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BMW/DMZ24,
2407.10913

adds 0.048fm

ensemble,
reduces finite
L/T error. Uses
data-driven for
large-t tail.
Blinded
analysis.

WP20 data-

Lattice QCD

Most recent HYP prediction for muon g-2
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BMW20: 10°a;°"Y" = 707.5(5.5)

BMW/DMZ24: 10'%a;°"V" =714.1(3.3)

extrapolation;
* Physical quark masses

* |nfinite volume
extrapolation;

* QED correction
(QCD+QED) and iso-
spin breaking effect

O(m,; —m,);.
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Time for a quark propagator (second)
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Chiral extrapolation
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Rt A + o Non-trivial algorithm likes multigrid can speed up the
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Lattice QCD
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O Hadron mass can have very strong dependence on
spatial size L, especially when L < AaéD;

o The finite volume chiral perturbative theory suggest an
e "= correction when m_L > 3, it means that the

volume required by m_ ~ 135 MeV is ~ 11 times of that
required by m_ ~ 300 MeV.

© The current FLAG “green star” requires m_L ~ 3.2 for
m_ ~ 135 MeV, or at least three volumes.



Lattice QCD

QED and iso-spin breaking effects
m, + m,
2

+ Z Ci,aaZi + 2 Ci 1 fim )L e b 4 |
i J

my(m,, m,, m mC,O,O,aQED) = my(m; = ,m,m,m.,a,1/L,0)

+(Cr50 + CISO,aaZ +...)(my;—m,) + (cop + CQED’aaz +...)00ED - - -

m,;—m, 19

. Both the QED and iso-spin breaking effects are the order of a ~ .
QCD

* |t is more practical to calculate the results of iso-symmetric pure QCD and extrapolated to
continuum and infinite volume limits, physical (iso-symmetric) light, strange and charm

quark masses;

 And then add the QED and iso-spin breaking effects at the leading order.
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Tadpole improved Symanzik
gauge,

Tadpole improved Clover
fermion;

Tadpole improvement
requires fine-tuning of the

tadpole factors u, and u;;

We tune those factors to the

0.001 % level, as the
mistuning effect can be

@©(100) enhanced in the
hadron and quark masses.
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Quark mass

Renormalization through intermediate scheme

anz/IOM,Lat(Q’ 1 /CZ)

MS(,\ —
a0 = ZprOMDIM(Q, i, €)

ZMSDIm(eymla(1/a) + O(a™, o

Non-
perturbative IR Pertur!oative
region can only region
be calculate by * accessible by
Lattice QCD kinds of the
o The RI/MOM renormalization targets to _ regularizations
cancel the aJlog(a) divergences using the
off-shell quark matrix element;
o 2.2 . . L .
Up to the O(a“p~) correction which can be - =H UV region
eliminated by the a’p? — ( extrapolation. o
regularizat
ion effects

G. Martinelli, et.al, NPB445(1995)81, arXiv: hep-lat/9411010



Quark mass
Perturbative renormalization

o The RI/MOM renormalization constant of the quark mass under the lattice regularization
IS:

ZMOMLA(Q 1/a, &) = (ZYOMEYQ,1/a, &)™ = (q] O | g)=" = 1 4 “;CF[—3log<a2Q2> — &+ bgl + O(a2, a*Q?);
T

O The RI/MOM and MS renormalization constants under the dimensional regularization are:
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O Thus the renormalized quark mass under the MS scheme can be defined by:
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Quark mass

Non-Perturbative renormalization

e Obtain the regularization independent
renormalization constant non-perturbatively:

ZyOM(Q, a) =1 aSCF[ 3log(a*Q?) — & + b] + @(asz, a’Q?)

4 o MS (2 GeV)
- RI/MOM

* Calculate the matching coefficient perturbatively
and obtain the result at MS scale Q:

ZMS(Q,a) = 1 “ﬁ’[ 3log(a*Q?%) — 5 + bg] + O(a?, a*Q?)

+ MS

» Obtain the result at MS scale u with the scale
evolution:

e C
S, @) = 1 - =L [=3l0g(@*u?) — 5 + bs] + O(a?, a*Q)
/A




Non-perturbative renormalization

Restore the additive chiral symmetry breaking of Clover fermion

1.30p
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1.20-_ — a=0.077 fm, w=1
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Q
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N
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1.0001“511‘&.llé‘lléllllloll11121111141
a2u?
=
e Clover fermion also 3

shows additional chiral

symmetry breaking
between Z¢ and Zp;

* Light quark scalar matrix element
(ME) from the direct calculation
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om..

Hellman
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PC
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consistent after the renormalization;
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 Charm quark scalar ME from the

direct calculation and FH
theorem are also consistent after
the charm quark improved
normalization applied.

Z.C. Hu, B.L. Hu, J.H. Wang, et. al., CLQCD, 2310.00814

Hai-Yang Du, B.L. Hu, et. al., CLQCD, in preparation




6.5

9.9

4.5

MZ/mg (GeV)

Renormalized quark masses

Impact of the renormalization
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Dian-dun Zhao, et.al., yQCD, in preparation

» mz/m, ~ Z/F* which is insensitive to the

quark mass, with the partially quenching
effect subtracted;

. has
obvious 1/a and action dependences:

1. Smaller with large intrinsic scale 1/a;
2. Very sensitive to the fermion action.

 RI/MOM renormalization eliminates both
the dependences and makes m;/m;"> of

all the ensembles on a similar curve.
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Determine the pure QCD quark masses

PZyla et,al, PTEP(2020)083C01 (PDG2020):

. m, = 93827 MeV = m, ocp + 1.00(16) MeV + .

. m, =939.57 MeV:

. 13957MeV =m0 + 4.53(6) MeV + .

X Feng et,al. Phys.Rev.Lett. 128(2022)062003

- 0.17(02) MeV -

: ' n) = 497.61(1) MeV = m{ o

. [ = 493.68(2) MeV = m7* ., + 2.24(15) MeV +.

D Glustl et,al. PRD95(20‘I7)‘I14504

SOQC D

Z.-H. Hu, B.-L. Hu, J.-H. Wang, et. al., CLQCD, PRD109(2024) 054507




Quark mass

b ~b

Toward the charm physu:s

~ 1 ~ 1

Symbol f a (fm) U Vo m; m, L*xT my (MeV) m,, (MeV) M m, Nefg X Msrec
C24P34 6.200 0.10530(18)]0.855453 0.951479 -0.2770 -0.2310| 24° x 64 340.5(1.7) 748.99(73) [-0.2396(2) 0.4080(26) 200 x 32
C24P29 0.855453 0.951479 -0.2770 -0.2400| 24° x 72 292.7(1.2) 658.29(65) |-0.2357(2) 0.4168(26)|760 x 3
C32P29 0.855453 0.951479 -0.2770 -0.2400| 32° x 64 292.4(1.1) 659.22(41) |-0.2358(2) 0.4158(26)|489 x 3
C32P23 0.855520 0.951545 -0.2790 -0.2400| 32° x 64 228.0(1.2) 644.36(45) |-0.2338(2) 0.4198(26)[400 x 3
C48P23 0.855520 0.951545 -0.2790 -0.2400| 48° x 96 225.6(0.9) 644.58(62) |-0.2338(2) 0.4214(26)| 62 x 3
C48P14 0.855548 0.951570 -0.2825 -0.2310| 48° x 96 135.5(1.6) 707.06(44) |-0.2335(2) 0.4212(26)|188 x 3
E28P35 6.308 0.08877(30)|0.859646 0.954385 -0.2490 -0.2170| 28° x 64 352.1(1.2) 720.31(94) |-0.2204(3) 0.2707(37)|147 x 4
F32P30 6.410 0.07750(18)[0.863437 0.956942 -0.2295 -0.2050| 32° x 96 303.2(1.3) 677.6(1.0) |-0.2039(2) 0.1968(21) [250 x 3
F48P30 0.863473 0.956984 -0.2295 -0.2050| 48° x 96 303.4(0.9) 676.32(62) [-0.2038(2) 0.1949(21)| 99 x 3
F32P21 0.863488 0.957017 -0.2320 -0.2050| 32° x 64 210.9(2.2) 660.27(94) |-0.2024(2) 0.1989(21) (194 x 3
F48P21 0.863499 0.957006 -0.2320 -0.2050| 48° x 96 207.2(1.1) 663.39(65) |-0.2026(2) 0.1991(21)| 82 x 12
G36P29 6.498 0.06826(27)[0.866476 0.958910 -0.2150 -0.1926|36° x 108 295.1(1.2) 693.2(1.0) [-0.1929(2) 0.1378(28)| 68 x 4
H48P32 6.720 0.05187(26)0.873378 0.963137 -0.1850 -0.1700 48> x 144 317.2(0.9) 695.9(1.3) [-0.1703(2) 0.0533(24)|157 x 12

m, = 687.4(2.2) MeV

/.C. Hu, B.L. Hu, J.H. Wang, et. al.,
CLQCD, Phys.Rev.D109 (2024) 054507

m, = 689.89(49) MeV

QCD _ _ phys
mD o mD

S S

BMWoc, Nature 593(2021)51

A¥Pm, =1966.7(1.5) MeV .

RM123, Phys.Rev.D100 (2019)
1904.08731
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O Use etas to determine the valence strange quark mass;

D mass

' l L) ) l ] ) ' T ¥ ) ' T ' T ) '

[l :

Y

interpolated D

mZ,s (GeV?)

« Significantly suppress the strange quark mass dependence on each ensemble.

O Use QED-subtracted mp mass to determine the pure QCD valence charm quark mass;

+ APy, is determined to be 2.3(4) MeV under the m)5q, e e+ oEn(2GeV) = qQCD(ZGeV)
scheme.

unitary -

o Eliminate the effects from unphysical light and strange sea quark masses using the joint fit.



Renormalized quark masses

Charm quark mass

mCMSbar(ZGeV) (GeV)
1.25

OVEDW ¢ Based on the a” + a*
ol oo —a | extrapolation:

115 / - _ * The prediction based on
. the Overlap fermion (y
I oy QCD) and also Clover
o5 | \i\*\ : fermion (CLQCD) agrees
within 1-2%.
11 \

0.95

e Such a value is similar to
0 0002 0004 0.006 o.oog(f 001 0012 0014 0016 0.01¢ the current lattice
a—-(Thm

) averages within ~1%.

Dian-Jun Zhao, et.al., yQCD, in preparation

Hai-Yang Du, B.L. Hu, et. al., CLQCD, in preparation
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Decay constants

Pion and Kaon cases
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Charmed meson spectrum

Open charm cases

m3P = mPY — APy, = 1966.7(1.5) MeV .

RM123, Phys.Rev.D100 (2019) 034514 o mD IS almost constant at different
Input to determine the Iat'nce SpaC”']g, W|th
charm quark mass
mpy —mp = 2.93)ocp + 2.4(5)0rp = 5.3(3)(5) MeV,
A A "' T ] RM123, Phys.Rev.D95(2017) 114504
- P2« Agree with the PDG value 4.8(1) MeV
- well.
T . Both m’s and m5 have obvious lattice
] S
: : spacing dependence and the
1 90 : continuum extrapolated values agree
e o o . - with PDG well.
1.836.000 0.002 0.004 0.006 0.008 0.010 0.012

a? (fm?)

Hai-Yang Du, B.L. Hu, et. al., CLQCD, in preparation




Charmed meson spectrum

charmonium cases

m3P = mPY — APy, = 1966.7(1.5) MeV .

RM123, Phys.Rev.D100 (2019) 034514 o mJ/l// agrees with PDG well but m}? IS a
Input to determine th . ¢
Eharr(; qeu:rk maes.s.e feW Mev IOwers
.......... meson mass
o _: © My, = my, = 118(3) MeV agree with o
| .R’\xh%_ | previous HPQCD pure QCD prediction
3.4:- m——-_--______x‘- 2 ‘ 1 19(1) |\/|eV
377 ¥ vo & he e P-wave charmonium masses also
., bone xa W PDG agree with PDG well, with
| 1 mp —m;q=451(11) MeV.
3.1F me

Hai-Yang Du, B.L. Hu, et. al., CLQCD, in preparation




Summary on SM parameters i _ L ioosco,

T

m_-(m,, m,) m_ = 134.98 MeV l
! ! 1V | fe | Vgl = 0.9740(03),,(01)
Vol = 0.27683(29),(20)g, —
= 0.17360) 10— |Gy 4 )€ G572 — 3 60(19) Mev al J 1V, | = 0.2265(13),,03),

| |

MS(2 GeV) _ — 2 45(30) MeV 1 = | dl + | | + | | | dl + | | + 000352
ma > = 497.44(02) MeV
— CI;/IS(Z GeV) _ — 4. 74(14) MeV |+«— mK(mval mc\lzal mlsea’ m;ea)
mMS@ GeV) — 98 8(5.5) MeV l
l fp<l Vs =45.8(1. 1)eXp MeV | V., =0. 2179(33)1at(52)exp
m3P =1966.7(1.5) MeV —| 1,M50") = 1289(17)(01) MeV Jo+ | Veg| = 243.5(2.7) oy, MeV ([ Vgl = 0.979(11) 1, (1 1),

T

val val sea sea) T

myp, (", mg™, my™, my



Baryon spectrum

. Nucleon case
° CYC ®
2 -5 2
® : M (!, me m, a, L) = My + C, (m),’)2+ c (m;ea)z_ (g4 — 4848 : gt) (m,‘,’)3
3 (4xf,)
B (8&% + 4gAg1 + 5g12) T (mpq)3 n C4 <m;;>ze_m’¥L 4 Cs(msea _ mphys) (1 + C3612),
Parameter Value o0 Sigma term based on FH 3 (4nf,)’ " ’ ’
M, 0.876(16) theorem: _ -
Ch 2.13(39) Ouy = my(plin+dd|p) = m am, 1.15F preliminary ,,,,,,,,,,,,,,,
Cs 1.39(59) =48.8(6.4) MeV,; Lwof
Cs —6.77(57) N
~ 185(49) © Previous Overlap result = 1.05
4 ' based on FH theorem: @ 1.00F
Cs 0.92(38) 6 = 52(8) MeV: = ool
gA 099(27) - - ................................................................................................
0 —0.03(51) © Previous Overlap result 0.90F E §§§§Z; % ggjz.'igﬁ,‘%%ev % E‘EEE%
Mphys 09296(91) based on direct ME 0.855- i — :%8:868;; g gingg %3 F488P2312
X2 0.73 calculation: 0 805 ————— :o;tir.]uum " % CA8P23 g E28P35
- 8OF L, oy Dome 0 oen
Q 0.86 Oy = 46(7) MeV. 0.00  0.02 0.04 006 008 010 012 0.14
. m?[ (Gevz) B.-L. Hu, et. al., CLQCD, in preparation




Baryon spectrum

® Lattice QCD
L — Experiment

of four light flavors

Generally agree with the PDG values
at 1% level;

Mass difference of the light Octet and
decuplet baryons comes majorly the
trace anomaly which is ~300 MeV;

Trace anomaly contribution to the
charmed baryon is under investigation.

The missing QED effect will be
investigated in the near future.



Decay constants

Open charm cases

ey dgCay constant l
0.5 O':' : fr | Vgl = 45.8(1.1)ey, MeV > | Vogl = 0.2179(33)1,(52)ex
0.45- :
[ : S | Veg | = 243.5(2.7), MeV s | Vool = 0.979(1 D) (1 Dey,
,50.405 - I
I K Iy Ds D D B FLAG & HPQCD - _
Y 0.35] D @ o o ; fpe = 0.2487(28),, MeV
o : :
0.30- ) ; 7 Verified the unitarity of CKM matrix
0 ol .- - M — ] elements involving the charm quark:
e > > & ] IV P+ V. >+ |V, |* = 1.008(23)(23).
O 20; e . t - * - b
0.000 0.002 0'004a20i?r?1§)0'008 0.010 0.012 « Also provide the most precise fD* and fDS*

so far.



Decay constants

S-wave charmonium

decay constant
JEE L L L

1 ' ' ) I ' |

o.sog - =+ Our prediction f,, = 405.9(5.7) MeV is
0.45} // ‘5 consistent with the experimental value
0.40- “ : 406.5(3.7)(0.5) MeV and also HPQCD
> 5 ¥ 1o p, 1 D [ FLAG&HPQCD : prediction 409.6(1.6) MeV;
O 0.35- D ne D D, D’ -
- - : « Wealso predict f, =398.1(4.6) MeV
- e - which is consistent with the HPQCD
0.25- =- > . & prediction 397.5(1.0) MeV.
0.20- ™ ’ —p— o

0.000 0.002 0.004 0.006 0.008 0.010 0.012
a? (fm?)



Decay constants

Other decay constants

 We also predict the transverse decay constant of the charmed vector mesons
and also the decay constant of the P-wave charmonium, which can be verified

by the future experiments.
_transverse decay constant

decay constant
g ¢ v T g O §OO T g v

0.50- " " : ‘-
0,45; : 0.402- -
0.40- | ] 0.35* WL l %ﬁ .
—~y [ ’ I 4 T ' ]
> : ] S L h
:@035- K U Ds D- E 030* l D xa I he
* 0.30- : 0.25 :
N - 4k . B
0.25- o L - - 0.20- r—% T L
0.20- — % 0.15¢ — i
0.000 0.002 0.004 '20'.00'623 '0.008 0.010 0.012 6 300 6.605° 0604 0 606 0608 04107 (5312
22 (fm?2) . . . . . . .

a? (fm?)



Summary

* The state-of-the-arts Lattice QCD ensemble
should have enough ensembles to approach the
continuum, infinite volume and physical quark
masses reliably; and the present CLQCD
ensembles have been close to this goal.

 Up, down, strange and charm quark masses
have been determined at a few percent level;

 The charmed meson and baryon masses are
predicted at ~0.3% uncertainty and agree with
the experimental values at 1% level.

 More predictions are in progress.

LN JOXCXOX

a = 0.1053

(2) fm
a = 0.0888(3) fm
(2) fm

a = 0.0775

a = 0.0683(3) fm
a = 0.0519(3) fm

a ~ 0.04 fm

® To be generated
in the future
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