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Motivation

The experimental measurement of the global polarization of quark matter in heavy ion
collisions has confirmed the existence of spin polarization and spin transport phenomena in
quark matter, which has greatly enriched people’s understanding of the strong interaction.
However, there are still several problems that need to be studied in both theoretical and
experimental aspects: the difference of Λ/Λ̄ hyperon polarization, the rapidity dependence of
global polarization, the local hyperon polarization, the difference and similarity of global
polarization of different vector mesons, etc.
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Conservation laws
Total angular momentum tensor conservation

∂λĴλµν = ∂λŜλµν + 2T̂[µν] = 0, Ĵλµν = xµT̂λν − xνT̂λµ︸ ︷︷ ︸
orbital angular momentum

+ Ŝλµν︸︷︷︸
spin angular momentum

,

Energy-momentum tensor conservation

∂µT̂µν = 0,

Charges currents conservation

∂µN̂µ
a = 0, a = 1, . . . , l.

The decomposition of the total angular momentum current obtained by choosing a particular
form of the energy-momentum tensor and the spin tensor is not unique. A given pair of these
currents can always be transformed to another one through the so-called pseudo-gauge.
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Conservation laws
We choose the canonical forms of conserved currents with the energy-momentum tensor
having both symmetric and antisymmetric parts and the spin tensor being totally
antisymmetric in all its Lorentz indices. One can add to energy-momentum tensor an
additional totally divergent term: ˆ̃T

µν

= T̂µν + ∂λ(uν Ŝµλ).

Total angular momentum tensor conservation

∂λĴλµν = 2
ˆ̃T
[µν]

+ ∂λŜλµν = 2T̂[µν] + ∂λ(uν Ŝµλ)− ∂λ(uµŜνλ) + ∂λŜλµν = 0,

Energy-momentum tensor conservation
∂µ

ˆ̃T
µν

= ∂µT̂µν + ∂µ∂λ(uν Ŝµλ) = ∂µT̂µν = 0,

Charges currents conservation
∂µN̂µ

a = 0, a = 1, . . . , l.
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Non-equilibrium statistical operator
Thermodynamic relations

Tds = dϵ−
∑

a
µadna − ωαβdSαβ ,

ϵ+ p = Ts +
∑

a
µana + ωαβSαβ ,

dp = sdT +
∑

a
nadµa + Sαβdωαβ .

Zubarev’s formalism is based on a generalization of the Gibbs canonical ensemble to
non-equilibrium states. The full non-equilibrium statistical operator should be found from the
quantum Liouville equation with an infinitesimal source term (memory effects),

ρ̂(t) =Q−1(t) exp
{
−
∫

d3xẐ(x, t)
}
, Q(t) = Tr exp

{
−
∫

d3xẐ(x, t)
}
,

Ẑ(x, t) =ε

∫ t

−∞
dt1eε(t1−t)

[
βν (x, t1) T̂0ν (x, t1)−

∑
a

αa (x, t1) N̂0
a (x, t1)− ω̃αβ (x, t1) Ŝ0αβ (x, t1)

]
.
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Non-equilibrium statistical operator

It can also be divided into local equilibrium and non-equilibrium contributions by integrating it
by parts and using the conservation laws. The statistical operator is promoted to a non-local
functional of the thermodynamic parameters and their space-time derivatives,

ρ̂(t) = Q−1e−Â+B̂, Q = Tre−Â+B̂,

Â(t) =
∫

d3x
[
βν(x, t)T̂0ν(x, t)−

∑
a

αa(x, t)N̂0
a(x, t)− ω̃αβ(x, t)Ŝ0αβ(x, t)

]
,

B̂(t) =
∫

d3x
∫ t

−∞
dt1eε(t1−t)Ĉ (x, t1) ,

Ĉ(x, t) =T̂µν(x, t)∂µβν(x, t)−
∑

a
N̂µ

a (x, t)∂µαa(x, t)− Ŝλαβ (x, t) ∂λω̃αβ(x, t)

+ 2ω̃αβ(x, t)T̂[αβ](x, t) + 2uαŜβλ∂λω̃αβ(x, t).
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Second-order expansion of the statistical operator
The non-equilibrium statistical operator can then be expanded in a series with respect to the
thermodynamic forces up to the second order,

ρ̂ =ρ̂l + ρ̂1 + ρ̂2,

ρ̂1 =

∫
d4x1

∫ 1

0

dτ
[
Ĉτ (x1)−

〈
Ĉτ (x1)

〉
l

]
ρ̂l, X̂τ = e−τ ÂX̂eτ Â,

∫
d4x1 ≡

∫
d3x1

∫ t

−∞
dt1eε(t1−t),

ρ̂2 =
1

2

∫
d4x1d4x2

∫ 1

0

dτ
∫ 1

0

dλ
[
T̃
{

Ĉλ (x1) Ĉτ (x2)
}
−
〈

T̃
{

Ĉλ (x1) Ĉτ (x2)
}〉

l

−
〈

Ĉλ (x1)
〉

l
Ĉτ (x2)− Ĉλ (x1)

〈
Ĉτ (x2)

〉
l
+ 2

〈
Ĉλ (x1)

〉
l

〈
Ĉτ (x2)

〉
l

]
ρ̂l.

We can now write down the statistical average of an arbitrary operator ⟨X̂ (x)⟩ as

⟨X̂(x)⟩ = ⟨X̂(x)⟩l +

∫
d4x1

(
X̂ (x) , Ĉ (x1)

)
+

∫
d4x1

∫
d4x2

(
X̂ (x) , Ĉ (x1) , Ĉ (x2)

)
,
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Second-order expansion of the statistical operator

where we defined a two-point correlation function and the three-point correlation function(
X̂(x), Ŷ (x1)

)
=

∫ 1

0
dτ

〈
X̂(x)

[
Ŷτ (x1)− ⟨Ŷτ (x1)⟩l

]〉
l
,(

X̂(x), Ŷ (x1) , Ẑ (x2)
)
=
1

2

∫ 1

0
dτ

∫ 1

0
dλ

〈
T̃
{

X̂(x)
[
Ŷλ (x1) Ẑτ (x2)− ⟨T̃Ŷλ (x1) Ẑτ (x2)⟩l

− ⟨Ŷλ (x1)⟩lẐτ (x2)− Ŷλ (x1) ⟨Ẑτ (x2)⟩l + 2⟨Ŷλ (x1)⟩l⟨Ẑτ (x2)⟩l
]}〉

l
.

It is straightforward to find the symmetry relation∫
d4x1d4x2

(
X̂(x), Ŷ (x1) , Ẑ (x2)

)
=

∫
d4x1d4x2

(
X̂(x), Ẑ (x1) , Ŷ (x2)

)
.
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Hydrodynamic equations

The decompositions of the charge currents, the spin tensor and the energy-momentum tensor
in terms of their equilibrium and dissipative parts

N̂µ
a = n̂auµ + ĵµa ,

Ŝλµν = uλŜµν + uµŜνλ + uν Ŝλµ + ϖ̂λµν ,

T̂µν = ϵ̂uµuν − p̂∆µν + ĥµuν + ĥνuµ + π̂µν + q̂µuν − q̂νuµ + ϕ̂µν ,

Hydrodynamic gradient expansion

ϵ̂ ∼ n̂a ∼ Ŝµν ∼ uµ ∼ O
(
∂0

)
,

ĥµ ∼ π̂µν ∼ q̂µ ∼ ϕ̂µν ∼ ϖ̂λµν ∼ ωµν ∼ O
(
∂1

)
.
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Hydrodynamic equations

Note that here we did not separate the equilibrium part of the pressure from the bulk-viscous
pressure. The statistical average of the operator p̂ gives the actual isotropic (non-equilibrium)
pressure, which in general differs from the equilibrium pressure p(⟨ϵ̂⟩, ⟨n̂a⟩, ⟨Ŝαβ⟩) given by the
EoS. The bulk-viscous pressure is defined as the difference of these two averages.

Hydrodynamics equations
Dna + naθ + ∂µjµa = 0,

Dϵ+ (ϵ+ p +Π)θ + ∂µhµ − hµDuµ − πµνσµν + ∂µqµ + qµDuµ − ϕµν∂µuν = 0,

(ϵ+ p +Π)Duα −∇α(p +Π) +∆αµDhµ + hµ∂µuα + hαθ +∆αν∂µπ
µν

+ qµ∂µuα − qαθ −∆ανDqν +∆αν∂µϕ
µν = 0,

DSµν + θSµν + ∂λϖ
λµν + 2qµuν − 2qνuµ + 2ϕµν = 0.
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Decomposition into different dissipative processes

The final form of the operator Ĉ to first order in gradients

Ĉ =− βθp̂∗ −
∑

a
Ĵ σ

a ∇σαa − βq̂µ (Duµ + β∇µT − 4ωµνuν)

+ βπ̂µνσµν + ϕ̂µν
(
Ωµν + 2βω⟨µ⟩⟨ν⟩

)
,

where

p̂∗ =p̂ − γϵ̂−
∑

a
δan̂a − δαβ Ŝαβ , Ĵ σ

a = ĵσa − na
ϵ+ pĥσ,

γ =
∂p
∂ϵ

∣∣∣∣
na,Sαβ

, δc =
∂p
∂nc

∣∣∣∣
ϵ,nb ̸=nc,Sαβ

, δαβ =
∂p

∂Sαβ

∣∣∣∣
ϵ,na

.
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Computing the dissipative quantities
According to Curie’s theorem, in an isotropic medium the correlations between operators of
different rank and spatial parity vanish. We obtain the shear-stress tensor to leading order

πµν (x) ≡⟨π̂µν (x)⟩1 =
∫

d4x1 (π̂µν (x) , π̂ρσ (x1))β (x1)σρσ (x1)

=β (x)σρσ (x)
∫

d4x1 (π̂µν (x) , π̂ρσ (x1)) .

The main contribution to the integrand comes from the range |x1 − x| ≲ λ, where λ is a
typical microscopic length scale over which the shear-stress correlation function decays. On
the other hand, in the hydrodynamic regime, the thermodynamic parameters and the fluid
velocity vary over a macroscopic length scale L ≫ λ.
The isotropy of the medium implies(

π̂µν (x) , π̂ρσ (x1)
)
=

1

5
∆µνρσ (x)

(
π̂λη (x) , π̂λη (x1)

)
,
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Computing the dissipative quantities
The required linear relations between the dissipative currents and the thermodynamic forces

πµν = 2ησµν , Π = −ζθ, ϕµν = γ
(
Ωµν + 2βω⟨µ⟩⟨ν⟩),

J µ
a =

∑
b

χab∇µαb, qµ = λ
(
Duµ + β∇µT − 4ωµνuν

)
,

η (x) = β (x)
10

∫
d4x1

(
π̂µν (x) , π̂µν (x1)

)
= − 1

10

d
dω ImGR

π̂µν π̂µν (ω)

∣∣∣∣
ω=0

,

ζ (x) = β (x)
∫

d4x1
(
p̂∗ (x) , p̂∗ (x1)

)
= − d

dω ImGR
p̂∗ p̂∗ (ω)

∣∣∣∣
ω=0

,

γ (x) = 1

3

∫
d4x1

(
ϕ̂µν (x) , ϕ̂µν (x1)

)
= −T

3

d
dω ImGR

ϕ̂µν ϕ̂µν
(ω)

∣∣∣∣
ω=0

,

χab (x) = −1

3

∫
d4x1

(
Ĵ λ

a (x) , Ĵbλ (x1)
)
=

T
3

d
dω ImGR

Ĵλ
a Ĵbλ

(ω)

∣∣∣∣
ω=0

,

λ (x) = −β (x)
3

∫
d4x1

(
q̂λ (x) , q̂λ (x1)

)
=

1

3

d
dω ImGR

q̂λ q̂λ (ω)

∣∣∣∣
ω=0

.
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Decomposing the thermodynamic force up to the second order
The final form of the operator Ĉ to second order in gradients

Ĉ (x) = Ĉ1 (x) + Ĉ2 (x) ,

where Ĉ1 and Ĉ2 are the first- and the second-order contributions,

Ĉ1 (x) =− βθp̂∗ −
∑

a
Ĵ σ

a ∇σαa − βq̂µ
(
Duµ + β∇µT − 4ωµνuν

)
+ βπ̂µνσµν

+ ϕ̂µν
(
Ωµν + 2βω⟨µ⟩⟨ν⟩

)
− ϖ̂λαβ∆{λαβ}{ρσδ}∇ρω̃σδ,

Ĉ2 (x) =− β̂∗(Πθ + ∂µhµ − hµDuµ − πµνσµν + ∂µqµ + qµDuµ − ϕµν∂µuν
)
+
∑

a
α̂∗

a∂µjµa

+
(
∂λϖ

λαβ + 4qαuβ + 2ϕαβ
)
ˆ̃ω
∗
αβ − ĥσ β

ϵ+ p
(
−TSαβ∇σω̃αβ −∇σΠ+ΠDuσ

+ Dhσ + hµ∂µuσ + hσθ + ∂µπµσ + qµ∂µuσ − qσθ − Dqσ + ∂µϕµσ

)
.
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Decomposing the thermodynamic force up to the second order

with

β̂∗ = ϵ̂
∂β

∂ϵ

∣∣∣∣
na,Sαβ

+
∑

a
n̂a

∂β

∂na

∣∣∣∣
ϵ,nb ̸=na,Sαβ

+ Ŝαβ ∂β

∂Sαβ

∣∣∣∣
ϵ,nb

,

α̂∗
a = ϵ̂

∂αa
∂ϵ

∣∣∣∣
nb,Sαβ

+
∑

c
n̂c

∂αa
∂nc

∣∣∣∣
ϵ,nb ̸=nc,Sαβ

+ Ŝαβ ∂αa
∂Sαβ

∣∣∣∣
ϵ,nb

,

ˆ̃ω
αβ∗

= ϵ̂
∂ω̃αβ

∂ϵ

∣∣∣∣
nb,Sαβ

+
∑

c
n̂c

∂ω̃αβ

∂nc

∣∣∣∣
ϵ,nb ̸=nc,Sαβ

+ Ŝδρ∂ω̃αβ

∂Sδρ

∣∣∣∣
ϵ,nb,Sαβ ̸=Sδρ

.

We can write the statistical average of an arbitrary operator X̂ (x) up to second order

⟨X̂ (x)⟩ = ⟨X̂ (x)⟩l + ⟨X̂ (x)⟩1 + ⟨X̂ (x)⟩2,
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Decomposing the thermodynamic force up to the second order
The first-order correction is given by

⟨X̂ (x)⟩1 =
∫

d4x1
(
X̂ (x) , Ĉ1 (x1)

)∣∣
loc,

The second-order correction ⟨X̂ (x)⟩2 can be decomposed into three terms,

⟨X̂ (x)⟩2 = ⟨X̂ (x)⟩12 + ⟨X̂ (x)⟩22 + ⟨X̂ (x)⟩32,

⟨X̂ (x)⟩12 =
∫

d4x1
(
X̂ (x) , Ĉ1 (x1)

)
− ⟨X̂ (x)⟩1,

⟨X̂ (x)⟩22 =
∫

d4x1
(
X̂ (x) , Ĉ2 (x1)

)
,

⟨X̂ (x)⟩32 =
∫

d4x1d4x2
(
X̂ (x) , Ĉ1 (x1) , Ĉ1 (x2)

)
.
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Second-order corrections to the shear-stress tensor
Relaxation equation for the shear stress tensor
τππ̇µν + πµν =2ησµν + η̃θπµν + ηθσµν +

∑
ab
η̃ab
2 ∇⟨µαa∇ν⟩αb +

∑
a
η̃a
3∇⟨µαa

(
Duν⟩ + β∇ν⟩T − 4ων⟩βuβ)

+ η̃4
(
Du⟨µ + β∇⟨µT − 4ω⟨µσuσ)(Duν⟩ + β∇ν⟩T − 4ων⟩βuβ)+ η̃5σα⟨µσ

α
ν⟩

+ η̃6σ(µα

(
Ωα

ν) + 2βω
⟨α⟩
⟨ν⟩)
)
+ η̃7

(
Ω⟨να + 2βω⟨⟨ν⟩⟨α⟩

)(
Ωα

µ⟩ + 2βω
⟨α⟩
⟨µ⟩⟩
)
.

η =η̃1 − 2γητπ, η̃ = τπβη
−1

(
γ
∂η

∂β
−
∑

a
δa
∂η

∂αa
− δαβ

∂η

∂ω̃αβ

)
,

ητπ =− i d
dωη(ω)

∣∣∣∣
ω=0

=
1

20

d2

dω2
ReGR

π̂µν π̂µν (ω)

∣∣∣∣
ω=0

, η̃1 = −2

5
β2

∫
d4x1d4x2

(
π̂γδ(x), p̂∗ (x1) , π̂γδ (x2)

)
,

η̃ab
2 =

1

5

∫
d4x1d4x2

(
π̂γδ(x), Ĵ γ

a (x1) , Ĵ δ
b (x2)

)
, η̃a

3 =
2

5
β

∫
d4x1d4x2

(
π̂γδ (x) , Ĵ γ

a (x1) , q̂δ (x2)
)
,

η̃4 =
1

5
β2

∫
d4x1d4x2

(
π̂γδ (x) , q̂γ (x1) , q̂δ (x2)

)
, η̃5 =

12

35
β2

∫
d4x1d4x2

(
π̂δ
γ(x), π̂λ

δ (x1) , π̂γ
λ (x2)

)
,

η̃6 =
8

15
β

∫
d4x1d4x2

(
π̂ δ
γ (x) , π̂ λ

δ (x1) , ϕ̂ γ
λ (x2)

)
, η̃7 =

4

5

∫
d4x1d4x2

(
π̂ δ
γ (x) , ϕ̂ λ

δ (x1) , ϕ̂ γ
λ (x2)

)
,
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Second-order corrections to the bulk viscous pressure
Relaxation equation for the bulk viscous pressure

τΠΠ̇ + Π =− ζθ + ςθ2 + ζ̃θΠ+
∑

a
ζαa∂µJ µ

a − ζβ (Πθ − πµνσµν + ∂µqµ)− ζ̃β∂µhµ

+ hµ

[
ζβDuµ +

∑
a
ζαa∇µ

(
na
ϵ+ p

)]
− qµ (ζβDuµ − 4ζωµνuν) + ϕµν (ζβ∂µuν + 2ζωµν)

+ ζωαβ∂λϖ
λαβ +

∑
ab
ζ̃2∇ααa∇ααb + ζ̃3

(
Duα + β∇αT − 4ωαβuβ

)∑
a

∇ααa

+ ζ̃4 (Duα + β∇αT − 4ωανuν)
(

Duα + β∇αT − 4ωαβuβ
)
+ ζ̃5σαβσ

αβ

+ ζ̃6
(
Ωαβ + 2βω⟨α⟩⟨β⟩

) (
Ωαβ + 2βω⟨α⟩⟨β⟩

)
+ ζ̃7∆{abc}{def}∇aω̃bc∇dω̃ef.

ς =ζ̃1 + ζ∗ + ψϵϵζ
2
ϵ + 2ζϵ

∑
a
ψϵaζa +

∑
ab
ψabζaζb + 2

∑
a
ψaαβζaζαβ + ψαβρσζαβζρσ + 2ψϵαβζϵζαβ ,

ζ̃ =τΠβζ
−1
(
γ
∂ζ

∂β
−
∑

a
δa
∂ζ

∂αa
− δαβ

∂ζ

∂ω̃αβ

)
, ζ̃1 = β2

∫
d4x1d4x2 (p̂∗ (x) , p̂∗ (x1) , p̂∗ (x2)) ,
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Second-order corrections to the bulk viscous pressure

ζ̃ab
2 =

1

3

∫
d4x1d4x2

(
p̂∗ (x) , Ĵaγ (x1) , Ĵ γ

b (x2)
)
, ζ̃a

3 =
2

3
β

∫
d4x1d4x2

(
p̂∗ (x) , Ĵaγ (x1) , q̂γ (x2)

)
,

ζ̃4 =
1

3
β2

∫
d4x1d4x2 (p̂∗ (x) , q̂γ (x1) , q̂γ (x2)) , ζ̃5 =

1

5
β2

∫
d4x1d4x2

(
p̂∗ (x) , π̂γδ (x1) , π̂γδ (x2)

)
,

ζ̃6 =
1

3

∫
d4x1d4x2

(
p̂∗ (x) , ϕ̂γδ (x1) , ϕ̂γδ (x2)

)
, ζ̃7 =

∫
d4x1d4x2

(
p̂∗ (x) , ϖ̂ργδ (x1) , ϖ̂ργδ (x2)

)
,

ζ̃β =ζβ − 1

ϵ+ p
∑

a
naζαa , ζβ = T∂β

∂ϵ
ζϵ +

∑
c

T ∂β

∂nc
ζc + T ∂β

∂Sαβ
ζαβ ,

ζαa =T∂αa
∂ϵ

ζϵ +
∑

c
T∂αa
∂nc

ζc + T ∂αa
∂Sαβ

ζαβ , ζωαβ =
∂ω̃αβ

∂ϵ
Tζϵ +

∑
c

∂ω̃αβ

∂nc
Tζc +

∂ω̃αβ

∂Sδρ
Tζαβ ,

ζ∗ =γζτΠ + 2ζϵτϵ
(
ψϵϵ (ϵ+ p) +

∑
a

naψϵa + ψϵαβSαβ)+ 2
∑

a
ζaτa

(
ψϵa (ϵ+ p) +

∑
b
ψabnb + ψaαβSαβ)

+ 2ζαβταβ

(
ψϵαβ (ϵ+ p) +

∑
a
ψaαβna + ψαβρσSρσ)− 2θ−1δαβuαDuλζβλτβλ,
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Second-order corrections to the bulk viscous pressure

ζτΠ =− i d
dω ζ(ω)

∣∣∣∣
ω=0

=
1

2

d2

dω2
ReGR

p̂∗ p̂∗(ω)

∣∣∣∣
ω=0

, ζϵτϵ = −i d
dω ζϵ(ω)

∣∣∣∣
ω=0

=
1

2

d2

dω2
ReGR

p̂∗ ϵ̂(ω)

∣∣∣∣
ω=0

,

ζaτa =− i d
dω ζa(ω)

∣∣∣∣
ω=0

=
1

2

d2

dω2
ReGR

p̂∗ n̂a(ω)

∣∣∣∣
ω=0

, ζαβταβ = −i d
dω ζαβ (ω)

∣∣∣∣
ω=0

=
1

2

d2

dω2
ReGR

p̂∗Ŝαβ (ω)

∣∣∣∣
ω=0

,

ζϵ =β

∫
d4x1 (ϵ̂ (x) , p̂∗ (x1)) = − d

dω ImGR
ϵ̂p̂∗ (ω)

∣∣∣∣
ω=0

, ζa = β

∫
d4x1 (n̂a (x) , p̂∗ (x1)) = − d

dω ImGR
n̂a p̂∗ (ω)

∣∣∣∣
ω=0

,

ζαβ =β

∫
d4x1

(
Ŝαβ (x) , p̂∗ (x1)

)
= − d

dω ImGR
Ŝαβ p̂∗ (ω)

∣∣∣∣
ω=0

, ψϵϵ =
1

2

∂2p
∂ϵ2

, ψϵa =
1

2

∂2p
∂ϵ∂na

,

ψab =
1

2

∂2p
∂na∂nb

, ψaαβ =
1

2

∂2p
∂na∂Sαβ

, ψαβρσ =
1

2

∂2p
∂Sαβ∂Sρσ

, ψϵαβ =
1

2

∂2p
∂ϵ∂Sαβ

.
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Second-order corrections to the diffusion currents

Relaxation equation for the diffusion currents∑
b
τ cb

J
˙Jbµ + Jcµ =

∑
b

[
χcb∇µαb + χcbθJbµ + χ∗

cbθ∇µαb + χ̃cb
3 σµν∇ναb

]
+ χch

β

ϵ+ p
(
−TSαβ∇µω̃αβ

−∇µΠ+Πu̇µ + ḣµ + hν∂νuµ + hµθ +∆µσ∂νπ
νσ + qν∂νuµ − qµθ − q̇µ +∆µσ∂νϕ

νσ)
+ χ̃c

2θ
(
Duµ + β∇µT − 4ωµνuν)+∑

a
χ̃ca
4 ∇σαa

(
Ωµσ + 2βω⟨µ⟩⟨σ⟩

)
+ χ̃c

5

(
Duσ + β∇σT − 4ωσνuν

)
σµσ + χ̃c

6

(
Duσ + β∇σT − 4ωσνuν

)(
Ωµσ + 2βω⟨µ⟩⟨σ⟩

)
+ χ̃c

7

(
Ωνσ + 2βω⟨ν⟩⟨σ⟩)∆{µνσ}{ργδ}∇ρω̃γδ.

χcb =β
∑

a
χ̃ca
[
γ
∂
(
χ−1

)
ab

∂β
−
∑

d
δd
∂
(
χ−1

)
ab

∂αd
− δαβ

∂
(
χ−1

)
ab

∂ω̃αβ

]
,

χ∗
cb =χ̃cb

1 − χ̃ch
1

(ϵ+ p)2
nb
[
γ (ϵ+ p) +

∑
d
δdnd + δαβSαβ], τ cb

J = −
(
χ̃χ−1)

cb = −
∑

a
χ̃ca
(
χ−1)

ab ,
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Second-order corrections to the diffusion currents

χ̃ca
1 =

2

3
β

∫
d4x1d4x2

(
Ĵcγ (x) , Ĵ γ

a (x1) , p̂∗ (x2)
)
, χ̃c

2 =
2

3
β2

∫
d4x1d4x2

(
Ĵcβ (x) , q̂β (x1) , p̂∗ (x2)

)
,

χ̃ca
3 =− 2

5
β

∫
d4x1d4x2

(
Ĵ γ

c (x) , Ĵ δ
a (x1) , π̂γδ (x2)

)
, χ̃ca

4 = −2

3

∫
d4x1d4x2

(
Ĵ γ

c (x) , Ĵ δ
a (x1) , ϕ̂γδ (x2)

)
,

χ̃c
5 =− 2

5
β2

∫
d4x1d4x2

(
Ĵ γ

c (x) , q̂δ (x1) , π̂γδ (x2)
)
, χ̃c

6 = −2

3
β

∫
d4x1d4x2

(
Ĵ γ

c (x) , q̂δ (x1) , ϕ̂γδ (x2)
)
,

χ̃c
7 =− 2

∫
d4x1d4x2

(
Ĵcρ (x) , ϕ̂γδ (x1) , ϖ̂ργδ (x2)

)
, χ̃ac = i d

dωχac(ω)

∣∣∣∣
ω=0

=
T
6

d2

dω2
ReGR

Ĵλ
a Ĵcλ

(ω)

∣∣∣∣
ω=0

,

χch =− 1

3

∫
d4x1

(
Ĵcα (x) , ĥα (x1)

)
=

T
3

d
dω ImGR

Ĵα
c ĥα (ω)

∣∣∣∣
ω=0

,

χ̃ch =i d
dωχch(ω)

∣∣∣∣
ω=0

=
T
6

d2

dω2
ReGR

Ĵλ
c ĥλ(ω)

∣∣∣∣
ω=0

,
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Second-order corrections to the spatial projection of the
antisymmetric stress

Relaxation equation for the spatial projection of the antisymmetric stress
τϕϕ̇µν + ϕµν =γ

(
Ωµν + 2βω⟨µ⟩⟨ν⟩

)
+ γ̃θϕµν + γ̃1θ

(
Ωµν + 2βω⟨µ⟩⟨ν⟩

)
+
∑

ab
γ̃ab
2 ∇[µαa∇ν]αb

+
∑

a
γ̃a
3∇[µαa

(
Duν] + β∇ν]T − 4ων]ρuρ)+∑

a
γ̃a
5∇σαa∆{µνσ}{ργδ}∇ρω̃γδ

+ γ̃4
(
Du[µ + β∇[µT − 4ω[µρuρ)(Duν] + β∇ν]T − 4ων]σuσ)

+ γ̃6
(
Duσ + β∇σT − 4ωσϵuϵ

)
∆{µνσ}{ργδ}∇ρω̃γδ + γ̃7σ[µασ

α
ν]

+ γ̃8σ[µα

(
Ωα

ν] + 2βω
⟨α⟩
⟨ν⟩]
)
+ γ̃9

(
Ω[µα + 2βω[⟨µ⟩⟨α⟩

)(
Ωα

ν] + 2βω
⟨α⟩
⟨ν⟩]
)
.
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Second-order corrections to the spatial projection of the
antisymmetric stress

γ̃ =τϕβη
−1

(
γ
∂γ

∂β
−
∑

a
δa
∂γ

∂αa
− δαβ

∂γ

∂ω̃αβ

)
, γ̃1 = −2

3
β

∫
d4x1d4x2

(
ϕ̂γδ (x) , p̂∗ (x1) , ϕ̂γδ (x2)

)
,

γ̃ab
2 =

1

3

∫
d4x1d4x2

(
ϕ̂γδ (x) , Ĵ γ

a (x1) , Ĵ δ
b (x2)

)
, γ̃a

3 =
2

3
β

∫
d4x1d4x2

(
ϕ̂γδ (x) , Ĵ γ

a (x1) , q̂δ (x2)
)
,

γ̃4 =
1

3
β2

∫
d4x1d4x2

(
ϕ̂γδ (x) , q̂γ (x1) , q̂δ (x2)

)
, γ̃a

5 = 2

∫
d4x1d4x2

(
ϕ̂εγ (x) , Ĵaϵ (x1) , ϖ̂εγϵ (x2)

)
,

γ̃6 = 2β

∫
d4x1d4x2

(
ϕ̂εγ (x) , q̂ϕ (x1) , ϖ̂εγϕ (x2)

)
, γ̃7 = − 4

15
β2

∫
d4x1d4x2

(
ϕ̂ δ
γ (x) , π̂ λ

δ (x1) , π̂ γ
λ (x2)

)
,

γ̃8 = −8

5
β

∫
d4x1d4x2

(
ϕ̂ δ
γ (x) , π̂ λ

δ (x1) , ϕ̂ γ
λ (x2)

)
, γ̃9 = −4

3

∫
d4x1d4x2

(
ϕ̂ δ
γ (x) , ϕ̂ λ

δ (x1) , ϕ̂ γ
λ (x2)

)
,

γτϕ = −i d
dωγ (ω)

∣∣∣∣
ω=0

=
T
6

d2

dω2
ReGR

ϕ̂µν ϕ̂µν (ω)

∣∣∣∣
ω=0

,
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Second-order corrections to the temporal projection of the
antisymmetric stress
Relaxation equation for the temporal projection of the antisymmetric stress
τqq̇µ + qµ =λ

(
Duµ + β∇µT − 4ωµνuν)+ λ∗θ

(
Duµ + β∇µT − 4ωµνuν)+ λ̃θqµ +

∑
b
λ̃b
1θ∇µαb

+
∑

a
λ̃a
3σµσ∇σαa +

∑
a
λ̃a
4

(
Ωµσ + 2βω⟨µ⟩⟨σ⟩

)
∇σαa + λ̃5σµσ

(
Duσ + β∇σT − 4ωσνuν

)
+ λ̃6

(
Duσ + β∇σT − 4ωσνuν

)(
Ωµσ + 2βω⟨µ⟩⟨σ⟩

)
+ λ̃7

(
Ωαβ + 2βω⟨α⟩⟨β⟩)∆{µαβ}{γδε}∇γ ω̃δε.

λ̃q = τqλ
−1β

(∂λ
∂β

γ −
∑

d

∂λ

∂αd
δd −

∂λ

∂ω̃αβ
δαβ

)
, λ∗ = λ̃2 + γλ̃, τq = −λ̃λ−1,

λ̃b
1 =

2

3
β

∫
d4x1d4x2

(
q̂β (x) , p̂∗ (x1) , Ĵ β

b
)
, λ̃2 =

2

3
β2

∫
d4x1d4x2

(
q̂β (x) , p̂∗ (x1) , q̂β (x2)

)
,

λ̃a
3 = −2

5
β

∫
d4x1d4x2

(
q̂γ (x) , Ĵ δ

a (x1) , π̂γδ (x2)
)
, λ̃a

4 = −2

3

∫
d4x1d4x2

(
q̂γ (x) , Ĵ δ

a (x1) , ϕ̂γδ (x2)
)
,

λ̃5 = −2

5
β2

∫
d4x1d4x2

(
q̂γ (x) , q̂δ (x1) , π̂γδ (x2)

)
, λ̃6 = −2

3
β

∫
d4x1d4x2

(
q̂γ (x) , q̂δ (x1) , ϕ̂γδ (x2)

)
,

λ̃7 = −2

∫
d4x1d4x2

(
q̂γ (x) , ϕ̂δϵ (x1) , ϖ̂γδϵ (x2)

)
, λ̃ = i d

dωλ (ω)
∣∣∣∣
ω=0

=
1

6

d2

dω2
ReGR

q̂λ q̂λ (ω)

∣∣∣∣
ω=0

.
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Second-order corrections to the spin-related dissipative current
Relaxation equation for the spin-related dissipative current

τφϖ̇
λµν +ϖλµν =φ∆

{λµν}
{ρσδ}∇

ρω̃σδ + φ̃θϖλµν + φ̃1θ∆
{λµν}
{abc} ∇aω̃bc

+
∑

a
φ̃a

2∆
{λµν}{ρσδ}∇ραa

(
Ωσδ + 2βω⟨σ⟩⟨δ⟩

)
+ φ̃3∆

{λµν}{ρσδ}(Duρ + β∇ρT − 4ωραuα)(Ωσδ + 2βω⟨σ⟩⟨δ⟩
)
.

φ̃ =φ−1βτφ

(
∂φ

∂β
γ −

∑
a

∂φ

∂αa
δa −

∂φ

∂ω̃αβ
δαβ

)
, φ̃1 = 2β

∫
d4x1d4x2

(
ϖ̂γεζ (x) , p̂∗ (x1) , ϖ̂γεζ (x2)

)
,

φ̃a
2 =− 2

∫
d4x1d4x2

(
ϖ̂γεζ (x) , Ĵaγ (x1) , ϕ̂εζ (x2)

)
, φ̃3 = −2β

∫
d4x1d4x2

(
ϖ̂γεζ (x) , q̂γ (x1) , ϕ̂εζ (x2)

)
,

φτφ =− i d
dωφ (ω)

∣∣∣∣
ω=0

= −T
2

d2

dω2
ReGR

ϖ̂lmnϖ̂lmn (ω)

∣∣∣∣
ω=0

,

φ (x) =−
∫

d4x1
(
ϖ̂εζη (x) , ϖ̂εζη (x1)

)
= T d

dω ImGR
ϖ̂εζηϖ̂εζη

(ω)

∣∣∣∣
ω=0

.
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Summary and Outlook

Summary: We present a new derivation of relativistic second-order spin hydrodynamics for
quantum systems based on Zubarev’s non-equilibrium statistical operator formalism. Novel
transport coefficients characterizing the relaxation dynamics of second-order dissipative
processes are identified and expressed via two-point retarded Green’s functions.

Outlook: The three-point correlation function will be recast in terms of the retarded
three-point Green’s function.
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Thank you for your attention!
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Notations

h̄ =kB = c = 1, gµν = diag (+,−,−,−) , ∆µν ≡ gµν − uµuν , ϵ0123 = −ϵ0123 = 1,

X(µν) =
1

2
(Xµν + Xνµ) , X[µν] =

1

2
(Xµν − Xνµ) , X⟨µ⟩ = ∆µνXν ,

X⟨µν⟩ =∆µν
αβXαβ ≡ 1

2

(
∆µ

α∆
ν
β +∆µ

β∆
ν
α − 2

3
∆µν∆αβ

)
Xαβ ,

X⟨[µν]⟩ =∆
[µν]
[αβ]X

αβ ≡ 1

2

(
∆µ

α∆
ν
β −∆µ

β∆
ν
α

)
Xαβ ,

X{λµν} =∆
{λµν}
{αβγ}X

αβγ =
1

6

(
∆λ

α∆
µ
β∆

ν
γ +∆µ

α∆
ν
β∆

λ
γ +∆ν

α∆
λ
β∆

µ
γ

−∆µ
α∆

λ
β∆

ν
γ −∆ν

α∆
µ
β∆

λ
γ −∆λ

α∆
ν
β∆

µ
γ

)
Xαβγ ,

∂µ =uµD +∇µ, D = uµ∂µ, ∇µ = ∆ α
µ ∂α, θ = ∂µuµ, σµν = ∆αβ

µν ∂αuβ ,

∂µuν = uµDuν +
1

3
θ∆µν + σµν +∇[µuν], Ωµν = β∇[µuν] = ∆µ

α∆
ν
β∂

[αββ],
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Notations
In the derivation of the first-order transport coefficients and the second-order equations of
motion for the dissipative currents we encounter integrals of the type

β

∫
d4x1

(
X̂(x), Ŷ(x1)

)
= − d

dω ImGR
X̂Ŷ(ω)

∣∣∣∣
ω=0

,

β

∫
d4x1

(
X̂(x), Ŷ(x1)

)(
x1 − x

)τ
= K

[
X̂, Ŷ

]
uτ ,

K
[
X̂, Ŷ

]
= −1

2

d2
dω2

GR
X̂Ŷ(ω)

∣∣∣∣
ω=0

= −1

2

d2
dω2

ReGR
X̂Ŷ(ω)

∣∣∣∣
ω=0

,

where

GR
X̂Ŷ (ω) = −i

∫ ∞

0
dteiωt

∫
d3x

〈[
X̂ (x, t) , Ŷ (0, 0)

]〉
l

is the Fourier transform of the retarded two-point correlator taken in the zero-wavenumber
limit and the square brackets denote the commutator. 31 / 31
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