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The experimental measurement of the global polarization of quark matter in heavy ion
collisions has confirmed the existence of spin polarization and spin transport phenomena in
quark matter, which has greatly enriched people’s understanding of the strong interaction.
However, there are still several problems that need to be studied in both theoretical and
experimental aspects: the difference of A/A hyperon polarization, the rapidity dependence of
global polarization, the local hyperon polarization, the difference and similarity of global
polarization of different vector mesons, etc.
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Conservation laws

Total angular momentum tensor conservation
AP =S 42Tl =0, P = TV T 4 S : ’
—_—— ~—

orbital angular momentum  spin angular momentum

Energy-momentum tensor conservation

9, T =0, )

Charges currents conservation

N =0, a=1,...,1 ]

The decomposition of the total angular momentum current obtained by choosing a particular
form of the energy-momentum tensor and the spin tensor is not unique. A given pair of these

currents can always be transformed to another one through the so-called pseudo-gauge.
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Conservation laws

We choose the canonical forms of conserved currents with the energy-momentum tensor
having both symmetric and antisymmetric parts and the spin tensor being totally
antisymmetric in all its Lorentz |nd|ces One can add to energy-momentum tensor an

additional totally divergent term: T = T 4 0,( "5"“}‘).

Total angular momentum tensor conservation

N 2] N N . u R
I = 2T 4+ 9, = 2] 4 8,\(u”5’M) — 8>\(u“5”) + 0\ =0

Energy-momentum tensor conservation

A py

OuT =0, T" + 9,0\("9) = 0, T =

Charges currents conservation
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Non-equilibrium statistical operator

Thermodynamic relations

Tds = de — ) _ padn, — wapdS*?,

e+p=Ts+ Z,uana —I—waﬂso‘ﬁ’

a

dp = sdT + Z nadu, + Saﬁdwaﬁ.

Zubarev's formalism is based on a generalization of the Gibbs canonical ensemble to
non-equilibrium states. The full non-equilibrium statistical operator should be found from the
quantum Liouville equation with an infinitesimal source term (memory effects),

p(t) =Q 1 (¢) exp{—/d3x2(x, t)}, Q(t) = Tlrexp{—/d?’XAZ(x7 t)},

Z(x, 1) zs/ dt; et [Bl, (x, t1) (x, t1) Zaa (x,t1) N3 (x, t1) — @ag (X, t1)50 B (x, tl)]
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Non-equilibrium statistical operator

It can also be divided into local equilibrium and non-equilibrium contributions by integrating it
by parts and using the conservation laws. The statistical operator is promoted to a non-local
functional of the thermodynamic parameters and their space-time derivatives,

I

/d3x B (x, ) T% (x, t) Zaa (x, )M(x, t) — Tap(x, £)S%8 (x, t)},

/d3x/ dt; €MD C(x, 1),

C(x, t) =T (x, 1)9,6,(x, t) Z NE(x, ), a(x, t) — S (x, t) OzTap (X, T)

ﬁ() QleAtB  Q=Tre B
At) =

+ 200 (x, 1) TP (x, £) + 20452 O\Gap (X, 1).
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Second-order expansion of the statistical operator

The non-equilibrium statistical operator can then be expanded in a series with respect to the
thermodynamic forces up to the second order,

p=pi+ p1+ p2,
p1 Z/d4x1 /1 dT[C (x1) — <C (x1)>}ﬁ/, X, = e TAXeA, /d4x1 = /d3X1 /_too diy B0,
/d4x1d4X2/ dT/ d)\ (2)} <T{AC,\ (1) & (XQ)}>/

— (&), & () - cx<xl><t< 2)) +2(C (a)) (& () |

We can now write down the statistical average of an arbitrary operator (X (x)) as
(X(x) = (X(9)1 + / dx (X().C / dixq / d (X(3),C(a). Cx)) |
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Second-order expansion of the statistical operator

where we defined a two-point correlation function and the three-point correlation function

(%60, ¥0) = [ o (509 [¥ 00) — (Vs 6],
<5((x), Y (x1) ,2(X2)> :% /01 dr /01 d>\<7_{5<(X) [%\ (x1) Zr (x2) = (TYx (1) Zr (%))

— (V2 Ga))iZr () = Ya () (Zr G+ 20V ()2 G| )

It is straightforward to find the symmetry relation

/ d*x1 d'x (X(x), S/(xl),Z(xQ)) - / ' x d'x (X(x),z(xl),if(xz)). ’
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Hydrodynamic equations

The decompositions of the charge currents, the spin tensor and the energy-momentum tensor
in terms of their equilibrium and dissipative parts

NE = nau” + f,
Sx\uu _ u)xs;u/ + uuSVA + ul/S)\u + @Auu,

T = e — pAMY Y B 4 R 4 g — - G

Hydrodynamic gradient expansion

A~

€ iy~ St~ O (00),

B~ 7 G B~ e o O (DY)
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Hydrodynamic equations

Note that here we did not separate the equilibrium part of the pressure from the bulk-viscous
pressure. The statistical average of the operator p gives the actual isotropic (non-equilibrium)
pressure, which in general differs from the equilibrium pressure p((€), (i,), (5*7)) given by the
EoS. The bulk-viscous pressure is defined as the difference of these two averages.

Hydrodynamics equations

Dn; + na0 + 0,4 =0,

D& == (@ 9 W) <k Blufi” = [0y, — 7 @y A= Clp@” =5 @10l — @) = 0,
(e + p+T0)Duy — Vo (p+T0) + AnyuDh + B0, tp + hof + Agy 0,

+ ¢"Outa — Gatl — A0 DG + Ay 09" = 0,

DS* + 0S5 + Oy + 2¢"u” — 2" Ut + 26 = 0.
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Decomposition into different dissipative processes

The final form of the operator C to first order in gradients
C=—p0p" - F7Voas— Bo (Duy + BV, T — dwp 1)
a

+ B 0 + 3 (o + 2Bw())

where
P*=p—ve— 6.ha—08apS*P, T =3I,
a €tp
op 5 op 5 op
V=S ) = ) —~ AcaA
O€ |, 508 ° Onc €,np£ne, S8 0T §SeB .

12/31



Computing the dissipative quantities

According to Curie's theorem, in an isotropic medium the correlations between operators of
different rank and spatial parity vanish. We obtain the shear-stress tensor to leading order

Ty () = {0 ()1 = / A5 (s (4) s (1)) B (31) 0 (x1)
=0 (x) 0?7 (x) / d4x1 (ﬁm, (x) s T por (x1)) -

The main contribution to the integrand comes from the range |x; — x| < A, where A is a
typical microscopic length scale over which the shear-stress correlation function decays. On
the other hand, in the hydrodynamic regime, the thermodynamic parameters and the fluid
velocity vary over a macroscopic length scale L > A.

The isotropy of the medium implies

1

(ﬁuv (%) s Fpo (Xl)) = gAw/pU (%) (ﬁ)\n (x) s Tan (Xl))»
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Computing the dissipative quantities

The required linear relations between the dissipative currents and the thermodynamic forces

Tw = 200, I =-(0, ¢" = ’Y(Q‘w/ = 2ﬂw<“><y>),
IE=3" XapVFab, ¢ =A(Du + BVIT — 4w u,),
b

n(x) = %())O / d*x (frm, (x), 7" (Xl)) _ 11O dd ImeW,r; w (W) IR
00 =B0 [ (o (5" () = —%Imcﬁ r@|
. T d
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Decomposing the thermodynamic force up to the second order

The final form of the operator C to second order in gradients

where 61 and ACg are the first- and the second-order contributions,
61 (X) = = ,80[3* - Z j;vaaa - /BE’M(DUM + /BV;J,T_ 4wp,zluy) + /Bﬁlwa'/uz
a
+ 3 (Qu + 28wy () — & Arag)(pos) VI,
Co (%) = — B*(T10 + Buh* — W*Duy — 0, + O + ¢ Du, — ¢ Opy) + Y 630,14

B

+ (0@ + 4g% 0P + 20°F) 5 — BUTP (— TSV @ap — VoIl + LDy,
€

+ Dhy 4+ R*Ouus + ho® + O 7o + ¢"0pts — Go6 — Do + 0 Puo ).
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Decomposing the thermodynamic force up to the second order

with
~ ,\a N a R a
B*:eaﬁ +z""’a£ +5aﬂas§ﬁ ’
€ |n, 508 5 Na €,np#na,54P €,np
0 0 . 2
P L
Oe np, S8 G dnc €,npF#nc, S a5 €,Np
~ofx ow, . 0w A5 0w
S e 4 heel + 5500 .
O¢ |p,s08 T ONc | ppng 508 0S|, 5082550

We can write the statistical average of an arbitrary operator X(x) up to second order

(X(9) = (X)) + (X ()1 + (X ()2, )
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Decomposing the thermodynamic force up to the second order

The first-order correction is given by

= [ 509, \

The second-order correction (X (x))2 can be decomposed into three terms,

(X2 = (X0 + (X ()2 + (X ()%,

(X () = / i (X9, &1 () — (X ()1,
(X ()2 = / ' (X(3), G (1)),

X(x)3 = /d4x1d4x2 (X(x), Ci (x1), G (x2)).
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Second-order corrections to the shear-stress tensor

Relaxation equation for the shear stress tensor
TraTpw + T =200 + N07uw + T00 0 + Z TEaY ViuoaVoyyap + Z MV (ua(Duyy + BV, T — 4w,y uﬁ)

ab

+ 774 (Dugy + BY (u T = 4w(uot”) (Duyy + BV T — 4wiypt®) + 500407
+ 60 (e (%) + 2807))) + 77 (Qa + 280 (wy(ay) (%) +280°F),)).

- ~ _ 0 0 0
M= — 27, T="7xB0"" <76?Z = 263% — dap 8;{3) :

1 d?

R
= 20 gz RECHm A (@)

N = — i%n(w)‘ ;= —gﬂz/d‘lnd‘lxa (F26(2, p" (x1), 77° (x2)),

w=0 w=0

s zéfd“md“m(fw(X),/? (x1), 7 (x2)), *5/d4X1d4X2 s (x), £3 (), 8 (),
N :éﬂQ/d‘l)qd‘le(frvé (),q" (X1)7<76 (Xz))’ N5 = gﬂ /d4X1d4X2 frv(x),fr(; (xa), 73 (XQ))v
T *%5/d4X1d4X2(ﬁw5 (9, 76> (1), 03" (), 77 = %/fx1d4x2(ﬁw5 (9,65 (x1), 6" (x2)),
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Second-order corrections to the bulk viscous pressure

Relaxation equation for the bulk viscous pressure
Tl + I = — (0 + 66° + COI + Y _ a,0 25 — Cp (10 — 70 + 0uq”) — (o0

na
¢sDuy, + anavu (m)

+ Coapdr @™+ GV 0aVacs + G (Dua + BV T = dwast’) Z Vea,
ab

4e C4 (Du™ + BV T — 4w u,) (Dua + BVa T — dwapt ) 4L C5aa50 @3

+ h — " (CsDuy — 46 ) + " (Ca0uuy + 2Cupn)

+Go (QaB + Qﬂw<a>(ﬁ>> (g + 2Bwiay(sy) + Z7A{abc}{def}vac~ubcvd&ef,

S :El ar C* aF d)eeCf ar 2<5 Zweaga T Z wabCaCb T 2 Z waa,ﬁgaCaB T wa,ﬁpagaﬁCPU a4 2wea5<‘5€aﬂ7
a ab a

= (10 - aaﬁ—zsaﬁagiﬁ),

B da, = 52/d4xld4x2 (B" (%), " (), " (%)),
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Second-order corrections to the bulk viscous pressure

s :é/d‘l)qd‘l)(z (,3* ), Ty (1), £ (xz)), = ;ﬂ/d‘lxld‘lxg “(x), I (x1),4 (Xz))

&—36° / dxid' (67 (9,6 () &7 (), G = £ ° / dhxdina (B (0, s () 777 ()

s :%/d‘l)qd‘l)@ (f)* (), s (x1) ,7° (Xz) , Gr= /d4X1d4X2 (f’* (9, &7 (x1), @prs (X2)) ;

o G = TglGt STy et Tocion

O, O, 8&; _ Owagp OWap 0Wap
Goo =T 50 G F Z Ton. bt Tggagtass Cuas = 5= TCe+ Z Bn. 1T Bgin T

C* :’YCTH aF 2CeTe (wee (5 = P) A Z na'l/)ea = weaﬁsaﬁ) +2 Z CaTa (wea (5 a4 P) A Z 'lbabnb aF waaﬁsaﬂ)
a a b

Gp =

+ 20apTap (Yeas (€ + P) + Y Yaasfa + Papoo ) — 20~ 6apu® Dur(paTan,

a
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Second-order corrections to the bulk viscous pressure

¢ =— i%((w) T %%Recg*ﬁ* () L CeTe = —i%(e(w) T %%ReGg e(w) L

Gr= o) =abReau@]| o= gt iR
=B [ (609,57 () =~ mG ()| 6= [ (a9, B () = — I )|

Cap =5/d4X1 306 (9, P (Xl)) dd MG g (w )’ % thee = ;?)227 P = %af;fva’

Yoo =5 G 2an > Yem = ;an8;5aﬂ’ Vasoo = %asfﬂizw’ Yeos = ;af;sw
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Second-order corrections to the diffusion currents

Relaxation equation for the diffusion currents

Z Tj; /b# + /Cu = Z [chvuab + beefb# + X:bevuab + Snggtwvyab] + Xch
b b

— VI + iy, + by 4 B0y + hpb + Do + ¢ 00ty — qub — Gu + D8y’
+ %50(Dup + BV T — 4w ) + > X8V 02 (Qpo + 28w () (o))

(= TSV, &ap

e+ p

%)

+ R (DU + BV T — 40" 1) 0o + X5 (DU + BV T — 4% 1) (o + 2800010
+ X7 (77 + 260" ) Aoy (o5 VIS
,1 1
—Cb X 8 (X )ab
_ﬁzxca[ Z‘S 2~ bor g )
* ~cl ~ 1 ‘ o _ -
%“W17MT;$F%h&+M+ZyWﬁwwyﬂaT}=*&xﬁ¢:f o ) o
d a
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Second-order corrections to the diffusion currents

~Ca

X1 =

~cai
X3 =

26 / dxidxe(Fe (0, 73 (), 5" (),
=26 [ dxdba( A2 (R, A () s ()

= 2g / dxidxe (£ (0,5 (1), s (%)),

Xch = — &

S(ich

= 2/d4x1d4><2(jcp () ,qua (x1) ,{Upw (xz))v

/ d*x1( Fea ( A

x), h* (x1)) = 3% —ImG", ;.

. d
—’%Xch(w)‘

w=0

T

6

d R

w=0

I

26° [ dxda( fa (9.6 (). (),
—*/d4X1d4X2 F2 (X)), A3 (x), has (x2)),

=25 [ dxdba(F2 (9.4 ()4 ()

T &
~ 6 dw?

Recj / ( ) ’

w=0

~ . d
Xac = ’%XaC(W)

w=0

(w)
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Second-order corrections to the spatial projection of the

antisymmetric stress

Relaxation equation for the spatial projection of the antisymmetric stress
T¢¢uv + b :’Y( v+ 28wy 0 ) + 700 + ’719( v+ 28w ) + Z~ab @V Qb
+ 3 FVu0a(Duyy + BV T — dwy,t?) + > 75V aaA{W}{M}vPaﬂé
+ ﬁ‘l(D”[u + 5v[u T- 4"*’[Wup) (Du,,] + BVU] T— 4w,,](,ua)
+ 56 (Du” + BV T — 407 te) Ao} (v} VPT " + F7074a0)
+ Fs0 (o (%) + 2800%)) +Fo (Upa + 2By () (%) + 2807y
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Second-order corrections to the spatial projection of the

antisymmetric stress

~ _ 0 0 0 - 2 - s %
¥ =rBn " (wag - 2;53871 — 5aﬁ&:}ZB> , T= fgﬁ/d‘lxld%(%a (x),p* (x1), 9" (x)),

T =5 [ drada(dus 09, A7 a), Fd (), T =38 [ dixadaa(dus (9, 7 (a). 4 (),
Fa = §52 / dxd" e (dys (%),47 (), & (), 72=2 / doad e (fey (4), Fae (1), &7 (x2)),

Wﬁ = 2ﬁ\/dﬁled‘lX? (Q%S’Y (X) ) £7¢ (Xl) 71%574) (XQ))v %7 = _%/82 / d4X1d4X2 ((1375 (X) 77Art$A (Xl) 77?")\7 (XQ))a

To= =38 [ dade(d, (.7 (00,6, ), T =3 [ dada(d, (.85 ()6, (w),

T d& R
B gwReG@W&W ((4.))

7o = —inty ()
Vo = Cﬂu/y

)

w=0 w=0
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Second-order corrections to the temporal projection of the

antisymmetric stress

Relaxation equation for the temporal projection of the antisymmetric stress
Talu + Gu =A(Duy + BV, T — 4wy t?”) + X 0(Duy + BV, T — 4w t?) + Mgy + Y A0V 0
b
+ Z Xgawv"aa + Z 2 (o +2Bwiuy o)) Vo aa + X5a,w (Du” + BV T — 4w’ u,)

+ XG(Du" + 5v" T — 4w U) (Quo + 2Bwinyioy) + A7 (2% + 280 BN A sy (rvoey VT

Rg = TaA™ /3( Z a~ 5a5), A =Da A, Te= AL

X = 28 [ dd(as (9.5 (). 7)., Ra= 38" [ dhadba(@ (9.5 ()& (a).

Xg = _gﬂ/délxldélXQ (a'y (X) P jaé (Xl) >frW5 (XQ))a Xi = _§ / d4X1d4X2(EfY (X) ) jaé (Xl) 7‘25’75 (X2))7
R = =26° [ dxdba(@ (9.6 0a) s (), Ro=—28 [ dxidba (@ (9,4 () b (),
1

= 5% 2ReGRA (w)

w=0 w=() 26 /31

by :72/d4xld4xz(f]7(x),¢ (x1), @7 (x2)), X:%A(w)




Second-order corrections to the spin-related dissipative current

Relaxation equation for the spin-related dissipative current

To@ M + @ =pADRIVPET 4 o + Gl v

+ > BAPITNY 0, (Qos + 26000y (5))

a

T agA{AHU}{paé} (Dup + BV, T — dwpa ua) (QJ(; 4= 2,60.}(0)(5)).

@ =p"'BT, ( —Zg;"acs 3‘0 5 ) &1 :2ﬂ/d4xld4xQ(zI—JM (), P" (x1) , Gyec (x2))s

F=—2 / doxadxe (&7 (3), Fa (1), ec (2)), @ = —28 / doxad'x (&7 (), & () s dec (x2),

d T d&
PTe = — I%QD (w) ‘ L = —EwReGg/mnﬁlmn (w)

)
w=0

o(x)=— /d4X1 (ﬁew (%), @ecn (Xl)) = T%ImG{;ECnﬁ—;ch (w)’

w=0
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Summary and Outlook

Summary: We present a new derivation of relativistic second-order spin hydrodynamics for
quantum systems based on Zubarev's non-equilibrium statistical operator formalism. Novel
transport coefficients characterizing the relaxation dynamics of second-order dissipative
processes are identified and expressed via two-point retarded Green's functions.

Outlook: The three-point correlation function will be recast in terms of the retarded
three-point Green's function.
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Thank you for your attention!



h :kB =Cc= 17 Buy = dlag (+7 T T _)7 AR = gMV - UNUV’ 60123 = —€0123 = 17

X(Hw) :% (XM 4+ XY Xl — E(qu _ X, X — ARVX,.
Xy _ AM xaf — <A“ A” 4 A“ AV, ;A“”Aa5> XO‘B,

V) _ Al 6 — v v B
X b xeb = <A“aA 5= AlAT,) X,

Apv {>\ v} A v vV AA v A
xOut = AP a7 (A GAPSAY £ AR AVAN AV AN AR

A v v A A v
= AR ANGAT, = AV AN — AP AT A ) X,
Op =uyD+Vy, D=u'dy, Vy=A47,.0., 0=0," o =~A0.up,

EQAW + 0w+ Vi, Q= pviet = ALALlpo

Ouuy = u,Du, + 3
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In the derivation of the first-order transport coefficients and the second-order equations of
motion for the dissipative currents we encounter integrals of the type

< o d
B/d4X1 (X(x), Y(x1)) = —%ImGgy(w) L
ﬁ/d4x1 (X(X), S/(Xl)) (1 —x)" = K[X Yo,
o e 1 1 &
K[X, Y] = —QMGgy(w)‘w_O = —ineGgy(w) L

where

&R (w) = —i/ooo dtefwf/d3x<[5<(x, ), v(0,0)])

is the Fourier transform of the retarded two-point correlator taken in the zero-wavenumber
limit and the square brackets denote the commutator.
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