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1.  NRQCD factorization

QCD is the foundamental theory to describe strong interaction
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1. Asymptotic freedom
perturbative at high energy (short distance)

2. Color confinement 

nonperturbative at low energy (long distance)

QCD running coupling constant

There involve both long-distance and short-distance dynamics for hadron production and decay!

How can we separate them?
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1.  NRQCD factorization



5

Quarkonium is a nonrelativistic system, which is composed of a pair of heavy quark and antiquark. 

5

Bc， B*
cJ/ψ, ηc 

Υ, ηb

Quarkonium is the simplest hadron, which provides an ideal platform to study the perturbative and 

nonperturbative property of QCD 
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Hierarchy of the 

typical energy scales

1.  NRQCD factorization
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Caswell, Lepage (1986); Bodwin, Braaten, Lepage (1995)

This scale separation is 

usually referred to as

NRQCD factorization.

The NRQCD short-dist. 

coefficients can be computed in 

perturbation theory, order by 

order

NRQCD factorization is viewed as 

being first principle of QCD

1.  NRQCD factorization
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Separate the short-distance effect and long-distance dynamics

Asymptotic freedom: αs(m)<<1, one can invoke perturbation theory

1.  NRQCD factorization



8

1.  NRQCD factorization

Radiative corrections

Relativistic corrections
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Matching the short-distance coeffient (SDC)

The SDC is insensitive to nonperturbative (long-distance) physics. Thus one

can use free quark pair instead of hadron state to compute the SDC.

perturbative solve the SDC

1.  NRQCD factorization
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One usually use the “method of region” Beneke & Smirnov:   hep-ph/9711391

1.  NRQCD factorization

It is very challenging to match the SDC at high loop, following the procedure of matching.
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Some subtlety in Sector Decomposition

The techniques used in computing master integrals 

Perform Feynman parametrization and integrate over the loop momenta

The singularity in the endpoints can be treated by sector decomposition.  However F may dispear 

at some intermediate x points !  

1.  NRQCD factorization
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AMFlow

X. Liu, Y. Q. Ma, C. Y. Wang, arXiv:1711.09572

X. Liu, Y. Q. Ma, arXiv:2107.01864

Z. F. Liu, Y. Q. Ma, arXiv:2201.11637(PRL)

X. Liu, Y. Q. Ma, arXiv:2201.11669(Package)

1.  NRQCD factorization

https://arxiv.org/abs/1711.09572
https://arxiv.org/abs/1711.09572
https://arxiv.org/abs/1711.09572
https://arxiv.org/abs/1711.09572
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1.  NRQCD factorization

In the phenomenological analysis, we 

adopt  Buchmuller-Tye (BT) potential

To make phenomenology prediction, we should further determine the long-distance 

matrix elements (LDMEs). 

We approximate LDMEs at                                                     by the Schrӧdinger radial 

wave function at the
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2. Charmonium production at B factory
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The NLO & NNLO corrections are 

considerable, however not so huge! So the 

convergence may be not so worse. 

Chen, Liang, Qiao, JHEP(2018)

Renormalization scale dependence.
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2. Charmonium production at B factory
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However, no significant 

excesses for χc0  and χc2.

Experimental data by BELLE collaboration 

PRD98, 092015 (2018)
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2. Charmonium production at B factory
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SWL, Feng, Jia, JHEP(2020)

The results explain why the other two states are not observed ! 
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2. Charmonium production at B factory
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SWL, Feng, Jia, JHEP(2020)
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NRQCD predictions for the cross 

sections of χcJ+γ as a function of 

μR at various levels of accuracy in 

αs with m=1.4 GeV 

χc1

χc0

χc2 The uncertainty in the theoretical prediction corresponds to the 

change of μΛ from 1 GeV to m. We did not consider the uncertainties 

from the input parameters.
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PRL(2002), BELLE

PRD(2004), BELLE

PRD(2005), BABAR

Braaten, Lee,  PRD(2003) 

Liu, He, Chao, PLB(2003) 

Zhang, Gao, Chao, PRL(2006) 

He, Fan, Chao, PRD(2007)

Bodwin, Lee, Yu, PRD(2008)  

Gong, Wang, PRD(2008),    

Dong, Feng, Jia, PRD(2012)  

… …

BELLE, 

PRL(2002)

2. Charmonium production at B factory
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微扰展开收敛性较好！与实验也比较吻合

Feng, Jia, Mo, SWL, Zhang, arXiv: 1901.08447

2. Charmonium production at B factory

The two-loop correction is confirmed by       

Huang, Gong, Wang,  arXiv: 2212.03631, JHEP(2023)
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PRD(2004), BELLE

PRD(2005), BABAR

Braaten, Lee, PRD2003;  

Liu, He, Hagiwara,  Kou, Qiao, PLB2003；
He, Chao, PLB 2003

Zhang, Ma, Chao, PRD2008; 

Wang, Ma, Chao, PRD2011;

Dong, Feng, Jia, JHEP 2011.

Jiang, Sun, EPJC 2018.

Sun, JHEP 2021

… …

PRD(2004), BELLE

2. Charmonium production at B factory

Experiment:

Theory:
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SWL, Feng, Jia, Mo, Zhang,  PLB(2023),arXiv:2202.11615

2. Charmonium production at B factory

agree with experimental measurements

agree with experimental measurement, albeit large 

uncertainties.
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The uncertainties are very small!   

2. Charmonium production at B factory

Predictions for the angular distribution parameter.

It is worth noting that the  value of αJ is insensitive to choice of the 

NRQCD matrix elements. 
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2. Charmonium production at B factory

PRD(RC) (2004), BELLE

Cross Section

2002:   Bodwin, Lee, Braaten NRQCD LO                                   8.7 fb

2003:   Bodwin, Lee, Braaten NRQCD LO 6.65 fb

2006:   Davier,  Peskin,  Snyder                    VMD                                            2.38 fb

2006:   Bodwin, Braaten, Lee, Yu         fragmentation+nonfragmentation 1.69±0.35 fb

2008:   Gong, Wang                                     NRQCD NLO                             -3.4—2.3 fb

2013:   Fan, Lee, Yu                              NRQCD NLO in αs and v2 1—1.5 fb

1.   How about the perturbative convergence? NNLO correction?

2. To provide useful guidance for experimentalists to search for this channel,  it is 

crucial to present the precise theoretical prediction.
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2. Charmonium production at B factory

Gong, Wang   PRL(2008) The main contribution comes 

from the fragmentation diagrams.
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2. Charmonium production at B factory
SWL, Feng, Jia, Mo, Pan, Zhang,  PRL(2023),arXiv:2306.11538

Optimized NRQCD
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2. Charmonium production at B factory

Negative and unphysical for 
differential and total cross section

• Both NLO and NNLO correction is 

positive!

• Exhibit decent convergence behavior!

• When J/ψ production plane is nearly 

collinear to 𝑒+𝑒−(𝜃 → 0), 

fragmentation contribution dominates!

• As 𝜃 deviates from 0, corrections 

from non-fragmentation amplitude 

start to play non-negligible role!

See, Huang, Gong, Niu, Wang,  

arXiv: 2311.04751

Through different treatment
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理论计算 PRD(2007)     Jia PRD(2013)   Xu, Dong, Feng, Gao, Jia

From BELLE’s measurements     PRD(2014)

3. Bottomonium decay into double charmonia

large

Scale 

dependence!



28

Zhang,  SWL, Zhang, arXiv:2205.06124, PRL(2022)

3. Bottomonium decay into double charmonia
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3. Bottomonium decay into double charmonia

For most channels:

1. Uncertainty from scale is significantly reduced

2. Theoretical predictions are consistent with experiment

χc1

χc0

χc2

ηc

Renormalization scale dependence



30

3. Bottomonium decay into double charmonia

PRD(2012), BELLE

Representative 

Feynman 

diagrams
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3. Bottomonium decay into double charmonia
Zhang,  Bai, Feng, SWL, Zhou, arXiv:2310.07453

consistent 

with BELLE!   

χc0 χc1 χc2
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Definitions of the decay constants

According to the NRQCD factorization

4. Bc decay constant at three loop

The SDC can be expanded in powers of αs

Chen, Qiao, PLB(2015)

Tao, Zhu, Xiao, PRD(2022)

We obtain the 

analytic expressions

Feng, Jia, Mo, Pan, SWL, Zhang, arXiv:2208.04302

SWL, Zhang, Zhou, arXiv:2210.02979, PLB(2023)
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with nl=3, nc= nb=1 

4. Bc decay constant at three loop

poor convergence!!
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4. Bc decay constant at three loop

See the more systematic and elegant works for Bc family

Tao, Zhu, Xiao,  EPJC(2023),  arXiv:2301.00220

Tao, Xiao, Zhu,  JHEP(2023),  arXiv:2303.02692,  2303.07220

Tao, Xiao,                                 arXiv:2310.11649

Tao, Xiao, arXiv:2310.17500
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1. Perturbative convergence is not bad for quarkonia production, and the 

theoretical prediction can describe the experiment, notwithstanding 

large uncertainties.

2. Perturbative convergence is very poor for quarkonium EW decay!

3. The NRQCD factorization is nontrivially testified. 

4. The theoretical predictions suffer large uncertainties from heavy quark 

mass.

5. How about the size of  relativistic corrections?

5. Summary



36

Thank you for your attention！


