΔceV;CC from the
W-boson self-energy, vertices, and box diagrams. The tree-level
vector-type coupling is ceV;CC ¼ 1.

Self-energy νe-e-W Box diagrams ΔceV;CC
−6.4 × 10−3 4.5 × 10−2 1.9 × 10−2 5.8 × 10−2

TABLE II. The one-loop corrections to the vector-type couplings cfV;NC for f ¼ u, d, e from the Z-boson self-energy, vertex
corrections, and box diagrams. Here “fd” stands for the flavor-dependent part, for which we choose the heaviest charged lepton α ¼ τ as
an example.

Self-energy να-να-Z f-f-Z Box diagrams ΔcfV;NC
f ¼ u

−2.1 × 10−3
5.1 × 10−3 −6.0 × 10−3

7.9 × 10−4 −2.2 × 10−3
1.5 × 10−6 (fd) −4.2 × 10−6 (fd)

f ¼ d
3.7 × 10−3

−8.8 × 10−3 −3.3 × 10−3
−6.1 × 10−3 −1.5 × 10−2−2.6 × 10−6 (fd) 1.7 × 10−5 (fd)

f ¼ e
5.6 × 10−4

−1.4 × 10−3
15.3 × 10−3

−5.3 × 10−3
9.2 × 10−3−3.9 × 10−7 (fd) 1.7 × 10−5 (fd)
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(4) The charged-lepton masses

me ¼ 0.511 MeV; mμ ¼ 105.658 MeV;

mτ ¼ 1.777 GeV: ð5:4Þ

All the particle masses quoted above refer to the on-shell
masses, except for those of three light quarks (i.e., u, d,
and s). Instead, the running masses of three light quarks at
the energy scale of μ ¼ 2 GeV are used, since the on-shell
masses of light quarks are not well-defined due to the
nonperturbative nature of quantum chromodynamics at
low energies.
From Eq. (2.2), we can observe that the tree-level

NC potential induced by each type of fermions in the
matter is proportional to the vector-type coupling cuV;NC ¼
0.2026, cdV;NC ¼ −0.3514, and ceV;NC ¼ −0.0539, where
these couplings have been displayed in Table I and

evaluated by using s2 ¼ 1 −m2
W=m

2
Z ≈ 0.223. The cor-

responding corrections to these vector-type couplings
from the Z-boson self-energy, vertex corrections, and
box diagrams are listed in Table II, accordingly. The
flavor-dependent corrections are labeled as “fd,” where
we have chosen the flavor α ¼ τ for example. It shows
clearly that the flavor-dependent contributions are two
to three orders of magnitude smaller than the flavor-
independent ones. Therefore, in the final results of
ΔcfV;NC in the last column of Table II, we only list
the dominant flavor-independent values.
Then, we can translate the NC potential induced by

quarks and electrons into that by protons, neutrons and
electrons via the relations among their number densities,
namely, Nu ¼ 2Np þ Nn, Nd ¼ Np þ 2Nn, and Ne ¼ Np.
The one-loop correction to the NC potential is thus
given by

ΔcV;NC
cV;NC

¼
Npð2ΔcuV;NC þ ΔcdV;NC þ ΔceV;NCÞ þ NnðΔcuV;NC þ 2ΔcdV;NCÞ

NnðcuV;NC þ 2cdV;NCÞ
≈ 0.062þ 0.02

Np

Nn
; ð5:5Þ

where the relation 2cuV;NC þ cdV;NC þ ceV;NC ¼ 0 has been
implemented. Therefore, for the ordinary matter with
Np ≈ Nn, the one-loop correction to the NC potential is
about 8.2%.
Similar to the case of the NC potential, we collect all the

contributions to ΔceV;CC in Table III. It shows that there is a
correction of about 6% to the CC matter potential. Whereas
the NC potentials are the same for three-flavor neutrinos,
except for the tiny flavor-dependent contributions, this

correction to the CC potential of electron neutrinos will
play an important role in neutrino flavor conversions. In the
near future, the long-baseline accelerator neutrino experi-
ments DUNE and T2HK will make use of the MSW effect
to resolve the sign of Δm2

31, and also determine the octant
of θ23 and the CP-violating phase δCP. In consideration of
both one-loop corrections to the matter potential and the
uncertainty in the matter density, we shall carry out a more
dedicated study to explore their impact on the determi-
nation of neutrino mass ordering and the precise measure-
ments of the CP-violating phase at both DUNE and T2HK
in a separate work.

VI. RESULTS IN THE MS SCHEME

Although we have carried out all the calculations in the
on-shell scheme, it is also interesting to make a comparison

TABLE III. The one-loop contributions to ΔceV;CC from the
W-boson self-energy, vertices, and box diagrams. The tree-level
vector-type coupling is ceV;CC ¼ 1.

Self-energy νe-e-W Box diagrams ΔceV;CC
−6.4 × 10−3 4.5 × 10−2 1.9 × 10−2 5.8 × 10−2

TABLE II. The one-loop corrections to the vector-type couplings cfV;NC for f ¼ u, d, e from the Z-boson self-energy, vertex
corrections, and box diagrams. Here “fd” stands for the flavor-dependent part, for which we choose the heaviest charged lepton α ¼ τ as
an example.

Self-energy να-να-Z f-f-Z Box diagrams ΔcfV;NC
f ¼ u

−2.1 × 10−3
5.1 × 10−3 −6.0 × 10−3

7.9 × 10−4 −2.2 × 10−3
1.5 × 10−6 (fd) −4.2 × 10−6 (fd)

f ¼ d
3.7 × 10−3

−8.8 × 10−3 −3.3 × 10−3
−6.1 × 10−3 −1.5 × 10−2−2.6 × 10−6 (fd) 1.7 × 10−5 (fd)

f ¼ e
5.6 × 10−4

−1.4 × 10−3
15.3 × 10−3

−5.3 × 10−3
9.2 × 10−3−3.9 × 10−7 (fd) 1.7 × 10−5 (fd)
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ΔcV,NC

cV,NC
=

Np (2Δcu
V,NC + Δcd

V,NC + Δce
V,NC) + Nn (Δcu

V,NC + 2Δcd
V,NC)

Nn (cu
V,NC + 2cd

V,NC)
≈ 0.062 + 0.02

Np

Nn

Corrections to NC potential

from quarks 
to nucleons 8.2% for NC

Corrections to CC potential

5.8% for CC

These corrections are at 
the same level as the 

experimental precisions.
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• When neutrinos propagating through matter,  the MSW matter effect caused by the 
forward coherent scattering can alter the flavor conversion. 


• A complete one-loop calculation of the MSW matter potential is presented. The 
relative size of the correction to CC potential of electron-neutrinos is 5.8%, while 
that to NC potential of all-flavor neutrinos can be as large as 8.2%. 


• Such corrections could affect the neutrino oscillations and be examined in the next-
generation experiments. In the neutrino precision measurement era, higher-level 
calculations are necessary (MSW matter potential, neutrino-matter interactions…). 

Thanks for your attention!

Weinberg’s 2nd Laws of  Progress in Theoretical Physics (1983):  
“Do not trust arguments based on the lowest order of perturbation theory.”
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Mixing angles in matter: 


MSW resonance: 

tan 2θ̃ =
Δm2

21s2θ

Δm2
21c2θ − a

a = 2 2GμNeE = Δm2
21c2θ

For high-energy 8B neutrinos: 
• Solar-core production ( )





• Adiabatic evolution





• Solar surface ( )


θ̃ → π/2

(ν̃1(0)
ν̃2(0)) = (cθ̃ −sθ̃

sθ̃ cθ̃ ) (
νe(0)
νμ(0))

(ν̃1(r)
ν̃2(r)) = (ν̃1(0)

ν̃2(0))
θ̃ → θ

(
νe(R)
νμ(R)) = ( cθ sθ

−sθ cθ) (ν̃1(R)
ν̃2(R))
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(c) Typical LOW: ∆m2 =
8 × 10−8 eV2 , tan2 ϑ = 0.7.

Fig. 10.24. Effective squared masses in matter in eqn (10.63) as functions of
Ne/NA for E = 5 MeV. The dotted vertical lines show the location of the
resonance (eqn (9.69)), where the effective squared-mass difference ∆m2

M in
eqn (9.67) is minimal (in b and c, the location of the resonance appears off-center
because of the logarithmic scale).

always adiabatic in the case of the LMA solution, whereas in the LOW case it is
adiabatic for E ! 10 MeV.

Figure 10.25c shows the survival probability of solar electron neutrinos as a
function of energy for the same typical SMA, LMA, and LOW solutions of the SNP
discussed above. The plotted survival probability is given by the Parke formula
in eqn (9.95) modified in order to take into account the fact that for sufficiently
low-energy neutrinos the matter potential in the center of the Sun is below the
resonance value:

P νe→νe =
1

2
+

(
1

2
− Pc θ(A

0
CC − ∆m2 cos 2ϑ)

)
cos 2ϑ(i)

M cos 2ϑ , (10.64)

where A0
CC is the value of ACC in the center of the Sun and θ(x) = 1

2 (1 + x/|x|).
This is a rather crude but reasonably effective approximation [697]. For simplicity,
we considered only neutrinos produced at the center of the Sun, whereas in a
realistic calculation the distribution of neutrino production in the core of the Sun
must be taken into account. From Fig. 10.25c one can see that the solar electron
neutrino survival probability is quite different in the typical SMA, LMA, and LOW
solutions.

In the case of the SMA solution, low-energy neutrinos are created below
the resonance and their survival probability is practically equal to unity. For
0.3 MeV ! E ! 1 MeV, neutrinos are created above the resonance and cross the
resonance region adiabatically, leading to large flavor conversion. For E " 1 MeV,
the resonance crossing is nonadiabatic and the survival probability increases with
energy.

ν2

ν1

νμ

Adiabatic revolution

r = 0r = R

Adiabatic condition: γ ≡ (Δm̃2
21)2

2E sin 2θ̃ |dA/dr |
≫ 1

Survival probability: P(νe → νe) = sin2 θ
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Figure 10.25c shows the survival probability of solar electron neutrinos as a
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discussed above. The plotted survival probability is given by the Parke formula
in eqn (9.95) modified in order to take into account the fact that for sufficiently
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where A0
CC is the value of ACC in the center of the Sun and θ(x) = 1

2 (1 + x/|x|).
This is a rather crude but reasonably effective approximation [697]. For simplicity,
we considered only neutrinos produced at the center of the Sun, whereas in a
realistic calculation the distribution of neutrino production in the core of the Sun
must be taken into account. From Fig. 10.25c one can see that the solar electron
neutrino survival probability is quite different in the typical SMA, LMA, and LOW
solutions.

In the case of the SMA solution, low-energy neutrinos are created below
the resonance and their survival probability is practically equal to unity. For
0.3 MeV ! E ! 1 MeV, neutrinos are created above the resonance and cross the
resonance region adiabatically, leading to large flavor conversion. For E " 1 MeV,
the resonance crossing is nonadiabatic and the survival probability increases with
energy.

MSW resonance: 

a = 2 2GμNeE = Δm2

21c2θ
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ν1

νe

νμ

Adiabatic revolution

P(νe → νe) = sin2 θ

P(νe → νe) = 1 −
1
2

sin2 2θ
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DiscB (p2, m0, m1) =
λ (m2

0, m2
1, p2)

p2
ln

m2
0 + m2

1 − p2 + λ (m2
0, m2

1, p2)
2m0m1

B0 (p2; m0, m1) = Δ + ln ( μ2

m2
1 ) + 2 + DiscB(p2, m0, m1) −

m2
0 − m2

1 + p2

2p2
ln ( m2

0

m2
1 )

λ (x, y, z) ≡ x2 + y2 + z2 − 2xy − 2yz − 2zx

xi ≡ m2
i /m2

W , yi ≡ m2
i /m2

Z
vf ≡ c f

V,NC/s2w , af ≡ c f
A,NC/s2w

(2) Fermionic contributions. For the fermions running in the loop, we have

ð4πÞ2Σr
Z−f ¼

X

f

4e2m2
Z

12yf − 3
f6yf½a2fð1 − 4yfÞ þ 2v2fyf&DiscBðm2

Z;mf;mfÞ þ ð4yf − 1Þ½a2fð1 − 12yfÞ

þ v2fð6yf þ 1Þ&g; ð3:8Þ

where we have defined vf ≡ cfV;NC=s2w and af ≡ cfA;NC=s2w. Note that the summation is over all the SM fermions
and three colors for each type of quarks are taken into account.

C. Vertex contributions

Then, we calculate the vertex corrections, for which the Feynman diagrams have been depicted in Figs. 1(2) and 1(4).
For later convenience, we introduce the following functions:

FZðp2Þ ¼
X

f

f½4a2fm2
f − p2ða2f þ v2fÞ&B0ðp2;mf;mfÞ−4ða2f þ v2fÞB00ðp2;mf;mfÞ þ 2ða2f þ v2fÞA0ðmfÞg; ð3:9Þ

FWðp2Þ ¼
X

ff;f0g
½ðm2

f þm2
f0ÞB0ðp2;mf;mf0Þ − 4B00ðp2;mf;mf0Þ−p2B0ðp2;mf;mf0Þ þ A0ðmfÞ þ A0ðmf0Þ&; ð3:10Þ

FAðp2Þ ¼
X

f

Q2
f½−4B00ðp2;mf;mfÞ − p2B0ðp2;mf;mfÞ þ 2A0ðmfÞ&; ð3:11Þ

FAZðp2Þ ¼
X

f

Qfvf½−4B00ðp2;mf;mfÞ − p2B0ðm2
Z;mf;mfÞ þ 2A0ðmfÞ&; ð3:12Þ

whereQf denotes the electric charge and ff; f0g refers to the pair of fermions in the same isospin-doublet. As the subscripts
of these functions indicate, they represent the contributions from the self-energies of Z-boson, W-boson, photon, and the
A − Z mixing in Eqs. (A11)–(A14). In addition, their derivatives F 0

Vðm2
VÞ≡ dFVðp2Þ=dp2jp2¼m2

V
for V ¼ W, Z, A are

also needed.
(1) The να-να-Z vertex. The contribution to ΔcfV;NC is given by s2wc

f
V;NCΓr

ναναZ with

ð4πÞ2Γr
ναναZ ¼ −

g2xα
s2w

ðln xα þ 3Þ þ g2c2w
s2w

!
FZðm2

ZÞ
m2

Z
−
FWðm2

WÞ
4s2m2

W

"
þ g2s

2c
½F 0

Zðm2
ZÞ − F 0

Að0Þ&

þ g2

48cs3
ð120c6 þ 68c4 − 106c2 þ 17ÞDiscBðm2

Z;mW;mWÞ

−
g2

6s32wðyh − 4Þ
½ð4c2 − 3Þy3h − ð29c2 − 21Þy2h þ ð88c2 − 60Þyh − 132c2 þ 84&DiscBðm2

Z;mh;mZÞ

−
g2

48c5s3
ð96c8 þ 88c6 − 100c4 þ 14c2 þ 1ÞDiscBðm2

W;mW;mZÞ

þ g2c2w
48cs3

ðx2h − 4xh þ 12ÞDiscBðm2
W;mh;mWÞ

þ g2

12s32w
½ð4c2 − 3Þy3h − ð21c2 − 15Þy2h þ ð42c2 − 30Þyh − 60c2 þ 36& ln yh

−
g2c2w
12s32w

ðc2x3h − 6c2x2h þ 12c2xh − 24Þ ln xh

þ g2

96c7s3
½ð12c6 − 6c4Þyh − 158c6 þ 106c4 − 12c2 − 1& ln

#
m2

W

m2
Z

$

þ g2

48c5s
½ð4c2 − 1Þy2h − 6c2yh − 240c8 − 356c6 þ 252c4 þ 10c2 − 1&: ð3:13Þ
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 vs On-shell SchemeMS 30

Generally speaking, the OS scheme is advantageous in the sense that the OS 
parameters can be directly extracted from experimental measurements. 


The experimental determination of different  parameters is usually carried out at 
different energy scales associated with relevant physical processes, so the RGEs 
should be implemented to obtain the complete set of  parameters at a common 
scale. 


However, the  scheme together with the approach of EFT is practically more 
convenient to deal with higher-order corrections beyond one-loop and any theories 
with different mass scales. 


In any case, our calculations of the one-loop matter potentials for neutrinos in the 
OS scheme are complementary to those in the  scheme.

MS

MS

MS

MS
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Terrestrial matter effects on reactor antineutrino oscillations at JUNO

or RENO-50: how small is small? *

Yu-feng Li(!!!)1) Yi-fang Wang(!!")2) Zhi-zhong Xing(!!")3)

1 Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China
2 School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

Abstract: We have carefully examined, in both analytical and numerical ways, how small the terrestrial matter

effects can be in a given medium-baseline reactor antineutrino oscillation experiment like JUNO or RENO-50. Taking

the forthcoming JUNO experiment as an example, we show that the inclusion of terrestrial matter effects may reduce
the sensitivity of the neutrino mass ordering measurement by ∆χ2

MO ≃ 0.6, and a neglect of such effects may shift the

best-fit values of the flavor mixing angle θ12 and the neutrino mass-squared difference ∆21 by about 1σ to 2σ in the

future data analysis. In addition, a preliminary estimate indicates that a 2σ sensitivity of establishing the terrestrial
matter effects can be achieved for about 10 years of data taking at JUNO with the help of a suitable near detector

implementation.

Keywords: terrestrial matter effects, reactor antineutrino oscillations

PACS: 14.60.Pq, 13.10.+q, 25.30.Pt DOI: 10.1088/1674-1137/40/9/091001

1 Introduction

The approved JUNO project in China is a flag-
ship of the new-generation medium-baseline reactor an-
tineutrino oscillation experiments [1, 2], and its pri-
mary physics target is to probe the intriguing neutrino
mass ordering [3, 4] (i.e., whether m1 < m2 < m3 or
m3 < m1 < m2). A similar project in South Korea, the
RENO-50 experiment [5], has been proposed for the same
purpose. Since the typical energies of electron antineu-
trinos produced from a reactor are around 4 MeV, ter-
restrial matter effects are expected to be negligibly small
in any given νe → νe oscillation experiment. However,
a careful examination of the sensitivity of measuring the
neutrino mass ordering to the matter-induced contami-
nation has been lacking, although some preliminary esti-
mates of the matter effects on the leptonic flavor mixing
angles and neutrino mass-squared differences have been
made in this connection [6–8].

In the present work we aim to evaluate how small the
terrestrial matter effects are and whether they can af-
fect the precision measurements to be done in the JUNO
and RENO-50 experiments. Our main results will be

presented both numerically and in some useful and in-
structive analytical approximations. A remarkable ob-
servation is that the terrestrial matter contamination
may give rise to a correction close to 1% to the quan-
tity associated with a crucial judgement of whether the
neutrino mass ordering is normal or inverted. Taking the
JUNO experiment as an example, we show that the in-
clusion of terrestrial matter effects may reduce the sen-
sitivity of the neutrino mass ordering measurement by
∆χ2

MO ≃ 0.6, and a neglect of such effects may shift the
best-fit values of the flavor mixing angle θ12 and the neu-
trino mass-squared difference ∆21 by about 1σ to 2σ in
future data analysis. Moreover, a preliminary estimate
indicates that a 2σ sensitivity of establishing the terres-
trial matter effects can be achieved for about 10 years
of data taking at JUNO with the help of a suitable near
detector implementation.

2 Analytical approximations

Let us begin with the effective Hamiltonian that is
responsible for the propagation of antineutrinos in mat-
ter [9, 10]
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as a function of the matter potential index η in Fig. 6
with both fixed and free oscillation parameters. If all the
oscillation parameters are fixed, we obtain ∆χ2(0)≃ 11,
indicating that the terrestrial matter effects can be tested
with a significance of more than 3σ. However, the sig-
nificance of establishing the terrestrial matter effects will
significantly reduce to 1.3σ after the oscillation param-
eters are marginalized. This can be understood with
the help of Eqs. (11) and (17), where the corrections of

the matter potential to sin2 θ12 and ∆21 are about 0.8%
and 0.4%, respectively. If some additional systematic
uncertainties are considered in the analysis [1], including
the background, the reactor flux spectrum uncertainty of
1%, the energy scale uncertainty of 1% and the energy
non-linear uncertainty of 1%, then the projected preci-
sion levels for sin2 θ12 and ∆21 will be 0.72% and 0.60%,
respectively. Correspondingly, the sensitivity of estab-
lishing the terrestrial matter effects will be less than 1σ.

Fig. 5. (color online) The allowed regions of ∆21 and θ12 with (a) and without (b) including terrestrial matter effects
in the predictions. The matter density ρ ≃ 2.6 g/cm3 is assumed in the measurements. The red stars denote the
true values of ∆21 and θ12, and the blue dot is the best-fit point when the terrestrial matter effects are omitted.

Fig. 6. (color online) Sensitivity of the terrestrial
matter effects with the JUNO nominal setup. The
black dashed and red solid lines are shown for the
fitting results without and with considering the
uncertainties of the neutrino oscillation parame-
ters, respectively.

If near detectors can be built to monitor the re-
actor antineutrino flux, a relative measurement of the
rate and spectrum between the near and far detec-
tors is expected to significantly reduce the reactor- and

detector-related systematic uncertainties in the sin2 θ12

and ∆21 measurements, and thus the sensitivity of es-
tablishing the terrestrial matter effects can accordingly
increase. Without specifying the details of the near
detectors, we just split the systematic uncertainties
into the (detector-correlated) absolute uncertainties and
(detector-uncorrelated) relative uncertainties. Assuming
the absolute errors will be cancelled by virtue of the near
detectors and the relative errors are at the Daya Bay
level [26–29], we show the sensitivity of ruling out the
vacuum neutrino oscillation scenario (i.e., η = 0) as a
function of the running time in Fig. 7, where the signif-
icance is defined as the square root of ∆χ2(η = 0). We
observe that a 2σ sensitivity of establishing the terres-
trial matter effects can be achieved for about 10 years of
data taking, if one or two appropriate near detectors are
implemented to the nominal JUNO configuration. Fur-
ther details on the near detector configuration will be
discussed elsewhere1).

4 Concluding remarks

To summarize, we have examined how small the
terrestrial matter effects can be in a medium-baseline

1)Given different motivation and different detector consideration, there are a few other works on the near detector ideas for a
medium-baseline reactor antineutrino oscillation experiment [30–32].
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w/ matter effect

w/o matter effect

true value

E ∼ 4 MeV, ρ ∼ 2.6 g cm−3 ⟹ A/Δ21 ∼ 10−2
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Weinberg’s Laws of  Progress in Theoretical Physics 

• First Law (The conservation of Information): “You will get nowhere 
by churning equations.”


• Second Law: “Do not trust arguments based on the lowest order of 
perturbation theory.”


• Third Law: “You may use any degrees of freedom you like to 
describe a physical system, but if you use the wrong ones, you’ll be 
sorry.”


From Why the Renormalization Group Is a Good Thing by Steven Weinberg 

in Asymptotic Realms of Physics: Essays in Honor of Francis E. Low (1983)


