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Big puzzles in QCD

Strong force inside matter :
Confinement of quarks and gluons
Origin of >99% nucleon mass
Origin of nucleon spin

Gross and Klempt et al., 50 Years of quantum chromodynamics, Eur. Phys. J. C, 83 (2023)
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Hadronic energy-momentum tensor

𝐻 = ∫ d3𝑥 𝑇 00(𝑥) ⇒ 𝑡𝛼𝛽(𝑥) = ⟨Ψ|𝑇 𝛼𝛽(𝑥)|Ψ⟩

Hadronic energy-momentum tensor encodes the energy-stress densities inside hadrons

Hadronic matrix elements and gravitational form factors (GFFs): [Kobzarev:1962wt, Pagels:1966zza]

⟨𝑝′, 𝑠′|𝑇 𝜇𝜈
𝑖 (0)|𝑝, 𝑠⟩ =

1
𝑀 𝑢𝑠′ (𝑝′)[𝑃 𝜇𝑃 𝜈𝐴𝑖(𝑞2) + 1

2 𝑖𝑃 {𝜇𝜎𝜈}𝜌𝑞𝜌𝐽𝑖(𝑞2) + 1
4(𝑞𝜇𝑞𝜈 − 𝑔𝜇𝜈𝑞2)𝐷𝑖(𝑞2) + 𝑔𝜇𝜈 ̄𝑐𝑖(𝑞2)]𝑢𝑠(𝑝)
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Last global unknown [Polyakov:2018zvc, Burkert:2023wzr]

Ji's sum rules: second Melin moments of the GPDs, e.g., [Ji:1996nm, Polyakov:2002yz]

∫
1

−1
d𝑥 𝑥𝐻𝑞,𝑔(𝑥, 𝜉, 𝑡) = 𝐴𝑞,𝑔(𝑡) + 𝜉2𝐷𝑞,𝑔(𝑡)

Deeply virtual Compton scattering & deeply virtual meson production [Burkert:2018bqq, Burkert:2021ith]

Di-photon pair production [Kumano:2017lhr]

Near threshold vector meson production [Kharzeev:2021qkd, Duran:2022xag]

Large uncertainties from both the theory and experiments → Electron-Ion Colliders
[Lattice '23: Hackett:2023nkr]
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Mechanical stability of hadrons

Energy-momentum conservations imply: [Cotogno:2019xcl, Lorce:2019sbq]

𝐴(0) = 1, 𝐽(0) = 1
2 , lim

𝑄2→0
𝑄2𝐷(𝑄2) = 0 ⇒ ∫ d3𝑟 𝒫(𝑟) = 0

the von Laue condition implies hadrons are in mechanical equilibrium [Laue:1911lrk]

Polyakov et al. conjectured that 𝐷 < 0 for mechanically stable systems [Polyakov:2018zvc]

𝐷 = ∫ d3𝑟 𝑟2𝒫(𝑟) ???< 0
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Trace anomaly
Trace anomaly in QCD:

𝑆 ≡ 𝑇 𝜇
𝜇 = 𝛽(𝑔𝑠)

2𝑔𝑠
𝐺𝜇𝜈𝑎𝐺𝑎𝜇𝜈 + 𝑂(𝑚𝑞).

𝐷 is related to the trace anomaly

⟨𝑝′, 𝑠′|𝑆|𝑝, 𝑠⟩ = 𝑀𝑢̄𝑠′ (𝑝′)[(1 + 𝑄2

4𝑀2 )𝐴(𝑄2) + 𝑄2

4𝑀2 (3𝐷(𝑄2) − 𝐽(𝑄2))]𝑢𝑠(𝑝)

𝐷 < 0 implies a layered structure within the proton,

𝑟𝐴 < 𝑟𝑀2 < 𝑟𝑆

where, 𝑟2
𝐴 = −6𝐴′(0), 𝑟2

𝑀2 = −6(𝑀2)′(0) = 𝑟2
𝐴 − 3𝜆2

𝐶𝐷, 𝑟2
𝑆 = −6𝑆′(0) = 𝑟2

𝐴 − 9
2 𝜆2

𝐶𝐷
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quantum onion:
pQCD core: 𝑟𝑐 = 0.4 − 0.5 fm
condensate: 𝑟𝑁 = 0.85 fm
meson cloud: 𝑟𝜋 = 1.0 fm

[Frankfurt:2022cyk, Xu:2024cfa]

https://physicsworld.com/a/charmoniums-onion-like-structure-is-revealed-by-new-calculations



Part II:
Macroscopic interpretation of GFFs



Sachs/Breit-frame densities
The Sachs densities are defined as the F.T. of the hadronic matrix elements within the Breit frame
( ⃗𝑝′ = − ⃗𝑝 = + 1

2 ⃗𝑞, aka. the brick-wall frame), [Sachs:1962zzc, Polyakov:2018zvc]

𝒯𝛼𝛽
BF ( ⃗𝑟) = ∫ d3𝑞

(2𝜋)32𝐸𝑞
𝑒−𝑖 ⃗𝑞⋅ ⃗𝑟⟨+ 1

2 ⃗𝑞|𝑇 𝛼𝛽(0)| − 1
2 ⃗𝑞⟩, (𝐸𝑞 = √𝑀2 + 1

4 ⃗𝑞2)

Frame dependence: the proton is not at rest in the Breit frame. Densities in other frames?
Lack of local probabilistic interpretation 𝑇 00 ∼ ∑𝑖 ̄𝑞𝑖𝛾0𝑖𝜕𝑡𝑞𝑖 ≠ ∑𝑖 𝜔𝑖𝑁𝑖 [Miller :2018ybm]

Ambiguities in physical densities, e.g. 𝐴 vs 𝑇 00 vs 𝑇 00/√1 + 𝜏 [Lorce:2020onh]

Underlying assumption: proton as a rigid ball -- in contradiction with relativity [Jaffe:2020ebz]
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Light-front densities [Miller:2018ybm]

𝒯𝛼𝛽( ⃗𝑟⟂; 𝑃 ) = ∫ d3𝑞
(2𝜋)32𝑃 + 𝑒 𝑖

2 𝑞+𝑥−−𝑖 ⃗𝑞⟂⋅ ⃗𝑟⟂⟨𝑃 + 1
2 𝑞|12 ∫ d𝑥−𝑇 𝛼𝛽(𝑥−; 𝑥⟂ = 0)|𝑃 − 1

2 𝑞⟩,

= ∫ d2𝑞⟂
(2𝜋)22𝑃 + 𝑒−𝑖 ⃗𝑞⟂⋅ ⃗𝑟⟂⟨𝑃 + 1

2 𝑞|𝑇 𝛼𝛽(0)|𝑃 − 1
2 𝑞⟩∣

𝑞+=0

Frame independent: boost invariance in light-front dynamics
Local probabilistic interpretation: 𝑇 ++ ∼ ∑𝑖 ̄𝑞𝑖𝛾+𝑖𝜕+𝑞𝑖 ∼ ∑𝑖 𝑝+

𝑖 𝑁𝑖

Intrinsically relativistic and related to the forward generalized parton density 𝑞(𝑥, ⃗𝑏⟂), i.e. what
the probes "see" in high-energy collision experiments [Burkardt:2000za]
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light-cone coordinates:

𝑥± = 𝑥0 ± 𝑥3,
⃗𝑥⟂ = (𝑥1, 𝑥2)



Physical densities: energy and momentum [Xu:2024cfa, cf. Freese:2021czn, Freese:2021mzg]

𝒫+(𝑟⟂) ≡ 𝒯++(𝑟⟂; 𝑃 ) = 𝑃 +𝒜(𝑟⟂),
𝒫𝑖

⟂(𝑟⟂) ≡ 𝒯+𝑖
𝑠𝑠 (𝑟⟂; 𝑃 ) = 𝑃 𝑖

⟂𝒜(𝑟⟂) + (∇ × ⃗𝒮)𝑖, (𝑖 = 1, 2),

𝒫−(𝑟⟂) ≡ 𝒯+−
𝑠𝑠 (𝑟⟂; 𝑃 ) = 𝑃 2

⟂𝒜(𝑟⟂) + ⃗𝑃⟂ ⋅ (∇ × ⃗𝒮) + ℳ2(𝑟⟂)
𝑃 +

𝒜(𝑟⟂) can be interpreted as the number density (matter density)
ℳ2(𝑟⟂) can be interpreted as the invariant mass squared density

⃗𝒮(𝑟⟂) can be interpreted as the spin current density

𝒜(𝑟⟂) = ∫ d2𝑞⟂
(2𝜋)2 𝑒−𝑖 ⃗𝑞⟂⋅ ⃗𝑟⟂ 𝐴(𝑞2

⟂),

ℳ2(𝑟⟂) = ∫ d2𝑞⟂
(2𝜋)2 𝑒−𝑖 ⃗𝑞⟂⋅ ⃗𝑟⟂ [(𝑀2 + 1

4𝑞2
⟂)𝐴(𝑞2

⟂) + 1
2𝑞2

⟂𝐷(𝑞⟂)],

⃗𝒮(𝑟⟂) = 2 ⃗𝑠 ∫ d2𝑞⟂
(2𝜋)2 𝑒−𝑖 ⃗𝑞⟂⋅ ⃗𝑟⟂ 𝐽(𝑞2

⟂)
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∫ d3𝑥 𝑇 +𝜇(𝑥) = 𝑃 𝜇

𝑃 − = 𝑃 2
⟂ + 𝑀2

𝑃 +

Frame independent!



What are the proper 3D energy and stress densities within the proton?

Physical densities associated with "bad" components 𝒯−𝜇 are not well understood

Light-front densities are 2D
?−→ 3D [Panteleeva:2021iip]

Light-front densities can be understood as equal-time densities in the infinite momentum frame
which could be counter-intuitive [Lorce:2020onh]

Amplitude vs. quantum expectation value: what is truly probed by gravity is the quantum
expectation value 𝑡𝛼𝛽(𝑥) = ⟨Ψ|𝑇 𝛼𝛽(𝑥)|Ψ⟩ where |Ψ⟩ is a generic hadronic state
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Proton is a de Broglie wave (as we resolving its structure) [Li:2022ldb]

resolving a non-relativistic particle: 𝑟hadron ≫ 𝜆𝛾 ≫ 𝜆hadron ≥ 𝜆C

resolving a relativistic hadron: 𝜆hadron ≳ 𝑟hadron ∼ 𝜆C ≫ 𝜆𝛾

where 𝜆C = 𝑀−1 is the Compton wavelength, 𝜆𝛾 = 𝑄−1 is the wavelength of the probe, e.g. a photon.
𝜆hadron is the de Broglie wavelength. 𝑟hadron is the hadron radius. [Jaffe:2020ebz]

The probe, e.g. the photon, ``sees'' a de Broglie wave! Namely, the proton as a whole is a
relativistic continuum -- hydro for hadron!
The hydrodynamics view of the proton has interesting consequences. For example, the mass
decomposition can be viewed as the multi-fluid description of the wave [Lorce:2017xzd]
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Energy-momentum tensor of a relativistic spin medium

𝑡𝛼𝛽 = 𝑒𝑢𝛼𝑢𝛽 − 𝑝Δ𝛼𝛽 + 1
2 𝜕𝜎(𝑢{𝛼𝑠𝛽}𝜎) + 𝜋𝛼𝛽 − 𝑔𝛼𝛽Λ + dissipative terms

where, 𝑢𝛼 is the medium velocity with 𝑢𝛼𝑢𝛼 = 1, Δ𝛼𝛽 = 𝑔𝛼𝛽 − 𝑢𝛼𝑢𝛽 is the spatial metric tensor.
𝑎{𝜇𝑏𝜈} = 𝑎𝜇𝑏𝜈 + 𝑎𝜈𝑏𝜇.

𝑒(𝑥) -- proper energy density, i.e. energy density measured in local rest frame (LRF)
𝑐𝛼𝛽 = 𝜋𝛼𝛽 − 𝑝Δ𝛼𝛽 -- Cauchy stress tensor, consisting of a traceless shear tensor and a normal
pressure 𝑝(𝑥).
𝜋𝛼𝛽(𝑥) -- shear tensor, dissipative in fluids but non-dissipative in solids
𝑠𝛼𝛽(𝑥) -- spin tensor, recently proposed by Fukushima et. al. in relativistic spin hydrodynamics

[Fukushima:2020ucl, cf. Li:2020eon]

Λ -- cosmological constant term, non-conserving, presenting an external pressure
[Teryaev:2013qba, Teryaev:2016edw, Liu:2023cse]
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Hadronic energy-momentum tensor [Li:2024vgv]

It can be shown that the quantum expectation value of the EMT tensor can be written as,

⟨Ψ|𝑇 𝛼𝛽(𝑥)|Ψ⟩ = ⟨ℰ𝒰𝛼𝒰𝛽 − 𝒫Δ𝛼𝛽 + 1
2 𝜕𝜌(𝒰{𝛼𝒮𝛽}𝜌) + Π𝛼𝛽 − 𝑔𝛼𝛽Λ⟩Ψ

where,
⟨𝒪(𝑥)⟩Ψ = ∫ d3𝑧 Ψ(𝑧)𝒪(𝑥 − 𝑧)Ψ(𝑧)∣

𝑥0=𝑧0
,

is a convolution with the wavepacket Ψ(𝑥). [J. D. Jackson, Classical electrodynamics, Wiley]

ℰ(𝑥) = 𝑀 ∫ d3𝑞
(2𝜋)3 𝑒𝑖𝑞⋅𝑥{(1 − 𝑞2

4𝑀2 )𝐴(𝑞2) + 𝑞2

4𝑀2 [2𝐽(𝑞2) − 𝐷(𝑞2)]},

𝒫(𝑥) = 1
6𝑀 ∫ d3𝑞

(2𝜋)3 𝑒𝑖𝑞⋅𝑥𝑞2𝐷(𝑞2),

𝒮𝛼𝛽(𝑥) = ∫ d3𝑞
(2𝜋)3 𝑒𝑖𝑞⋅𝑥{𝑖𝜎𝛼𝛽√1 − 𝑞2

4𝑀2 − 𝑈 [𝛼𝑞𝛽]

2𝑀 }𝐽(𝑞2),

Π𝛼𝛽(𝑥) = 1
4𝑀 ∫ d3𝑞

(2𝜋)3 𝑒𝑖𝑞⋅𝑥(𝑞𝛼𝑞𝛽 − 𝑞2

3 Δ𝛼𝛽)𝐷(𝑞2) ,

Λ = − 𝑀2 ∫ d3𝑞
(2𝜋)3 𝑒𝑖𝑞⋅𝑥 ̄𝑐(𝑞2)
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Factorization of the hadronic density [Li:2022ldb, cf. Freese:2022fat]

𝑒(𝑥) = ∫ d3𝑧 Ψ(𝑥−𝑧){𝑀 ∫ d3𝑞
(2𝜋)3 𝑒𝑖𝑞⋅𝑥{(1 − 𝑞2

4𝑀2 )𝐴(𝑞2) + 𝑞2

4𝑀2 [2𝐽(𝑞2) − 𝐷(𝑞2)]}}Ψ(𝑥−𝑧)∣
𝑧0=0

The hadronic part is not factorizable due to the dependence of ⃗𝑃 = (−𝑖/2) ⃡⃡⃡⃡⃡∇⃡𝑥 in 𝑞2 = (𝑞0)2 − ⃗𝑞2 , where
𝑞0 = √( ⃗𝑃 + 1

2 ⃗𝑞)2 + 𝑀2 − √( ⃗𝑃 − 1
2 ⃗𝑞)2 + 𝑀2

Taylor expansion around ⃗𝑃 = 0: multipole series,

ℰ( ⃗𝑟) =
∞
∑
𝑛=0

(−𝑖)𝑛

2𝑛𝑛! ℰ𝑖1𝑖2⋯𝑖𝑛𝑛 ( ⃗𝑟) ⃡⃡⃡ ⃡⃡∇⃡𝑖1 ⃡⃡⃡ ⃡⃡∇⃡𝑖2 ⋯ ⃡⃡⃡⃡⃡∇⃡𝑖𝑛

Monopole density gives the Breit-frame distribution (Sachs distribution)

ℰ0( ⃗𝑟) = 𝑀 ∫ d3𝑞
(2𝜋)3 𝑒−𝑖 ⃗𝑞⋅ ⃗𝑟{(1 + ⃗𝑞2

4𝑀2 )𝐴(− ⃗𝑞2) − ⃗𝑞2

4𝑀2 [2𝐽(− ⃗𝑞2) − 𝐷(− ⃗𝑞2)]}

High-multipole moments exist due to Lorentz distortion
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Light-front distribution [Li:2022ldb]

Is the multipole expansion unique? No! → Alternative: Taylor (Laurent) expansion around 1/| ⃗𝑃 | = 0
Sufficient to take 𝑃𝑧 → ∞ ⇒ | ⃗𝑃 | = √ ⃗𝑃 2

⟂ + 𝑃 2𝑧 → ∞
Monopole density gives the 2D light-front distribution

ℰ0(𝑥) = 𝛿(𝑥‖)𝑀 ∫ d2𝑞⟂
(2𝜋)2 𝑒−𝑖 ⃗𝑞⟂⋅𝑥⃗⟂ [(1 + ⃗𝑞2

⟂
4𝑀2 )𝐴(− ⃗𝑞2

⟂) − ⃗𝑞2
⟂

4𝑀2 (2𝐽(− ⃗𝑞2
⟂) − 𝐷(− ⃗𝑞2

⟂))].

No special frame (e.g. Drell-Yan 𝑞+ = 0 frame) is chosen
Relativistic, suitable also for massless hadrons (in contrast to the Sachs distribution)
Convergence of the multipole series: | ⃗𝑃 | ≫ 𝜆−1

hadron ≫ {𝑀, 𝑟−1
hadron} -- sufficiently localized 𝑧-direction

In the infinite momentum frame (IMF), components of the EMT form a hierarchy:

𝒯++ ∼ 𝑃 2𝑧⏟⏟⏟⏟⏟
best

, 𝒯+𝑖 ∼ 𝑃 1𝑧⏟⏟⏟⏟⏟
good

, 𝒯+− ∼ 𝒯𝑖𝑗 ∼ 𝑃 0𝑧⏟⏟⏟⏟⏟⏟⏟
bad

, 𝒯−𝑖 ∼ 𝑃 −1𝑧⏟⏟⏟⏟⏟
worse

, 𝒯−− ∼ 𝑃 −2𝑧⏟⏟⏟⏟⏟
worst
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Part III:
Microscopic interpretation of GFFs



Microscopic representation using QMB wave functions
Drell-Yan-West formula for charge form factor : [Drell:1969km, West:1970av, Brodsky:1998hn]

𝜌ch(𝑟⟂) = ∑
𝑛

∫ [d𝑥𝑖d2𝑟𝑖⟂]𝑛∣𝜓𝑛({𝑥𝑖, ⃗𝑟𝑖⟂})∣
2
∑

𝑗
𝑒𝑗𝛿2(𝑟⟂ − 𝑟𝑗⟂) ≡ ⟨∑

𝑗
𝑒𝑗𝛿2(𝑟⟂ − 𝑟𝑗⟂)⟩

Brodsky-Hwang-Ma-Schmidt formula for GFF 𝐴: [Brodsky:2000ii]

𝒜(𝑟⟂) = ⟨ ∑
𝑗

𝑥𝑗𝛿2(𝑟⟂ − 𝑟𝑗⟂)⟩

Matter density 𝒜(𝑟⟂) mainly samples the valence partons 𝑥𝑗 ∼ 𝑂(1); wee parton 𝑥𝑗 ≪ 1 contributions
suppressed
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Wave function representation of 𝐷-term

There are indeed non-diagonal contributions. However, all non-diagonal contributions add up to
a diagonal contribution [Cao:2023ohj]
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Light-front wave function representation [Cao:2023ohj, Cao:2024rul]

𝑡12 = 1
2⟨ ∑

𝑗
𝑒−𝑖 ⃗𝑞⟂⋅ ⃗𝑟𝑗⟂

𝑖 ⃡⃡⃡ ⃡⃡∇⃡1
𝑗⟂𝑖 ⃡⃡⃡ ⃡⃡∇⃡2

𝑗⟂ − 𝑞1
⟂𝑞2

⟂
𝑥𝑗

⟩,

𝑡+− = 2⟨ ∑
𝑗

𝑒𝑖 ⃗𝑟𝑗⟂⋅ ⃗𝑞⟂
− 1

4 ⃡⃡⃡ ⃡⃡∇⃡2
𝑗⟂ + 𝑚2

𝑗 − 1
4 𝑞2

⟂
𝑥𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

kinetic part

+ 𝑉 𝑒𝑖 ⃗𝑟𝑁⟂⋅ ⃗𝑞⟂⏟⏟⏟⏟⏟
potential part

⟩

where, 𝑉 = 𝑀2 − ∑𝑗
−∇2

𝑗⟂+𝑚2
𝑗

𝑥𝑗
, and the quantum average is defined as,

⟨𝑂⟩ ≡ ∑
𝑛

∫ [d𝑥𝑖d2𝑟𝑖⟂]𝑛𝜓∗𝑛({𝑥𝑖, ⃗𝑟𝑖⟂})𝑂𝑛𝜓𝑛({𝑥𝑖, ⃗𝑟𝑖⟂})

The off-shell factors 𝑒𝑖 ⃗𝑟𝑗⟂⋅ ⃗𝑞⟂
F.T.−→ 𝛿2(𝑟⟂ − 𝑟𝑗⟂) indicate the location of the graviton coupling

Use scalar model as an example
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Covariant analysis of EMT on the light cone [Cao:2024rul]

⟨𝑝′|𝑇 𝛼𝛽
𝑖 (0)|𝑝⟩ = 2𝑃 𝛼𝑃 𝛽𝐴𝑖(−𝑞2) + 1

2(𝑞𝛼𝑞𝛽 − 𝑞2𝑔𝛼𝛽)𝐷𝑖(−𝑞2) + 2𝑀2𝑔𝛼𝛽 ̄𝑐𝑖(−𝑞2)

+ 𝑀4𝜔𝛼𝜔𝛽

(𝜔 ⋅ 𝑃 )2 𝑆1𝑖(−𝑞2) + (𝑉 𝛼𝑉 𝛽 + 𝑞𝛼𝑞𝛽)𝑆2𝑖(−𝑞2),

where, 𝑃 = (𝑝′ + 𝑝)/2, 𝑞 = 𝑝′ − 𝑝. 𝜔𝜇 = (𝜔+, 𝜔−, 𝜔⃗⟂) = (0, 2, 0) is a null vector indicating the orientation of
the quantization surface. Vector 𝑉 𝛼 is defined as 𝑉 𝛼 = 𝜀𝛼𝛽𝜌𝜎𝑃𝛽𝑞𝜌𝜔𝜎/(𝜔 ⋅ 𝑃 ).

Emergence of spurious form factors 𝑆1,2 due to the violation of dynamical Lorentz symmetries in practical
calculations, which usually contain uncanceled divergences
Identify 𝑇 ++ , 𝑇 +𝑖 , 𝑇 12 , 𝑇 +− as the good currents that are free of spurious form factors or divergence

𝑡++
𝑖 = 2(𝑃 +)2𝐴𝑖(𝑞2

⟂),

𝑡12
𝑖 = 1

2 𝑞1
⟂𝑞2

⟂𝐷𝑖(𝑞2
⟂),

𝑡+−
𝑖 = 2(𝑀2 + 1

4 𝑞2
⟂)𝐴𝑖(𝑞2

⟂) + 𝑞2
⟂𝐷𝑖(𝑞2

⟂) + 4𝑀2 ̄𝑐𝑖(𝑞2
⟂)

𝑡−−
𝑖 = 2( 𝑀2 + 1

4 𝑞2
⟂

𝑃 + )
2
𝐴𝑖(𝑞2

⟂) + 4𝑀4

(𝑃 +)2 𝑆1𝑖(𝑞2
⟂).

𝑡11
𝑖 + 𝑡22

𝑖 = − 1
2 𝑞2

⟂𝐷𝑖(𝑞2
⟂) − 4𝑀2 ̄𝑐𝑖(𝑞2

⟂) + 2𝑞2
⟂𝑆2𝑖(𝑞2

⟂).
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Strongly-coupled scalar Yukawa theory 𝑔𝑁 2𝜋 [Cao:2023ohj]
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Simplest strongly coupled QFT in 3+1D, solved on the light cone with Fock expansion [Li:2015iaw]

For small coupling, 𝐷(𝑄2) is close to −1, the result of the free scalar theory
For small 𝑄2 (forward limit):

lim
𝑄2→0

𝐴(𝑄2) = 1, lim
𝑄2→0

𝐷(𝑄2) = 𝐷 = finite lim
𝑄2→0

𝑄2𝐷(𝑄2) = 0
all conservation laws are preserved
For large 𝑄2,

lim
𝑄2→∞

𝐴(𝑄2) = 𝑍, lim
𝑄2→∞

𝐷(𝑄2) = −𝑍,
revealing a pointlike core, consistent with the physical picture of the model
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𝛼 = 𝑔2

16𝜋𝑚2



Charmonium: "hydrogen atom" of QCD [Xu:2024cfa; Hu, in preparation]

Adopt charmonium wave functions from basis light-front quantization (BLFQ) [Li:2017mlw]

Energy density ℰ(𝑟⟂) is positive. However, ℳ2(𝑟⟂) is negative at small 𝑟⟂: tachyonic core
within hadrons?
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Physical densities [Xu:2024cfa]

Matter density 𝒜(𝑟⟂), energy density ℰ(𝑟⟂), invariant mass squared density ℳ2(𝑟⟂) and trace scalar
density 𝜃(𝑟⟂)

ηc
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Mechanical stability conjecture 𝐷 < 0 [Hu, in preparation]

𝐷 = ∫ d3𝑟 𝑟2𝒫(𝑟) ???< 0

Speculation: a mechanically stable system must have a repulsive core and an attractive edge
We find that while 𝜂𝑐 has a repulsive core, 𝜒𝑐0 has an attractive cores, and both have negative 𝐷!
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Pion in AdS/QCD [Li:2023izn]

AdS/QCD is a bottom-up approach to QCD based on string-gauge duality
Form factors 𝐹𝜋,𝐾,𝑁(𝑄2) and 𝐴𝜋,𝐾,𝑁(𝑄2) in AdS/QCD [Abidin:2009hr]

𝐹𝜋(𝑄2) = ∫ d2𝑧 ∣𝜑𝜋(𝑧)∣2𝑉 (𝑄2, 𝑧), 𝐴𝜋(𝑄2) = ∫ d2𝑧 ∣𝜑𝜋(𝑧)∣2𝐻(𝑄2, 𝑧),

where, 𝑉 (𝑄2, 𝑧) and 𝐻(𝑄2, 𝑧) are vector and tensor bulk-to-boundary propagators

Unfortunately, the gravitational wave in AdS can only couples to the traceless part of the EMT
→ 𝐷(𝑄2) is not fully constrained [Abidin:2008ku, cf. Mamo:2019mka, Mamo:2021tzd, Fujita:2022jus, Fujii:2024rqd]
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Pion in AdS/QCD [Li:2023izn]

Light-front holography: correspondence between AdS/QCD and LFQCD [Brodsky:2014]

𝑧 ↔ 𝜁⟂ = √𝑥(1 − 𝑥)𝑟⟂

Effective 𝑞 ̄𝑞 interaction from soft-wall AdS/QCD: 𝑈𝑞 ̄𝑞 = 𝜅4𝜁2
⟂ + 2𝜅2(𝐽 − 1)

𝐷𝜋(𝑄2) = ∫ d2𝑧∣𝜑𝜋(𝑧)∣2Θ(𝑄2, 𝑧)
where Θ(𝑄2, 𝑧) = 1

2 𝐻(𝑄2, 𝑧) − 2𝑐1𝑆Δ=3(𝑄2, 𝑧) − 2𝑐2𝑆Δ=4(𝑄2, 𝑧) − 2𝑈(𝑧)
𝑄2 [𝑉 (𝑄2, 𝑧) − 𝐻(𝑄2, 𝑧)]

is the dressed current.

Scalar meson dominance -- contribution from scalar & tensor glueballs cancel out [cf. Fujii:2024rqd]
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scalar meson 𝐷Δ=3𝜋 (0) = −0.83,
scalar glueball 𝐷Δ=4𝜋 (0) = −0.5,
tensor glueball 𝐷𝑇𝜋 (0) = +0.5,
residual gluon 𝐷𝑔

𝜋(0) = −0.17



Summary
Hadronic energy-momentum tensor and the gravitational form factor 𝐷

Intriguing observables with many puzzles

Macroscopic picture of hadrons as a relativistic continuum

𝒯𝛼𝛽 = ℰ𝒰𝛼𝒰𝛽 − 𝒫Δ𝛼𝛽 + 1
2 𝜕𝜌(𝒰{𝛼𝒮𝛽}𝜌) + Π𝛼𝛽 − 𝑔𝛼𝛽Λ

Microscopic picture of hadrons from light-front wave functions
Strongly coupled scalar, charmonium, pion

Thank you!
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Quantum wave kinematics [Li:2022ldb]
Hadronic wavepacket:

Ψ(𝑥) = ∑
𝑠

∫ d3𝑝
(2𝜋)32𝑝0 𝑒−𝑖𝑝⋅𝑥𝑢𝑠(𝑝)⟨𝑝, 𝑠|Ψ⟩

which satisfies the Dirac equation (hence not a true probabilistic wave function)
Conserved number current: (𝑓 ⃡𝜕𝑔 ≡ 𝑓𝜕𝑔 − 𝜕𝑓𝑔)

𝑛𝜇(𝑥) ≡ 1
2𝑀 Ψ(𝑥)𝑖 ⃡𝜕𝜇Ψ(𝑥) ⇒ 𝜕𝜇𝑛𝜇 = 0

= 𝑛𝑢𝛼, (𝑢𝛼𝑢𝛼 = 1)

𝑛 = 𝑛𝛼𝑢𝛼 is the proper number density and 𝑢𝛼 the wave velocity.
Quantum wave velocity:

𝑢𝛼(𝑥) ≡ Ψ(𝑥)𝒰𝛼Ψ(𝑥) = [Ψ𝑖 ⃡𝜕𝛼Ψ]√
4𝑀2 + 𝜕2 = 𝑛𝛼 − 1

8𝑀2 𝜕2𝑛𝛼 + 3
16𝑀4 𝜕4𝑛𝛼 − ⋯

More wave kinematics:
𝜕𝛼𝑢𝛽 = 𝑢𝛼 𝑎𝛽⏟

acceleration

+ Ω𝛼𝛽⏟
vorticity

+ Σ𝛼𝛽⏟
shear



Strongly coupled scalar theory as an example [Cao:2023ohj]

Adopt a strongly coupled scalar theory as an example to derive the LFWF representation
ℒ = −𝑔|𝜒|2𝜑

Quenched theory: excluding nucleon-antinucleon d.o.f. to avoid vacuum instability
Systematic Fock sector expansion and sector dependent renormalization [Li:2015iaw, Karmanov:2016yzu]

All divergence cancels out with the sector dependent counterterms, e.g. (𝑎) + (𝑏)

𝑡𝛼𝛽
𝑎 = 𝑍[( 1

2 𝑞2 − 𝛿𝑚2
3)𝑔𝛼𝛽 + 𝑝{𝛼𝑝′𝛽}] = 𝑍[2𝑃 𝛼𝑃 𝛽 + ( 1

2 𝑞2 − 𝛿𝑚2
3)𝑔𝛼𝛽 − 1

2 𝑞𝛼𝑞𝛽]

𝑡𝛼𝛽
𝑏 = −

√
𝑍𝑔𝛼𝛽 ∫ d𝑥

2𝑥(1 − 𝑥) ∫ d2𝑘⟂
(2𝜋)3 𝑔03𝜓2(𝑥, 𝑘⟂) = 𝑔𝛼𝛽𝑍𝛿𝑚2

3

+ ⋯ ⋯
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Light-front energy density

Hadronic matrix elements within Drell-Yan-Breit frame (𝑞+ = 0, ⃗𝑃⟂ = 0):

𝑡++ = 2(𝑃 +)2𝐴(−𝑞2
⟂)

𝑡𝑖𝑗 = 1
2(𝑞𝑖𝑞𝑗 − 𝛿𝑖𝑗𝑞2

⟂)𝐷(−𝑞2
⟂)

𝑡+− = 2(𝑚2 + 1
4𝑞2

⟂)𝐴(−𝑞2
⟂) + 𝑞2

⟂𝐷(−𝑞2
⟂)

𝑡−− = 8(𝑚2 + 1
4 𝑞2

⟂
𝑃 + )

2
𝐴(−𝑞2

⟂)
𝑡−𝑖 = 𝑡+𝑖 = 0

𝐴(𝑄2) can be extracted from 𝑡++

𝐷(𝑄2) can be extracted from either 𝑡+− and 𝑡𝑖𝑗, which are equally ``bad" currents
We adopt 𝑡+− because it is constrained by energy conservation in the forward limit

𝑃 𝜇|𝑝⟩ = 𝑝𝜇|𝑝⟩, ⇒ 𝑡+𝜇(𝑞2
⟂ → 0) = 𝑝𝜇

𝑃 𝜇 = ∫ d3𝑥 𝑇 +𝜇(𝑥)


