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Flavor puzzles in SM

> Hierarchical masses, e.g. % = O(10°)
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» Quark mixing vs lepton mixing
Quark mixings are small Lepton mixings are large
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Quark and lepton mixing
matrices have distinctive
structures!

In SM, the fermion masses and flavor mixing are determined by Yukawa coupling
constants which are unconstrained by gauge symmetry.



Symmetry as a guiding principle to flavor puzzle

The fundamental principle of fermion masses and flavor mixing structure is unkonwn so far. Symmetry
can help to reduce the number of free parameters in the Yukawa coupling.

» GUTs: connecting quarks and leptons | [50 1| <)

» Flavor symmetry: relations among three families <:(> =g tau-family
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* To make the Lagrangian invariant under flavor symmetry, Higgs-like fields “flavons” ®@,, ®,, are needed

e Structure of Yukawa couplings arises from the vacuum alignment of flavons 3



Combining flavor symmetry with GUT: Gg,,;X G;

[talk by Ning Chen for alternative]

* Flavor symmetry unifies three families

 GUT symmetry unifies the gauge coupling constants
as well as the SM matter fields in a generation

* Flavons and the vacuum alignment make the models quite
complicated



An example of Pati-Salam GUT model with traditional flavor symmetry

name field |SU{4)e x SU(2), x SU(2)p|Ay| Z5 |R
i Quarks F (4,2,1) 3 1 |1
Matter fields |, leptons| FY, 4 (4,1,2) 1 o0 1)1
PS Higes |He, H° (4,1,2), (4,1,2) 1| 1 |0
v | B | 053 [E L
iggs T 2, o
GUT symmetry | ., " ha,hes (1,2,2), (15,2,2) 1 [ adat |0
breaking sector o (15,2.2) 1 a o
Dynamical | X, (1,1,1) 1" o |0
masses | ¥4,3% (1,1,1), (15,1,1) 1" a*a® |0
Ay triplet | o}, (1,1.1) 3 a'.a” |0
flavons o, (1,1,1) 3o’ al0
Majoron £ (1,1,1) 1 o |0
flavor symmetry XF{’..; (4,2, 1) 1" a0’ |1
breaking sector Fermion | X (4,2,1) 1 aa® |1
Messengers | X7 (4,2,1) 1| o |1
X, (1,1,1) 1 a |1
* extra symmetry Z. and R-symmetry (d)}t) % (0,1,1)T’ «b%) < (1’4,2)T,

e complicated dynamics of aligning flavon VEVs <¢{i> « (1,0,0)7, <¢§l> x (0,1,0)7,

* higher dimensional operators reduce predictive power



Modular symmetry

» Modular action [Feruglio, 1706.08749, Ding, King, 2311.09282 for review]  [talks by Hajime Otsuka, Arsenii Titov]

T_)yz-:ar—l_b SL(Z,Z):{y:(a b] a,b,c,deZ, ad-bc:]} Im(z)
cr+d c d
» The field transformation (non-linear) e =~
Y = (et +d) " p(w er R

2
weight k € Z p is a unitary representation of I'y or 'y SL(Z Z)on torus T

» Superpotential l
W = Z YI]I}--& (T) 1[,?11?,0;2 " 'wfn

finite modular groups
[, =SL(2,Z2)/4I"(N)
I, =SL(2,Z2)/T(N)

Modular invariance requires

Yl1 .1, (7) _)Y|1 .1, (yz)=(cT+ d)kY Py (7/)Y|1 .1, (7)
Ky =k, +k +...+k , p,®p ®--Qp >1

Principal congruence subgroup of level N:

Yukawa couplings are modular forms Y, ;. ; (T a b 1 O
1, In( ) F(N):{( ] ( j(mod N)}

Ty and Iy play the role of flavor symmetry groups c d 0
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Symmetry groups of modular GUTs

The symmetry group of modular GUT is GgyT X I'v or Ggut X I'y
» Finite modular groups I'y and Iy,

N 2 3 4 5)
I'n 53 Ay Sy As
Iy S3 A, =T S, =SL2,7,) A.=SL(2,75)

» Candidates of GUT gauge group GGgUT

[SUG) x U(1)

[SU)c x SU2)L x SU(2)r

SU(S)C X SU(?)L X SU(2)R X U(l)B—L

AN

SU3)c x SU(2)L x UQL)y] Modular GUT
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Minimal Supersymmetric Pati-Salam theory

> Pati-Salam Gauge group:  SU(4). x SU(2);, X SU(2)x

SU(4)c

SU2), SU(2)r
left-right symmetric, vy is predicted

» The quarks and leptons are unified in two PS representations M
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[Pati, Salam,Phys. Rev. D 10 (1974)]

symmetry breaking chain
SU(4) X SU(2), x SU(2)x

A=(15,1,1)

SUB)e X U(D) gy X SU(2), X SU2)x

Ar = (10,1,3) | Ag = (10,1,3)

SUB) e xSUR2), xU)y
= (1,2, 2)12 = (15,2,2)

SUB)¢ X U(Dgym

» Quark and lepton masses, neutrino masses generated by type | seesaw

Wy = Vi FF;® + YV FTE S+ Y, " FEFf AR

::> M, = '+ 1Y) 0, Mg=r (V' + YY) vy,
M,, = (V' =3rY®)v,, M.,=r (V' —=3Y")v,,

7'1(3Mu + MVD) = (3M; + M, )tanp, rl(Mu

[see talk by Tianjun Li for top-down
construction]

M
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v = Y RuR

- MvD) =1,(Mg — M,)tanf 9



Minimal A, x PS modular models

» Yukawa couplings are level 3 modular forms related by A4, modular symmetry, modular forms replace
“flavons” so that the resulting model is much simpler

Wy — Z a, ((FCF(I’)T:! Yr(::.r.-—l—kpf-—l—hb](?.))l + Z B, ((Fer)r; YTE::;,~+I:Fr-+kE](T))1

{ra.,r)} {1"5‘1"1{}}

: I+ 12+ ...
e e (2K pe+ha ) . p
-+ E z-}.-ﬁ-'_ ((F F &R)r& Y’P,;_ 3 AR (T))l YS(ZJ(T) — ( _qufd (1 + 7q + .. ) ) . q = GZ'MT
{Tff"r:j'} —18q2f3 (1 -+ 2q + .. )

» Classifying A,xPS modular models

F~3|Fi23~1(1,1")
F°~3 X v
Fios~1(1,1") v X

> A benchmark model: (F¢,Fy,Fy, F3) ~ (3,1,1,1"), (kpe, kg, ki, kg, kz) = (0,2,6,8,—2)

We = [an(FR)sYy” + B1(FCFy)sYyp + Ba(FoFa)aYag) + m(FeFy)sYyp +7a(F Fy)sYyp)| @,
Wy = |BiU(FFy)sYy"” +41(F°F3)sYy, + ’?’B(FCFB)?»Y:;?}] 2,
Wa, = ap (FF)1AR.

10



» Resulting mass matrices
2 6) ; 8 8
(Jfly:_;,(g) 81}/3(1{; + 35 ;;%37 1 ﬁflyg(jéﬁ)g + ’}IEYS(QZ,S
1
Y = fllYg(z Blysf)s + 825/3({} 3 "hY?fL}g + 72]/3(1},2
2) ; 8 8
&1}/3(1 51}/3 + Bzyg(fn)r 2 1Y3(I,)l + ’YEY:;(L)r,l
Ys 1 "/1}/3 T+ ’YngH 3 Y10 é 8 [1]
4 = ¥
Ys;fi fly:{%iz + r’2Y3E1£,2 i 0 1 0O
O1Yss  M¥gry +72Y5

[Ding,Jiang,King, Lu, Qu,2404.xxxxXx]
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> y? analysis to estimate the goodness of fit

P,(x) — 0;\°
)(2=2< (x;. )

Input parameters: x € {1, a4, 1,02, V1, Y2 L1, V1, V2, Ar1, 11, T2}

quark sector: m,, m., my, mg, mg, my, 01612, 01613, 02613, 5gp
Observables: O; € 5 2 P Al Al of
lepton sector: m,, m,, m;, Am3,, Ams,, 67,, 013,033, 0¢p,

The y? function is minimized: sznin = 7.0272 — excellent agreement with data

11



 Unmeasured observables as predictions
The lightest neutrino mass: m; = 4.986 meV, normal ordering

Majorana CP violation phases : a4 = 0.962m, a3; = 0.6437
Masses of the heavy right-handed neutrinos: M; = M, = M3 = 3.945 x 1011GeV

Effective Ovf [ decay mass: |mﬁﬁ| = 1.686 meV [Ding,Jiang,King, Lu, Qu,2404.xxxxx]
» Scan the parameter space with the algorithm of nested sampling
2-0»_ l 1 T 1 1 [ 1 i 1E- L I r1|1||| I I IIlI1I| Li I I1Il|1| I I IITI?
i g X Disfavored by 0vgpg = -
- — i B D n
L5F il . 10 lfl-:amLﬁND-zen . = E|
= y 3 - — - : ‘;.E’ .
= o b ~ 2L LecEnD 1000 ST b |
\& lOL A ::g:l_ EHE:“:CWEW_‘_,:"- _..-‘ E‘ ?
L I i = S ’ T -
i ] el = ] R -4 il
&l 2] ) 3 . u : =
0.5 : ] 10 :E — : E _:5
i H i . | - i
OO (1 MR S S T (S T | g p 3 l.:_. ‘i L 1} ll.l.l Li | I=:. L pel
040 045 050 0.55 0.60 10 109 102 10t 1
sin® 0.33 Mipin/ €V

OvB B decay is below the sensitivities of future tonn-scale

Y y
Testing d¢cp and 03 at DUNE and T2HK experiments such as LEGEND 1000 and nEXO 10y.



Renormalizable SO(10) GUT

» The quarks and leptons plus a right-handed neutrino are embedded into a single 16 spinor
representation of SO(10)

..@ |+ 4= =)+ =+ =) | =+ + —+)
..@ |44 = =) |+ = =) | =+ + )
..@ |— =+ 44| = — b+ — — 44
@@ -+ -+
Vo) 1----+
€ 1-—-+
|44+ —-)

@ |+++++) —right-handed neutrino = seesaw mechanism

» Renormalizable Yukawa couplings: fermionx fermionx Higgs

fermionx fermion: 16®16=10, ®120, ®126, 10 and 126 symmetric, 120 antisymmetric

Higgs:  H ~10, A ~126, = ~120 Minimal SO(10) contains only H ~ 10, A ~ 12

Yukawa superpotential:  [)A),, = yjfwmbﬂ + Y 126@bu¢5A + Y 120?7%?# 2

13



decomposition of Higgs fields under the SM gauge symmetry SU (3). xSU (2), xU (1),

10D (1,2,1/2)® (1,2,-1/2) = o) @ @°

120 D (1,2,1/2)® (1,2, -1/2) ©(1,2,1/2) & (1,2, -1/2) = &} @ 1 ¢ /1% ¢ /1%
126 ©(1,2,1/2) ®(1,2,-1/2) ®(1,1,0) ® (1,3,1) = ¢ ¢ ' ¢ Ap d Ay

RH neutrino Majorana mass, type-l seesaw LH neutrino Majorana mass, type-1l seesaw
> Fermion mass matrices

quarks: M, = (ym 4o )% 4 _?__Eylzn) v My =1 (ym EVIE ylzn) v
charged leptons: M. = 1, (yl“ — 3P 4 r;-ejx’”“) Uy
heutrinos: ﬂ,-erD — (y”] - STZJ‘JE + ll(-J-:,-*:]')I2”) LETR *'I‘l"fuR — t"Hym ; *‘u—L — '.E}Lym
|::> M,=M, —MI M;'M
v L VD""VR VD [see talks by Jessica Turner, Bowen Fu]
type-ll seesaw  type-l seesaw

In comparison with SM, the complexity lies in the parameters r, , ; and C, , which are the mixing
parameters relating the SM Higgs doublets to the SO(10) Higgs multiplets

14



SO(10)xA, modular GUT

» Assignment under A, B
matter fields (unique): 1) = (1)1, 1o, gb;_)))T ~ 3 Higgs fields: H, ¥ A ~1

> A, modular invariant Yukawa superpotential: completely specified by the weights Kk, k10,120,126

Wy = Za " r(fkp—kkm) H"‘Zﬁb (1)) " rb2kp+k120)( ))12

Y (7) 1 +12¢ + ...
+Z%( V) VT (7)) o (ng) - (—6q1/3’.<1+7q+--->))

1 Ys(7) 18¢%/3 (1 +2q + . ..
> General form of Yukawa matrix: sum over all contributions of modular forms

(k) 100 (k) 00 1 (k) v 10
10 =, Y, (7) (0 0 1) + Yy (7 )(0 1 0) + oYy (7 )(1 0 0)
k=2kp+kio " 0 1(k? " 1 00 001 SymmEtriC
2Y3, (1) - Y34 (1) - Y3, (1) _
Loy _ygi";)(ar) 2}/3(_2}(»;—) —Yg(?(fr) similarly for y125
k (k k
—Y35 (r) = Yai(r)  2Yys(r)
0 Yas(r) = Ya5(7r) . .
’ ’ antisymmetric
ol sy 0 v !
=2kr+ki20

3
Yab(r) = Ya(7) 0 [Ding, King, Lu,2108.09655] 15



> Benchmark models [Ding, King, Lu,2108.09655]

minimal S0(10): 10y + 1264 * The Higgs sector of minimal SO(10)
2kr + k19 10 10 10 models is simpler, while more free
2kp + km 6 8 10 parameters in Yukawa than the
—— — next-to-minimal SO(10)
next-to-minimal S0(10): 105 + 12045 + 126y
2k + ko 1 1 1 * Only the mixture of type-I+ll
2k p + k120 8 2 0 seesaw can be compatible with
2kp + kisg 0 4 4 data in minimal SO(10) .

Minimal model 1: (2k. +k,,, 2k. + k) = (10, 6)

126
Wy = Y VP H + a0V U H + agYa W0 H + auYyy W H + asYy o H
1 YLy + 1Yy YA + 33 Y A 8 terms
Next-to-minimal model 1: (2Ke + Ky, 2K +Kpg, 2Ke +k) = (4,8, 0)

Wy = V{0 H + aoY{ Uy H + asYy v H + 1Y) UUs + B3 S + A | 6 terms

16



» Numerically fitting the model on fermion masses

and mixing angles evolved at the GUT scale

0.40

Parameters type-1 seesaw type-I+11 seesaw
T —0.47503 + 0.8970032 | 0.492883 + 0.933623:
T2 0.788723 ¢'V-17 0.7988]8 ¢i0-06289057
T3 0.144759 1976727 0.12476 ¢1-567397
o 10,543 £i0-3800937 131899 ¢i0-304315m
C, 8 01773 (104561237 11,0205 10457549
arvg(meV) - 30 1648 ¢i0-0000503717
e/ 0y 084853 006875697 103063 ¢i0-2454227
az/a; 9.84418 i0-0684131m |1 933()7 02452337
B/ 0.717383 ¢V-4800727 0.11335 ¢i1-05365m
B2/ cu 0.00999426 ¢i1-265737 | ().0306156 0835143
T/ 2.45837 ¢'1-76308m 0.571433 103669497
arvy/vg(meV) 42,1872 3.20875
a0,/ GeV 1.48805 8.17528
arivg/GeV 0.0157628 0.0864676

| T T T S T

- 20
sin“f),

(I

0.26 0.28 0.30

TN N T T T T N 1

0.32 0.34

Observables | tvpe-I seesaw |type-14-11 seesaw
sin” 6}, 0.30062 0.294478
sin® H}a 0.0223223 0.0221286
sin® 05, 0.574905 0.569854

Stp/° 221.268 161.915
(ray/° 193.648 196.185
(v3q/° 223.403 107.988
Mme /1My, 0.00480896 0.00481101
my, /m; 0.0591488 0.0613664
my/meV 5.52462 9.1019
ma /meV 10.2333 12.5317
mg/meV 50.5706 51.0373
mgg/meV 0.020995 1.92936
M, /GeV  [1.29033 x 10| 1.19024 x 10
M /GeV  [1.29033 x 10| 1.19024 x 10+
M3 /GeV 1.29033 x 10'" | 1.19024 x 10"
o vr/GeV |5.30122 x 10| 2.10374 x 10"
Hgg (.228946 0.229003
9!}3 0.00417186 0.00407841
654 0.0409926 0.041808
oLp/° 43.6176 49.7097
My /M 0.00278043 0.00261272
me/ iy 0.00248112 0.00253582
g/ 0.0537242 0.0496242
m/my 0.0188432 0.0186282
1y, /M. 0.820639 (0.782847
;(E 0.971826 4.20832
Y 2.89378 2.67676
X 9.12829 3.10314
X~ 12,9939 9.98522
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» Leptogenesis in modular SO(10) GUT

The right-handed neutrino masses and Yukawa couplings are fixed by fermion masses and mixing.

The evolution of baryon asymmetry is described by density matrix equations [Blanchet, Bari, Jones,
Marzola, 1112.4528 ]

H
dNNi e .~
e =—Dz‘(NNi —Nﬁ%), N; *'};
dNB—L . 1 vt
afl _ () e i —
&= X e - R - g {pover) ] L
i I
S(A H *.H /
_ “é{ r) (5meﬁ-L + 85, Nok — 25QT65,,N£_L) v o N N "
Z LV Q i . P IV * ‘
— %(AM) (5 NB—L + 5 NB—L — 92855 NB_L) K’?'r Y;’Jf Xy
H~ aptV 8 ButVapu apCButN pp ? L L s, H
lU'E' B ELLIL B R . 1.50_ L e e e e L
— 3DME - :
105 R — BE 1.25_— -
~ \( - - - 1 Fermion masses and flavor mixing
E 1010 \T . 21.00:— 1 and baryon asymmetry in a model!
>~ i‘x:
10-12 0.75F | _
10- 4 E il o 0,501 -015- - llfo' L '1E5' ) [Ding, King, Lu, Qu, 2206.14675]

104 10-2 1 10° ,
z=M,|T dep/m 18



Summary and outlook

» The modular flavor symmetry is a promising approach to address the flavor structure, it
unifies the three generations of fermion, Yukawa couplings are modular forms which are
holomorphic functions of 7. The structure of flavor models are significantly simplified.

» GUTs unify quarks and leptons as well as gauge coupling constants.
» Modular symmetry + GUTs allows to construct highly constrained and predictive flavor
theory testable at neutrino oscillation and OvS 5 decay experiments.

» GUT symmetry breaking and the interplay of modular symmetry with proton decay, GW etc
should be carefully studied for a complete theory of flavor.

odular D
ymmetry

GUTs
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Thank you for your attention!



Backup



Modular invariance as flavor symmetry

Modular invariance is motivated by more fundamental theory such as string theory at high energy scale
Compactification 4 torus compactlflcat|on

@@ @

4D effective Lagrangian: S = Jd"‘rdﬁy Lyp = Jd":r- Le(, 7i)

10D [Ferrara et al, 1989;
Feruglio, 1706.08749]

The shape of a torus T 2is characterized by a modulus 7=@®, /@, Im >0

A
Woy — 2[.0’1 Wo
\ 1 ) [ ] |
s » )
@ @ . o
@ 7

The torus (lattice) is left invariant by modular transformations

@) _(a b, ar +b > Finite modular Gr: '
_ oy = groups as G¢: the quotient over the
(o) 6 o))z =EE f

_ principal congruence subgroups I'(N)
SL(2,Z): ad—bc =1, a,b,c,d integers
I, =SL(2,Z)/+(N), T, =SL(2,2)/T(N)

12

7, @) mmp L.q modularinvariant|




A, modular group and modular forms of level 3

A, is the symmetry group of the tetrahedron  A4,: S =T° = (ST)> =1

» A, has only 4 irreducible representations: 1, 1’, 1,3
1: 5=1, T=1
singlets ) 1. g1 T7=0

1”7:S=1, T =uw*

1 -1 2 2 1 0
triplets 3:S=§ 2 =1 2 |, T=10w 0
> tensor product 2 2 -1 00 w?
o b | | |
g | & ﬁz = (1 + B3 + azB2), B (asfs + a1 fa + a2f)y @ (B + ar B3 + asfi)
az) . \P3/,
20051 — vz ffs — s, off3 — a3
> 203353 — Oﬂlﬁz — azfh @ | a182 — azf :
20080 — anfls —asgPi /) 4 asfy —aifis/ 4

» modular forms at level 3  tensor product—> higher weight modular forms

, Y, =2(7) 1+12q + 36¢* + 12¢° +...
YEE :I(T] = | Y2 = [ V20(n)e(7) | = | =6¢"° (1 +Tq +8¢* + 18¢° + .. )
Y, —9%(7)

—18¢*3 (1 +2¢ +5¢* + 4¢*> + .. )
weight 1 modular forms: (r) = 3v21%(37)/n(r), &(r) = — [3°(37) +7*(r/3)] /()

T
T
e

— 2T IT

q=e

10 -0 T[a-q")



» The integral weight modular forms are homogeneous polynomials of the lowest weight one
modular forms which can be constructed from the Dedekind eta function and Klein forms.

> 0 = n 7t
Mk(]_"(?))) — @ (D?? (37'}):) (T/?)) U(T):q1/24H(1_q ) | quZ
a+b=k, a,b>0 (1) n-1
m2b—2a ba—b
M (T4)= B ¢’ (4;2” (27) [Ding, King, 2311.09282]
a+b=2k,a,b>0 'l (T)
. 15k:(5T)

J a = =
Mi(I'(5)) = @ CWE Q(OT)?%,g(OT)

1
a+b=5k, a,b=0

2'h

Irreps of
lowest weight

N | dimM,(T(N)) | =T/T(N) | Dy

2 | k/2+4+ 1(k even) Ss 6 —
3 k+1 T’ 24 2
4 2k + 1 S’ 48 3

5k + 1 AL 120 6

o




