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• Top quark mass is one of the most fundamental parameters in Standard

model, top quark couples to the SM Higgs boson and opens doors to

new physics.

Motivation



Top quark mass
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• Top decay width 𝚪𝐭 is the fundamental properties of top-quark.

• 𝚪𝐭 is large due to the large mass of top quark( 𝚪𝐭 > 1GeV).

• The measurement of 𝚪𝐭 may hint at new-physics.

• The study of b → u decay is helpful for the determination of the

CKM matrix element 𝑽𝒖𝒃. (See Yanxi Zhang’s talk)

Motivation
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• Top decay decays almost exclusively to W b. 𝚪𝐭= 𝚪𝐭(t → 𝐖𝐛).

• At LHC, indirect techniques are precise but model dependent.

• The most precise measurement is 𝚪𝐭= 𝟏. 𝟑𝟔 ± 𝟎. 𝟎𝟐 𝒔𝒕𝒂𝒕. −𝟎.𝟏𝟏
+𝟎.𝟏𝟒 𝒔𝒚𝒔𝒕. GeV

[CMS, 2014].

• Direct techniques are less precise but model independent.

• Direct result by ATLAS is 𝚪𝐭= 𝟏. 𝟗 ± 𝟎. 𝟓GeV [ATLAS, 2019].

• 𝚪𝐭 cab be measured with an uncertainty of 30 MeV in future electron-

positron collider [Martinez, Miquel 2019].

Motivation



Top quark decay width up to NNLO

NNNLO QCD 

corrections is 

need

μ ∈ [mt/2, 2mt]

Motivation



Motivation

• To obtain more precise theoretical predictions, a crucial step

is to calculate multi-loop Feynman integrals.

• Analytic calculation of the high order corrections have many

benefits. We can obtain the numerical effect of high order

corrections very fast, expand them at any kinematic point,

and integrate them to obtain more interesting results.



Integration-By-Parts (IBP)Reduction

Packages:

FIRE, Kira, Blade…



Calculation Method for master integrals: Differential Equations (DE)

x are Lorentz invariant kinematics



Choosing canonical(UT) 

basis

space time 

dimension 

d=4-2∈

For random basis g，we may have:

We can choose new basis f:
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Top quark inclusive decay

Optical Theorem
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1） Leading-order
Calculate the imaginary parts of 

propagator type integrals

Calculate the following Integral



Expansion in ∈

Analytic Results：

Calculated by Integrating the Feyman parameters 
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Next-to Leading Order03

陈龙斌

Jeabek, Kuhn 1989,Czarnecki 1990, Li, Oakes, Yuan 1991
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NLO master Integrals: (“kite integrals”)



IBP produces four Master Integrals:



UT basis for NLO Choosing UT Basis

Construct UT 

basis:

Libra

2012.00279

CANONICA

1705.06252

DlogBasis

2002.09492

….
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The differential equations is very simple



Replaced with

Make the UT basis more simple.

Chosing alternative 

basis



Calculate the UT basis order by order in ∈ expansion 

Integrate Iteratively



Combing analytic calculation with AMFLOW, PSLQ, 

C can be obtained in a more easy way. 

Determination of Integration Constants (a more convenient way )

Elegant results



Results of UT basis (Harmonic Polylogarithms hep-ph/9905237):

Evaluate HPL:  hep-ph/0507152
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Next-to-Next-to
Leading Order04

陈龙斌

Gao, Li, Zhu, 2013, Brucherseifer, Caola, Melnikov 2013



(A)
(B)

(C)
(D)

(E)

NNLO integral Families



(F) (G)

(H) (I)



UT basis 

DEs

Letters



NNLO decay width



μ ∈ [mt/2, 2mt]

Top quark decay width up to NNLO
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NNNLO QCD Corrections to 
top quark inclusive decay05

陈龙斌



Leading-color contribution is significantly dominant(∼95%).

NNLO 𝑋2
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Two-typical four-loop master integrals for leading color contribution
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DEs for NNNLO 185 UT Basis

For any loop, can the letters of leading color(Large Nc

limit) integrals still be {w, w-1}?

𝟒 × 𝟏𝟎𝟒 integrals(IBP)→ 185 master integrals
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Physical Results06

陈龙斌



Top quark decay width



Expansion of analytic results:



Top-quark width at different values of 𝑚𝑡

%

Best fit relation:



The dilepton invariant mass spectrum for 𝒃 → 𝑿𝒖𝒆ത𝝂𝒆 up to NNNLO



The scale uncertainties are 

around ±12%, ±9%,

and ±6% at NLO, NNLO 

and N3LO, respectively, at
q2

𝑚𝑏
2 = 0.2.



The semileptonic decay width of b-quark



Scale dependence of the b-quark semi-leptonic decay width normalized by 

the LO width in the on-shell mass scheme. The solid and dashed lines 

represent the results in the MSbar and on-shell mass schemes, respectively.
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Conclusion

The top quark inclusive decay width have been calculated 

analytically up to 𝐍𝟑LO.

𝐍𝟑LO corrections for top quark decay width is about -0.667%,

with  𝚪𝐭 = 1.321GeV, the convergence of perturbation series 

works well.

We also obtained the 𝐍𝟑LO QCD corrections to b quark 

semileptonic decay, 𝐍𝟑LO QCD is important.

Explore analytic differential decay rates and helicity width.

陈龙斌
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陈龙斌


